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Preface 


The objective of this third edition is the same as in previous two editions: to provide a broad 
coverage of various mathematical techniques that are widely used for solving and to get analytical 
solutions to Partial Differential Equations of first and second order, which occur in science and 
engineering. In fact, while writing this book, I have been guided by a simple teaching philosophy: 
An ideal textbook should teach the students to solve problems. This book contains hundreds of 
carefully chosen worked-out examples, which introduce and clarify every new concept. The core 
material presented in the second edition remains unchanged. 

I have updated the previous edition by adding new material as suggested by my active 
colleagues, friends and students. 

Chapter 1 has been updated by adding new sections on both homogeneous and non- 
homogeneous linear PDEs, with constant coefficients, while Chapter 2 has been repeated as such 
with the only addition that a solution to Helmholtz equation using variables separable method is 
discussed in detail. 

In Chapter 3, few models of non-linear PDEs have been introduced. In particular, the exact 
solution of the IVP for non-linear Burger’s equation is obtained using Cole—Hopf function. 

Chapter 4 has been updated with additional comments and explanations, for better 
understanding of normal modes of vibrations of a stretched string. 

Chapters 5-7 remain unchanged. 

I wish to express my gratitude to various authors, whose works are referred to while writing 
this book, as listed in the Bibliography. Finally, I would like to thank all my old colleagues, friends 
and students, whose feedback has helped me to improve over previous two editions. 

It is also a pleasure to thank the publisher, PHI Learning, for their careful processing of the 
manuscript both at the editorial and production stages. 

Any suggestions, remarks and constructive comments for the improvement of text are always 
welcome. 


K. SANKARA RAO 


Preface to the 


First and Second Edition 


With the remarkable advances made in various branches of science, engineering and technology, 
today, more than ever before, the study of partial differential equations has become essential. For, 
to have an in-depth understanding of subjects like fluid dynamics and heat transfer, aerodynamics, 
elasticity, waves, and electromagnetics, the knowledge of finding solutions to partial differential 
equations is absolutely necessary. 

This book on Partial Differential Equations is the outcome of a series of lectures delivered by 
me, over several years, to the postgraduate students of Applied Mathematics at Anna University, 
Chennai. It is written mainly to acquaint the reader with various well-known mathematical 
techniques, namely, the variables separable method, integral transform techniques, and Green’s 
function approach, so as to solve various boundary value problems involving parabolic, elliptic and 
hyperbolic partial differential equations, which arise in many physical situations. In fact, the 
Laplace equation, the heat conduction equation and the wave equation have been derived by taking 
into account certain physical problems. 

The book has been organized in a logical order and the topics are discussed in a systematic 
manner. In Chapter 0, partial differential equations of first order are dealt with. In Chapter 1, the 
classification of second order partial differential equations, and their canonical forms are given. The 
concept of adjoint operators is introduced and illustrated through examples, and Riemann’s method 
of solving Cauchy’s problem described. Chapter 2 deals with elliptic differential equations. Also, 
basic mathematical tools as well as various properties of harmonic functions are discussed. Further, 
the Dirichlet and Neumann boundary value problems are solved using variables separable method 
in cartesian, cylindrical and spherical coordinate systems. Chapter 3 is devoted to a discussion on 
the solution of boundary value problems describing the parabolic or diffusion equation in various 
coordinate systems using the variables separable method. Elementary solutions are also given. 
Besides, the maximum-minimum principle is discussed, and the concept of Dirac delta function is 
introduced along with a few properties. Chapter 4 provides a detailed study of the wave equation 
representing the hyperbolic partial differential equation, and gives D’Alembert’s solution. 

In addition, the chapter presents problems like vibrating string, vibration of a circular 
membrane, and periodic solutions of wave equation, shows the uniqueness of the solutions, and 
illustrates Duhamel’s principle. Chapter 5 introduces the basic concepts in the construction of 


xi 


xii PREFACE TO THE FIRST AND SECOND EDITION 


Green’s function for various boundary value problems using the eigenfunction method and the 
method of images. Chapter 6 on Laplace transform method is self-contained since the subject 
matter has been developed from the basic definition. Various properties of the transform and 
inverse transform are described and detailed proofs are given, besides presenting the convolution 
theorem and complex inversion formula. Further, the Laplace transform methods are applied to 
solve several initial value, boundary value and initial boundary value problems. Finally in 
Chapter 7, the theory of Fourier transform is discussed in detail. Finite Fourier transforms are also 
introduced, and their applications to diffusion, wave and Laplace equations have been analyzed. 

The text is interspersed with solved examples; also, miscellaneous examples are given in 
most of the chapters. Exercises along with hints are provided at the end of each chapter so as to 
drill the student in problem-solving. The preprequisites for the book include a knowledge of 
advanced calculus, Fourier series, and some understanding about ordinary differential equations 
and special functions. 

The book is designed as a textbook for a first course on partial differential equations for the 
senior undergraduate engineering students and postgraduate students of applied mathematics, 
physics and engineering. The various topics covered in the book can be taught either in one 
semester or in two semesters depending on the syllabi. The book would also be of interest to 
scientists and engineers engaged in research. 

In the second edition, I have added a new chapter (Partial Differential Equations of First 
Order). Also, some additional examples are included, which are taken from question papers for 
GATE in the last 10 years. This, I believe, would surely benefit students intending to appear for the 
GATE examination. 

I am indebted to many of my colleagues in the Department of Mathematics, particularly to 
Prof. N. Muthiyalu, Prof. Prabhamani, R. Patil, Dr. J. Pandurangan, Prof. K. Manivachakan, 
for their many useful comments and suggestions. I am also grateful to the authorities of 
Anna University, for the encouragement and inspiration provided by them. 

I wish to thank Mr. M.M. Thomas for the excellent typing of the manuscript. Besides, my 
gratitude and appreciation are due to the Publishers, PHI Learning, for the very careful and 
meticulous processing of the manuscript, both during the editorial and production stages. 

Finally, I sincerely thank my wife, Leela, daughter Aruna and son-in-law R. Parthasarathi, for 
their patience and encouragement while writing this book. I also appreciate the understanding 
shown by my granddaughter Sangeetha who had to forego my attention and care during the course 
of my book writing. 

Any constructive comments for improving the contents of this volume will be warmly 
appreciated. 


K. SANKARA RAO 


CuHapTerR 0 


Partial Differential Equations 


of First Order 


0.1 INTRODUCTION 


Partial differential equations of first order occur in many practical situations such 
as Brownian motion, the theory of stochastic processes, radioactive disintegration, noise in 
communication systems, population growth and in many problems dealing with telephone 
traffic, traffic flow along a highway and gas dynamics and so on. In fact, their study is 
essential to understand the nature of solutions and forms a guide to find the solutions of 
higher order partial differential equations. 

A first order partial differential equation (usually denoted by PDE) in two independent 
variables x, y and one unknown z, also called dependent variable, is an equation of the form 


dz Oz 
F VLE SE ee =0, 
[+ yi Z an 4 (0.1) 
Introducing the notation 
92 _ 8% (0.2) 
eS Oe oy 
Equation (0.1) can be written in symbolic form as 
F(x, y, Z, p,q) =0. (0.3) 


A solution of Eq. (0.1) in some domain Q of IR2 is a function z= f(x, y) defined and is 
of C’ in Q should satisfy the following two conditions: 
(i) For every (x, y)€Q, the point (x, y, z, p,q) is in the domain of the function F. 
(ii) When z= f(x, y) is substituted into Eq. (0.1), it should reduce to an identity in x, 
y for all (x, y)eQ. 
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We classify the PDE of first order depending upon the form of the function F. An 
equation of the form 


P(x, ne cna es y, jo Rs y, Zz) (0.4) 
Ox Oy 


is a quasi-linear PDE of first order, if the derivatives Jz/?x and dz/dy that appear in the 


function F are linear, while the coefficients P, OQ and R depend on the independent variables 
x, y and also on the dependent variable z. Similarly, an equation of the form 


Bes Obs) — ke ae) (0.5) 
Ox oy 


is called almost linear PDE of first order, if the coefficients P and Q are functions of the inde- 
pendent variables only. An equation of the form 


ies NZ +blx, eee tGs) (0.6) 
x Oy 


is called a linear PDE of first order, if the function F is linear in dz/Ax, Az/Ay and z, while 


the coefficients a, b, c and d depend only on the independent variables x and y. An equation 
which does not fit into any of the above categories is called non-linear. For example, 


iS an almost linear PDE of first order. 


Oz Oz 
tit) Plz) + a =0 


is a quasi-linear PDE of first order. 


Oz Oz) _ 
(iv) (2) (22) =1 


is a non-linear PDE of first order. 
Before discussing various methods for finding the solutions of the first order PDEs, we 
shall review some of the basic definitions and concepts needed from calculus. 


0.2 SURFACES AND NORMALS 


Let Q be a domain in three-dimensional space IR? and suppose F(x, y, z) is a function in 
the class C’(Q), then the vector valued function grad F can be written as 
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OF OF z 0.7) 


GPS ay ey 
a (= Oy oz 
If we assume that the partial derivatives of F do not vanish simultaneously at any point then 
the set of points (x, y, z) in Q, satisfying the equation 


F(x, y, Z)=C (0.8) 


is a surface in Q for some constant C. This surface denoted by S_ is called a level surface 
of F. If (xo, yo, Zo) is a given point in Q, then by taking F(x, yo, 29) =C, we get an equation 
of the form 


F(x, y, Z)= F(X, Yo: Zo), (0.9) 


which represents a surface in Q, passing through the point (x9, yo, Zo). Here, Eq. (0.8) represents 
a one-parameter family of surface in Q. The value of grad F is a vector, normal to the level 
surface. Now, one may ask, if it is possible to solve Eq. (0.8) for z in terms of x and y. To 
answer this question, let us consider a set of relations of the form 


x= fc, v), Ve= fo(u, Vv), Z= fa, Vv) (0.10) 
Here for every pair of values of uw and v, we will have three numbers x, y and z, which 


represents a point in space. However, it may be noted that, every point in space need not 
correspond to a pair uw and v. But, if the Jacobian 


I fy fr) 4 9 


O(u, v) (0.11) 


then, the first two equations of (0.10) can be solved and u and v, can be expressed as functions 
of x and y like 

u=A(x, y), V= L(x, y). 
Thus, uw and v are obtained once x and y are known, and the third relation of Eq. (0.10) 
gives the value of z in the form 


Z= f3[A(% y), H(% y)I (0.12) 
This is, of course, a functional relation between the coordinates x, y and z as in Eq. (0.8). 
Hence, any point (x, y, z) obtained from Eq. (0.10) always lie on a fixed surface. Equations 
(0.10) are also called parametric equations of a surface. It may be noted that the parametric 
equation of a surface need not be unique, which can be seen in the following example: 
The parametric equations 
x=rsinOcos¢, y=rsin@sing, z=rcosé 
and 
2 2 
TF) -08 9, yor Ef) in@, Z= out 
(1+ 9") (1+ 9") 1+@ 


both represent the same surface x* + y* +z* =r? which is a sphere, where r is a constant. 
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If the equation of the surface is of the form 
z= f(xy) (0.13) 
Then 
F = f(x, y)-z=0. (0.14) 
Differentiating partially with respect to x and y, we obtain 
OF OF dz OF OF dz 
ae yp 
from which we get 
Oz OFldx OF 


- = using 0.14 
7. oe oe 
dF 
or a 
Similarly, we obtain 
OF OF 
== and —=-], 
oy a az 


Hence, the direction cosines of the normal to the surface at a point (x, y, z) are given as 


(0.15) 


Dp q -1 
ce +¢° 41 Vp? £9" ea: Vp? +a" =| 
Now, returning to the level surface given by Eq. (0.8), it is easy to write the equation of the 


tangent plane to the surface S. at a point (x9, yo, zo) as 


(x=10)| Zt, sor20) += 30] SE yor wo) lea] Ey v0») f= (0.16) 
Ox doy dz 


0.3 CURVES AND THEIR TANGENTS 


A curve in three-dimensional space IR? can be described in terms of parametric equations. 


Suppose 7 denotes the position vector of a point on a curve C, then the vector equation of 
C may be written as 


7 = F(t) for tel, (0.17) 
where 7 is some interval on the real axis. In component form, Eq. (0.17) can be written as 
x=flt) y=Alt), z= Alt) (0.18) 


where 7 =(x, y, z) and F(t)=[A(t), folt), a(t)] and the functions f,, f, and fy belongs to 
C'(l). 
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Further, we assume that 


jae df(t) 131) 2(0,0.0) (0.19) 
dt’ dt ' dt 


This non-vanishing vector is tangent to the curve C at the point (x, y, z) or at [A(t), f(t), A(t] 
of the curve C. 


Another way of describing a curve in three-dimensional space IR? is by using the fact 
that the intersection of two surfaces gives rise to a curve. 
Let 


and (0.20) 


F(x y,z)=C, 
F,(x, y,z)= 
are two surfaces. Their intersection, if not empty, is always a curve, provided grad F; and 
grad F, are not collinear at any point of Q in IR%. In other words, the intersection of surfaces 
given by Eq. (0.20) is a curve if 

grad F(x, y, z)xgrad F(x, y, z) #(0, 0, 0) (0.21) 


for every (x, y, z)€Q. For various values of C, and C>, Eq. (0.20) describes different curves. 
The totality of these curves is called a two parameter family of curves. Here, C, and C> 
are referred as parameters of this family. Thus, if we have two surfaces denoted by S; and S, 
whose equations are in the form 


F(x, y,z)=0 
and (0.22) 
G(x, y,z) =0 
Then, the equation of the tangent plane to S; at a point P(x, yo, z9) is 
OF OF OF 
(x — x9) an (y— yo) er (z- 2) Oe 
Similarly, the equation of the tangent plane to S at the point P(x9, yo, zo) is 
OG OG OG 
=0, (0.24) 
(x my) tly vol gy tz 20) 5. 


Here, the partial derivatives 0F/Ax, AG/Ax, etc. are evaluated at P(xg, yq, zg). The intersection 
of these two tangent planes is the tangent line Z at P to the curve C, which is the intersection 
of the surfaces S; and Sz. The equation of the tangent line Z to the curve C at (xg, yo, zg) IS 
obtained from Eqs. (0.23) and (0.24) as 
(x— xq) _ (y— yo) _ (z—- Zp) (0.25) 
OF OG OF OG OF OG OF OG OF OG OF OG 
Oy dz dz dy dazax ax dz Ax dy Ay Ax 
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or 
(x-—x9) _ (y-yo) _ (z- 2p) (0.26) 


O(F,G) O(F,G) O(F,G) 
O(y,z) Alz,x) A(x, y) 
Therefore, the direction cosines of Z are proportional to 


O(F,G) O(F,G) O(F,G) 
Ay,z) A(z, x) A(x, y) 


For illustration, let us consider the following examples: 


: (0.27) 


EXAMPLE 0.1 Find the tangent vector at (0,1, 2/2) to the helix described by the equation 
x=COSt, y=Ssint, z=t, tel in IR’, 


Solution The tangent vector to the helix at (x, y, z) is 


(=, ~ #2) =(-sin t, COSt, 1). 
dt dt dt 


We observe that the point (0,1, 2/2) corresponds to t=2/2. At this point (0,1, 2/2), the tangent 
vector to the given helix is (-1, 0,1). 
EXAMPLE 0.2 Find the equation of the tangent line to the space circle 
x? +y? ¢z¢=1 x+yt+z=0 
at the point (1/14, 2/14, —3//14). 
Solution The space circle is described as 
F(x, y, =x" py" +z4-1=0 
G(x, y,z)=xt+y+z=0 


Recalling Eq. (0.25), the equation of the tangent plane at (1//14, 2/,/14, —3//14) can be 
written as 


x-WWi4_y-2NT 


a) ala 
_ z+3W14 
sta) (aa) 


x-IY14 y-2A/14  z+3A/14 
1014-814 2/14 


or 
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0.4 FORMATION OF PARTIAL DIFFERENTIAL EQUATION 


Suppose uw and v are any two given functions of x, y and z. Let F be an arbitrary function of 
u and v of the form 
F(u,v) =0 (0.28) 


We can form a differential equation by eliminating the arbitrary function F. For, we differentiate 
Eq. (0.28) partially with respect to x and y to get 


OF| du, du 24-2 \-° 

Dulee Oe | Wolds ae 20) 
and 

OF| du , au IF | av, av _0 

du | dy dz" |. av | Oy dz'|~ veo 


Now, eliminatin JF/du and dF/Av from Eqs. (0.29) and (0.30), we obtain 


dx dz dx dz" | 
Ou ou Ov ov | 
Oy az Oy dz 


which simplifies to 


+4 Z | (0.31) 


This is a linear PDE of the type 
Pp+Qq=R, (0.32) 

where 

O(u, v) O(u, v) O(u, v) 

7 ee = ’ R= . 

oa ee a) 


Equation (0.32) is called Lagrange’s PDE of first order. The following examples illustrate the 
idea of formation of PDE. 


(0.33) 


EXAMPLE 0.3 Form the PDE by eliminating the arbitrary function from 
(i) z=f(x+it)+ g(x -it), where i= J-1 
(ii) flxtytz, x pay? +2*)=0. 
Solution 


(i) Given z= f(x+it)+ g(x -it) (1) 
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Differentiating Eq. (1) twice partially with respect to x and t, we get 
La er eee 
Xx 


Ee 

ax? 
Here, f’ indicates derivative of f with respect to (x+it) and g’ indicates derivative of g 
with respect to (x-it). Also, we have 


= f(x +it) + 9/"(x—it). (2) 


2. - p+ ie) ig’ le — i) 
Ot 
Fe presi) g"(a— it) (3) 
Ot 
From Eqs. (2) and (3), we at once, find that 
2 2 
Cs OG (4) 
Ox’ ot 


which is the required PDE. 
(ii) The given relation is of the form 
(u,v) =0, 


where u=x+y+z, yexrrty $2? 


Hence, the required PDE is of the form 


Pp+Qq=R, (Lagrange equation) (1) 
where 
du ov 
1 2 
pedo J FI Bay 
A(y,z) | Ou ov 1 2z 
Oz Oz 
du dv 
Ou,v) _|dz  odz|_|t 2 
— = — =? = 
Or Fiza) |du av F ye 
Ox Ox 
and 
du dv 
_ A(u,v) _| dx Aax| [1 2x Pipes) 
~Alx,y) [au  avf fd ay] 
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Hence, the required PDE is 
2(z—y)pt+2(x-z)q=2(y—x) 
or 
(z—y)pt+(x-z)q=y-x. 


EXAMPLE 0.4 Eliminate the arbitrary function from the following and hence, obtain the 
corresponding partial differential equation: 


(i) z=ayt f(x? +y’) 


(ii) z= f (xy/z). 
Solution 
(i) Given z=xy+ f(x? + y’) (1) 
Differentiating Eq. (1) partially with respect to x and y, we obtain 
0 
Sh = yt 2xf’(x? + y*) = p (2) 
Ox 
Oe _ i a oe (3) 
= xt2yf' (x +y°)=¢ 
dy 
Eliminating f’ from Eqs. (2) and (3) we get 
yp-xq=y’-x’*, (4) 


which is the required PDE. 
(ii) Given z= f(xy/z) (1) 
Differentiating partially Eq. (1) with respect to x and y, we get 


ee ~ ¢(xy/z) =p (2) 
Ox Zz 

OZ Xen py (3) 
cis f (xylz) =@ 


Eliminating f’ from Eqs. (2) and (3), we find 
xp- yq=0 
or 
px = qy (4) 


which is the required PDE. 
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EXAMPLE 0.5 Form the partial differential equation by eliminating the constants from 
z=axt+by+tab. 


Solution Given z=ax+by+ab (1) 
Differentiating Eq. (1) partially with respect to x and y we obtain 


ae (2) 
Ox 
Oz 
Sa pe 3 
a q (3) 


Substituting p and g for a and b in Eq. (1), we get the required PDE as 
Z= px+qyt pq 


EXAMPLE 0.6 Find the partial differential equation of the family of planes, the sum of 
whose x, y, z intercepts is equal to unity. 


Solution Let ~+>+=1be the equation of the plane in intercept form, so 
a c 


that a+b+c=1. Thus, we have 


ae a | (1) 
b l-a-b 
Differentiating Eq. (1) with respect to x and y, we have 
a a ae we (2) 
a l-a-b l-a-b a 
and 
a ee a eee ee (3) 
b 1l-a-b l-a-b b 


From Eqs. (2) and (3), we get 
(4) 
Also, from Eqs. (2) and (4), we get 

pa=a+b-l=a+2a-1 


or 
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Therefore, 
Pe: (5) 
(p+q- pq) 
Similarly, from Eqs. (3) and (4), we find 
a (6) 
(p+q- pq) 


Substituting the values of a and b from Eqs. (5) and (6) respectively to Eq. (1), we have 


BEAT PL PTAA P gg PEGS PAK 


q p —Pq 
xX y Z 1 
or + 7 : 
q P Pq pPtq- Pq 
That is, 
px+qy-z=—?4 _, (7) 
P+q- pq 


which is the required PDE. 


0.5 SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS OF FIRST ORDER 


In Section 0.4, we have observed that relations of the form 


F(x, y, z,a,b)=0 (0.34) 
give rise to PDE of first order of the form 
f(% y, Z p,q) =0 (0.35) 


Thus, any relation of the form (0.34) containing two arbitrary constants a and b is a solution 
of the PDE of the form (0.35) and is called a complete solution or complete integral. 
Consider a first order PDE of the form 


P(x, y, NE ciecy, joa Rey, Z) (0.36) 
Ox Oy 
or simply 
Por Og =k (0.37) 


where x and y are independent variables. The solution of Eq. (0.37) is a surface S$ lying in 
the (x, y, z)-space, called an integral surface. If we are given that z= f(x, y) is an integral 
surface of the PDE (0.37). Then, the normal to this surface will have direction cosines 
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proportional to (Az/Ax, Az/dy, -1) or (p, gq, -1). Therefore, the direction of the normal is 
given by x={p, g, -1}. From the PDE (0.37), we observe that the normal x is perpendicular 
to the direction defined by the vector ¢ ={P, QO, R} (see Fig. 0.1). 


Fig. 0.1 Integral surface z = f(x, y). 


Therefore, any integral surface must be tangential to a vector with components {P, QO, R}, and 
hence, we will never leave the integral surface or solutions surface. Also, the total differential 
dz is given by 


Oz Oz 
dz = dx+=Zad 
z an se ly (0.38) 


From Eqs. (0.37) and (0.38), we find 
{P, QO, R}={dx, dy, dz} (0.39) 
Now, the solution to Eq. (0.37) can be obtained using the following theorem: 
Theorem 0.1 The general solution of the linear PDE 
Pp+Qq=R 
can be written in the form F(u, v) =0, where F is an arbitrary function, and u(x, y, z)=C, and 


v(x, y, z)=C> form a solution of the equation 


dx dy dz (0.40) 


P(x, y, z) Q(x, y,z) R(x, y,Z) 


Proof Weobserve that Eq. (0.40) consists of a set of two independent ordinary differential 
equations, that is, a two parameter family of curves in space, one such set can be written as 
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dy _ Q(x, y z) (0.41) 
dx P(x, y,z) 


which is referred to as “characteristic curve”. In quasi-linear case, Eq. (0.41) cannot be 
evaluated until z(x, y) is Known. Recalling Eqs. (0.37) and (0.38), we may recast them using 


matrix notation as 
P O |( dzlOx R 
= 0.42 
C a an bs iene 


Both the equations must hold on the integral surface. For the existence of finite solutions of 
Eq. (0.42), we must have 


le Pie lag (0.43) 
dx dy| |dx dz| |dz dy 
on expanding the determinants, we have 
dx _ dy _ dz (0.44) 


P(x, y,z) Q(x, y,z) R(x, y,z) 
which are called auxiliary equations for a given PDE. 
In order to complete the proof of the theorem, we have yet to show that any surface 
generated by the integral curves of Eq. (0.44) has an equation of the form F(u, v) =0. 
Let 
u(x, y,z)=C, and v(x, y, z)=C) (0.45) 


be two independent integrals of the ordinary differential equations (0.44). If Eqs. (0.45) 
satisfy Eq. (0.44), then, we have 


Ou Ou Ou 
d. d dz=du=0 
Ox aaa OB eee 
and 
ov Ov ov 
d. d dz=dv=0 
ax ae aes Zz Vv 


Solving these equations, we find 


dx _ dy 
du dv _dudv dudv duodv 
Oydz Adzdy adAzaAx Axdaz 
7 dz 
~ Ou ov Ou ov 
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which can be rewritten as 


dx dy dz (0.46) 


Now, we may recall from Section 0.4 that the relation F(u,v) =0, where F is an arbitrary 
function, leads to the partial differential equation 


joey, ea eM (0.47) 
Aly,2z) ~olzx) a(x, y) 
By virtue of Eqs. (0.37) and (0.47), Eq. (0.46) can be written as 
dx _dy_d& 
P QO R 


The solution of these equations are known to be u(x, y, z)=C, and v(x, y, z)=C>. Hence, 
F(u,v)=0 is the required solution of Eq. (0.37), if w and v are given by Eq. (0.45), 
We shall illustrate this method through following examples: 
EXAMPLE 0.7 Find the general integral of the following linear partial differential equations: 
(i) y*p-xy q=x(z-2y) 
(ii) (y+ex)p—(xt+ yz)qg=x?-y’. 


Solution 
(i) The integral surface of the given PDE is generated by the integral curves of the 
auxiliary equation 


dx_dy_ (1) 
ye xy x(z—2y) 


The first two members of the above equation give us 


ae. a or xdx=-ydy, 
y —x 
which on integration results in 
a a or vty=G (2) 
2 2 
The last two members of Eq. (1) give 
dy | dz 


or zdy-—2ydy=-ydz 


=—y g=2y 
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That is, 
2y dy =ydz+zdy, 
which on integration yields 
y? =yz+Cp or y? -yz=C) (3) 
Hence, the curves given by Eqs. (2) and (3) generate the required integral surface as 
F(x? +y*, y?- yz) =0. 


(ii) The integral surface of the given PDE is generated by the integral curves of the 
auxiliary equation 


dx dy dz 4 
= = (1) 
yte —(x+ yz) yay’ 


To get the first integral curve, let us consider the first combination as 


x dx + y dy — & 
2 220: 2 2 
Wie “aye s Hy 
or 
xdx+ydy da 
2 2,2 2 
aay). ey 
That is, 


xdx+y dy = z dz. 
On integration, we get 


£4) 220 Of gaye ae or, (2) 


Similarly, for getting the second integral curve, let us consider the combination such as 
y dx+x dy _ & 
y? + xyz— x? — xyz x“—-y 


or 
ydx+xdyt+dz=0, 
which on integration results in 


xy+z=C) (3) 
Thus, the curves given by Eqs. (2) and (3) generate the required integral surface as 


F(x? + y? -z?, xy +z) =0. 
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EXAMPLE 0.8 Use Lagrange’s method to solve the equation 


x y Zz 

a BB YV_o 
a a 

ox oy 


where z=z(x, y). 


Solution The given PDE can be written as 


Oz Oz Oz Oz | 
| B 3 | y| a 7S |+2] 032-02 |=0 


or 


(yy aay ee Pr ea ay (1) 
Ox dy 


The corresponding auxiliary equations are 
dx z dy a dz (2) 
(yy-Bz) (az-yx) (Bx-ay) 
Using multipliers x, y, and z we find that each fraction is 


_xdx+ydyt+zdz 
= 5 


Therefore, 
xdx+ydy+zdz=0, 
which on integration yields 
rt+y4+27=G (3) 
Similarly, using multipliers a, 8, and y, we find from Eq. (2) that each fraction is equal to 
adx+ Bdy+ydz=0, 
which on integration gives 
ax+ By+yz=C (4) 
Thus, the general solution of the given equation is found to be 


2 


Ficty +2 , axt Byt+yz)=0 
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EXAMPLE 0.9 Find the general integrals of the following linear PDEs: 
(i) pe-gz=z? +(xty)? 
(ii) (x? - yz) p+(y? - zx) q= 2? -2y. 


Solution 


(i) The integral surface of the given PDE is generated by the integral curves of the 
auxiliary equation 


dx dy _ dz 
Z -Z ze + (xt y)? 


(1) 


The first two members of Eq. (1) give 


dx +dy =0, 
which on integration yields 
xty=qQ (2) 
Now, considering Eq. (2) and the first and last members of Eq. (1), we obtain 
dx = = a 
a +Cy 
Gf 2 - oe 
xz +Cy 


which on integration yields 
In (zc? +C7) =2x+C) 
or 
In[z2 +(x+y)*]-2x=C) (3) 


Thus, the curves given by Eqs. (2) and (3) generates the integral surface for the given PDE 
as 


F(x+y, log {x? +y? +2" + 2xy}- 2x) =0 


(ii) The integral surface of the given PDE is given by the integral curves of the auxiliary 
equation 


dx dy dz (1) 


Equation (1) can be rewritten as 


dx — dy dy — dz = dz —dx (2) 


(x—y)(x+yt+z) (y-z)(xt+y+z) (z—-x)(x+y+z) 
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Considering the first two terms of Eq. (2) and integrating, we get 
In(x-y)=In(y-—z)+InG 
x—-y _ 
yz 
Similarly, considering the last two terms of Eq. (2) and integrating, we obtain 


or fe (3) 


Thus, the integral curves given by Eqs. (3) and (4) generate the integral surface 
r(22, 2 )-0 
Vk, LOOK, 
0.6 INTEGRAL SURFACES PASSING THROUGH A GIVEN CURVE 


In the previous section, we have seen how a general solution for a given linear PDE can be 
obtained. Now, we shall make use of this general solution to find an integral surface containing 
a given curve as explained below: 

Suppose, we have obtained two integral curves described by 


u(x, nal 


(0.48) 
v(x, y, Z)=Cy 


from the auxiliary equations of a given PDE. Then, the solution of the given PDE can be 
written in the form 


F(u,v) =0 (0.49) 


Suppose, we wish to determine an integral surface, containing a given curve C described 
by the parametric equations of the form 


x=x(t), y=yl(t), z=2z(t), (0.50) 
where ¢ is a parameter. Then, the particular solution (0.48) must be like 

u{x(t), y(t), 2(t)}= a 

v{x(t), y(t), z(t)} = Cy 


Thus, we have two relations, from which we can eliminate the parameter ¢ to obtain a relation 
of the type 


(0.51) 


F(G, C7) =0, (0.52) 


which leads to the solution given by Eq. (0.49). For illustration, let us consider the following 
couple of examples. 
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EXAMPLE 0.10 Find the integral surface of the linear PDE 
x(y* +z)p-ylx? +2)q=(x? -y*)z 
containing the straight line x+ y=0, z=1. 
Solution The auxiliary equations for the given PDE are 
dx dy dz 


xyetz) —yG+2) G2 -9y)z 


Using the multiplier xyz, we have 
yz dx + zx dy + xy dz=0. 
On integration, we get 
xyz=C, (2) 


Suppose, we use the multipliers x, y and z. Then find that each fraction in Eq. (1) is equal 
to 


xdx+ydy+zdz=0, 
which on integration yields 


vty t7 =Cy (3) 


For the curve in question, we have the equations in parametric form as 
x=t, y=-t, Zz =1 
Substituting these values in Eqs. (2) and (3), we obtain 


2 
ie (4) 
21° +1=C) 
Eliminating the parameter r, we find 
1-2 =C, 
or 
2Q,+C,-1=0 


Hence, the required integral surface is 
x+y? +z? + 2xyz-1=0. 
EXAMPLE 0.11 Find the integral surface of the linear PDE 


xXpt+yq=Z 
which contains the circle defined by 


vty? +z? =4, xtyt+z=2., 
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Solution The integral surface of the given PDE is generated by the integral curves of 


the auxiliary equation 
i 
x y Z 
Integration of the first two members of Eq. (1) gives 
Inx=Iny+Inc 
or 


(1) 


(3) 


(4) 


If this integral surface also contains the given circle, then we have to find a relation between 


xly and y/z 
The equation of the circle is 


vty ez a4 
x+y+z=2 
From Eqs. (2) and (3), we have 
yHMC,, z= yICy =xIQQC, 
Substituting these values of y and z in Eqs. (5) and (6), we find 


and 
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From Eqs. (7) and (8) we observe 


2 
lee hye[ude ma 
Cy CrC5 Q act 
which on simplification gives us 
2 2 2 
+= 
GQ GQ, Circ 


That is, 
CiC2 +C,+1= 0. (9) 
Now, replacing C, by x/y and C, by y/z, we get the required integral surface as 


—=+—41=0, 
yz y 

or ~ 474150, 
z y 

or xy t+xz+ yz=0. 


0.7 THE CAUCHY PROBLEM FOR FIRST ORDER EQUATIONS 


Consider an interval / on the real line. If x9(s), yg(s) and zg(s) are three arbitrary functions 


of a single variable sey such that they are continuous in the interval 7 with their first 
derivatives. Then, the Cauchy problem for a first order PDE of the form 


F(x, y, Z, p,q) =0 (0.53) 
is to find a region IR in (x, y), i.e. the space containing (x9(s), yo(s)) for all se/7, and a 
solution z=@(x, y) of the PDE (0.53) such that 


Z[x9(s), yo(s)] = Z(s) 


and @(x, y) together with its partial derivatives with respect to x and y are continuous functions 
of x and y in the region IR. 


Geometrically, there exists a surface z= (x, y) which passes through the curve T, called 
datum curve, whose parametric equations are 


x=Xg(s), y=yols), z=zZ9(s) 
and at every point of which the direction (p,g,-1) of the normal is such that 
F(x, y, z, p,q) =0 
This is only one form of the problem of Cauchy. 
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In order to prove the existence of a solution of Eq. (0.53) containing the curve T, we 
have to make further assumptions about the form of the function F and the nature of I. Based 
on these assumptions, we have a whole class of existence theorems which is beyond the scope 
of this book. However, we shall quote one form of the existence theorem without proof, 
which is due to K owalewski (see Senddon, 1986). 

Theorem 0.2. If 

(i) g(y) and all of its derivatives are continuous for |y— y9|<6, 

(ii) x9 is agiven number and zg = g(yq), do =8’(yq) and f(x, y, z,q) and all of its partial 

derivatives are continuous in a region S defined by 


|x-xg1< 0, |y—yol<, |g—ag|< 6, 


then, there exists a unique function @(x, y) such that 
(a) (x, y) and all of its partial derivatives are continuous in a region IR defined by 


|x-x9|< 6, |y-yol< oy, 


(b) For all (x, y) in IR, z=@(x, y) is a solution of the equation 


(c) For all values of y in the interval |y— yo |< 6), (x, y) = g(y). 


0.8 SURFACES ORTHOGONAL TO A GIVEN SYSTEM OF SURFACES 


One of the useful applications of the theory of linear first order PDE is to find the system 
of surfaces orthogonal to a given system of surfaces. Let a one-parameter family of surfaces 
is described by the equation 


Fige2)=C (0.54) 
Then, the task is to determine the system of surfaces which cut each of the given surfaces 
orthogonally. Let (x, y, z) be a point on the surface given by Eq. (0.54), where the normal 
to the surface will have direction ratios (AF /dx, JFldy, 0F/Az) which may be denoted by P, 


QO, R. 
Let 


Z = (x, y) (0.55) 
be the surface which cuts each of the given system orthogonally (see Fig. 0.2). 
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Z= lx, y) 


Fig. 0.2 Orthogonal surface to a given system of surfaces. 


Then, its normal at the point (x, y, z) will have direction ratios (dz/Ax, Az/dy,-1) which, of 


course, will be perpendicular to the normal to the surfaces characterized by Eq. (0.54). Asa 
consequence we have a relation 


Oz Oz 
P—+Q—-R=0 0.56 
ox 2 3y (0.56) 
or 
Pp+Qq=R (0.57) 
which is a linear PDE of Lagranges type, and can be recast into 
OF dz ‘ OF dz _OF (0.58) 


Ox Ox dy dy dz 


Thus, any solution of the linear first order PDE of the type given by either Eq. (0.57) or (0.58) 
is orthogonal to every surface of the system described by Eq. (0.54). In other words, the 
surfaces orthogonal to the system (0.54) are the surfaces generated by the integral curves of 
the auxiliary equations 


dx _ dy = dz (0.59) 
OFlOx OFlOy OFIdz 


0.9 FIRST ORDER NON-LINEAR EQUATIONS 


In this section, we will discuss the problem of finding the solution of first order non-linear 
partial differential equations (PDEs) in three variables of the form 


F(x, y, z, p,q) =9, (0.60) 
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where 
dz dz 
—4 =a qd = —, 
Ox doy 
We also assume that the function possesses continuous second order derivatives with respect 
to its arguments over a domain Q of (x, y, z, p, q)-space, and either F, or F, is not zero at 
every point such that 
2 2 
Foti eu: 
The PDE (0.60) establishes the fact that at every point (x, y, z) of the region, there exists 
a relation between the numbers p and q such that @(p, g) =0, which defines the direction of 


the normal 7={p,q,—J} to the desired integral surface z= z(x, y) of Eq. (0.60). Thus, the 


direction of the normal to the desired integral surface at certain point (x, y, z) is not defined 
uniquely. However, a certain cone of admissable directions of the normals exist satisfying the 


relation @(p,q)=0 (see Fig. 0.3). 


Fig. 0.3 Cone of normals to the integral surface. 


Therefore, the problem of finding the solution of Eq. (0.60) reduces to finding an integral 
surface z= z(x, y), the normals at every point of which are directed along one of the permissible 
directions of the cone of normals at that point. 

Thus, the integral or the solution of Eq. (0.60) essentially depends on two arbitrary 
constants in the form 

fle ea.) =9, (0.61) 


which is called a complete integral. Hence, we get a two-parameter family of integral surfaces 
through the same point. 
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0.9.1. Cauchy’s Method of Characteristics 


The integral surface z = z(x, y) of Eq. (0.60) that passes through a given curve x9 = x9(s), 
yo =yol(s), Zo = Zo(s) may be visualized as consisting of points lying on a certain one-parameter 
family of curves x= x(t, s), y=y(t,s), z=z(t,s), where s is a parameter of the family called 
characteristics. 

Here, we shall discuss the Cauchy’s method for solving Eq. (0.60), which is based 
on geometrical considerations. Let z =z(x, y) represents an integral surface S of Eq. (0.60) 
in (x, y, z)-space. Then, {p,q,—1} are the direction ratios of the normal to S. Now, the 
differential equation (0.60) states that at a given point P(x, yo, Z9) on S, the relationship 
between po and qo, that is F(x, Yo, Zq» Po» Io), Need not be necessarily linear. Hence, all the 


tangent planes to possible integral surfaces through P form a family of planes enveloping a 
conical surface called Monge Cone with P as its vertex. In other words, the problem of 
solving the PDE (0.60) is to find surfaces which touch the M onge cone at each point along 
a generator. For example, let us consider the non-linear PDE 


sg (0.62) 
At every point of the xyz-space, the relation (0.62) can be expressed parametrically as 
p=coshu, qz=sinhu, -°<p£<oo (0.63) 
Then, the equation of the tangent planes at (x9, yp, Z9) can be written as 
(x — X,) cosh “4 +(y — yg) sinh “—(z—z)) =0 (0.64) 


Let P(x9, Yo, Zy) bethe vertex and Q(x, y, z) be any point on the generator. Then, the direction 
ratios of the generator are (x— x9), (y— Yo), (Z— Zo). Now, the direction ratios of the axis of 
the cone which is parallel to x-axis are (1, 0, 0) (see Fig. 0.4). Let the semi-verticle angle of 
the cone be 2/4. Then, 

7H _ (X— X9)1+(y — Yo) 0+ (Z— 29) 0 7 1 


4 (@-%) +Q-y) +(Z-2)? -¥? 


or 


(x- x9)? + (¥— Yo)? + (Z= 29)? =2(K= XO)? 
or 


(x- x9)” -(y— Yo)” —(Z— 29)" = 0 (0.65) 
Thus, we see that the Monge cone of the PDE (0.62) is given by Eq. (0.65). This is a right 
circular cone with semi-vertical angel 2/4 whose axis is the straight line passing through 


(X95 Yo. Zo) and parallel to z-axis. 
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Zz P(X, Yor Zo) 


\ 
Peo 8 


Fig. 0.4 Monge cone. 


Since an integral surface is touched by a Monge cone along its generator, we must have a 
method to determine the generator of the M onge cone of the PDE (0.60) which is explained 
below: 


It may be noted that the equation of the tangent plane to the integral surface z= z(x, y) at 
the point (x9, yo, Zo) IS given by 


p(x—x9)+q(y- yo) =(z- Zp). (0.66) 
Now, the given non-linear PDE (0.60) can be recasted into an equivalent form as 
q=4(Xx, Yor 291 P) (0.67) 


indicating that p and q are not independent at (x9, yg, zg). At each point of the surface S, 


there exists a Monge cone which touches the surface along the generator of the cone. The 
lines of contact between the tangent planes of the integral surface and the corresponding 
cones, that is the generators along which the surface is touched, define a direction field on 
the surface S. These directions are called the characteristic directions, also called Monge 
directions on S and lie along the generators of the Monge cone. The integral curves of this 
field of directions on the integral surface S define a family of curves called characteristic 
curves as shown in Fig. 0.5. The Monge cone can be obtained by eliminating p from the 
following equations: 


Fig. 0.5 Characteristic directions on an integral surface. 
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p(x-x9)+4(x91 Yor Zo» P) (y— yo) =(z— 20) (0.68) 
and 
dq 
(x— x9) +(y- yg)—-= 0. (0.69) 
dp 


observing that g is a function of p and differentiating Eq. (0.60) with respect to p, we get 
dF OF | OF dq_ 


= (0.70) 
dp Op 0q dp 
Now, eliminating (dgidp) from Eqs. (0.69) and (0.70), we obtain 
OF _ OF (x-xp) _0 
Ap oaq\y-yo) 
or 
os (0.71) 
Fy Fy 
Therefore, the equations describing the M onge cone are given by 
G=4(X1 Yor 20» P)) 
(x-x9)p +(y- yo) q =(z- 2) 
0.72 
and 0.72) 
X— Xo _ y- Yo 
Fy Fy 


The second and third of Eqs. (0.72) define the generator of the Monge cone. Solving them 
for (x-x9),(y— yo) and (z- zg), we get 


WFO 20 Z— % (0.73) 
F F pl, +r, 


Finally, replacing (x-—x9),(y— yg) and (z— zg) by dx, dy and dz respectively, which corresponds 
to infinitesimal movement from (x9, yg, zq) along the generator, Eq. (0.73) becomes 


dx _dy_ ke (0.74) 


Ee Ee pr, + qFy 
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Denoting the ratios in Eq. (0.74) by dt, we observe that the characteristic curves on S can be 
obtained by solving the ordinary differential equations 


& = Fle, y, 2(x, y), p(x, y), g(x, y)} (0.75) 
and 

dy 

7 atts Ye Zl yh plas y) alm y)t- (0.76) 


Also, we note that 


dz_ozdx dz dy _ dx dy 
a Gear Op a ak ah 


Therefore, 


dz 
<= pF, +4Fy (0.77) 
Along the characteristic curve, p is a function of r, so that 

dp _op dx | Op dy 

dt ox dt ody dt 


Now, using Eqs. (0.75) and (0.76), the above equation becomes 


dp _9p OF | Op OF 
dt ox dp ody dq 


SINCE Z,, =Zy, OF py =G,, We have 


dp _ Op OF - Oq OF (0.78) 
dt Oxdp Ox dq 
Also, differentiating Eq. (0.60) with respect to x, we find 
EE Op OF oq _ (0.79) 
Ox az Op dx oq ax 
Using Eq. (0.79), Eq. (0.78) becomes 
dp 
“FY =_(F F (0.80) 
dt era) 
Similarly, we can show that 
4 -_(F, +4F,) (0.81) 
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Thus, given an integral surface, we have shown that there exists a family of characteristic 
curves along which x, y, z, p and g vary according to Eqs. (0.75), (0.76), (0.77), (0.80) and 
(0.81). Collecting these results together, we may write 


de | 
di 

dy _ 

de. 

dz 

reas: +qF,, (0.82) 
P --(F, + pF.) and 

d 

ae thy + ae: 


These equations are known as characteristic equations of the given PDE (0.60). The last three 
equations of (0.82) are also called compatibility conditions. Without knowing the solution 


z=z(x, y) of the PDE (0.60), itis possible to find the functions x(z), y(t), z(t), p(t), g(t) from 
Eqs. (0.82). That is, we can find the curves x= x(t), y= y(t), z= z(t) called characteristics 
and at each point of a characteristic, we can find the numbers p= p(t) and g=gq(t) that 
determine the direction of the plane 

p(X —x)+q(¥ — y)=(Z—z). (0.83) 
The characteristics, together with the plane (0.83) referred to each of its points is called a 
characteristic strip. The solution x=<x(t), y= y(t),z= z(t), p= p(t),q=q(t) of the 
characteristic equations (0.82) satisfy the strip condition 


dz dx dy (0.84) 


It may be noted that not every set of five functions can be interpreted as a strip. A strip should 
satisfy that the planes with normals (p, g, —1) be tangential to the characteristic curve. That is, they 


must satisfy the strip condition (0.84) and the normals should vary continuously along the 
curve. 

An important consequence of the Cauchy’s method of characteristic is stated in the 
following theorem. 


Theorem 0.3 Along every strip (characteristic strip) of the PDE: F(x, y, z, p,q) =0, the 
function F(x, y, z, p,q) iS constant. 
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Proof Along the characteristic strip, we have 


d OF dx _ OF dy | OF dz , OF dp | OF dq 
—F yx\t), y(t), z(t), p(t), git)f= + 5 4 + 
dt Ven eee a Ox dt Oy dt Ozdt OApdt og dt 


Now, using the results listed in Eq. (0.82), the right-hand side of the above equation becomes 


Ee ee + F.(pF, Pol JHE Alt pei +qF,)=0. 


Hence, the function F(x, y, z, p,q) is constant along the strip of the characteristic equations 
of the PDE defined by Eq. (0.60). 
For illustration, we consider the following examples: 


EXAMPLE 0.12 Find the characteristics of the equation pq =z and determine the integral 
surface which passes through the straight line x=1, z= y. 
Solution — \|f the initial data curve is given in parametric form as 
xo(s)=1, yo(s)=s, 2g (s) =5, 
then ordinarily the solution is sought in parametric form as 
x=x(t,s), yH=y(t,s), z=z(t,s). 


Thus, using the given data, the differential equation becomes 


Pols)qg(s)-s=0=F (1) 
and the strip condition gives 
1= po(0)+qo(1) OF gg =1. (2) 
Therefore, 
go=1 po=s_ (unique initial strip) (3) 
Now, the characteristic equations for the given PDE are 


On integration, we get 
p= &Xp(t), g=cp exp (t), x=cp EXP (t) +c3 
y=, XP (t) +c4, 2 = 2cqcq EXP (2f) +c5 
Now, taking into account the initial conditions 


x =L yo=s, —M=5, Py=5 Go=l (6) 
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we can determine the constants of integration and obtain (since c, =1, c3 = 0) 
p=sexp(t), g=exp (rt), x= exp (7) 
y=sexp(t), z=s exp (22) 
Consequently, the required integral surface is obtained from Eq. (7) as 
Z=Xy. 
EXAMPLE 0.13 Find the characteristics of the equation pg =z and hence, determine the 
integral surface which passes through the parabola x =0, y? =e 
Solution The initial data curve is 
Xg(s) =0, yols)=s, z9(s)= Sa 


Using this data, the given PDE becomes 


po(s) 9o(s)—s* =0= F (1) 
The strip condition gives 
2s = po(0)+qo(1) or qo —25=0 (2) 
Therefore, 
qo=2s and py =z/qy =5°/25 =5 (3) 


Now, the characteristic equations of the given PDE are given by 


dx dy dz dp dq 
—t , = , = 2 = — 
dt : dt e dt ey dt dt 


On integration, we obtain 
p= cy exp (t), g=cz exp (t), x=cz EXP (4) +.c3 
y=cy Xp (t)+c4, Z=Cycq EXP (2t) +5 
Taking into account the initial conditions 


4g = 0). 4g = 8; zy = 8", Po = 5/2, qo = 2s, 
we find 


oq =s/2, cz =2s, cz =—2s, cq =5/2, cy =0 
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Therefore, we have 


p= 5 exp (t), g = 2s exp (ft), 


x=2s[exp (t)-1l, y= 5lexp (1) +] 


ges’ exp (2r) 


Eliminating s and ¢ from the last three equations of (6), we get 
16z = (4y+x)’. 
This is the required integral surface. 


EXAMPLE 0.14 Find the characteristics of the PDE 


pag 22 


and determine the integral surface which passes through x=0, z= y. 


Solution The initial data curve is 
Xg(s)=0, yo(s)=s, zo(s) =s. 
Using this data, the given PDE becomes 
Po + a6 -2=0=F 
and the strip condition gives 
1= po(0) +49 (1) or dg -1=0 
Hence, 
qo =1, po = 41 

Now, the characteristic equations for the given PDE are given by 


dx dy dz 2 2 
—=2p, —=2q, —=2p* +2q° =4 
dt . dt 2 dt : - 
Po 49 

dt dt 


On integration, we get 
PHC, q= C2, | 


y=2cott+cq, Z=4t toy 


(6) 


(5) 
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Taking into account the initial conditions 

X =0, yo=5, 2 =5, Po =th g=l 
we find 
p=, q=l1, x=+2t, 
(6) 
y=2t+s, z=4tt+s. 


The last-three equations of (6) are parametric equations of the desired integral surface. Eliminating 
the parameters s and z, we get 


z=ytx. 
0.10 COMPATIBLE SYSTEMS OF FIRST ORDER EQUATIONS 


Two first order PDEs are said to be compatible, if they have a common solution. We shall 
now derive the necessary and sufficient conditions for the two partial differential equations 


f(% 9% pg) =0 (0.85) 
and 
g(x, y,z, p,q) =0 (0.86) 
to be compatible. 
O(f,g) 
Let Y gaa ea (0.87) 
O(p,q) 


Since Eqs. (0.85) and (0.86) have common solution, we can solve them and obtain 
explicit expressions for p and gq in the form 


p=¢(x,y,z), q=w(x, y,z) (0.88) 
and then, the differential relation 
pdx+q dy = dz 
or 
b(x, y,z) dx+y(x, y, 2) dy=dz (0.89) 
should be integrable, for which the necessary condition is 
X -curl X¥ =0 
where X ={¢, y, —]}. That is, 
j j k 


Ll 
(git+wj-k)-|olax  dldy — Aldz|=0 
Y y = 
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or 
o(-y,)+yw(¢,) HW, — 9, 
which can be rewritten as 
VY. + OY, =%, +YWO, (0.90) 
Now, differentiating Eq. (0.85) with respect to x and z, we get 


Op oq 
fet Soap thea, 
and 


Op oq 
fet toa t lag, 79 
But, from Eq. (0.89), we have 
Ap _ 90 94 _ &YV and so on. 
Ox Ox dx ox 
Using these results, the above equations can be recast into 


f+ pb, + Lyx =9 


and 
Fa¥ Ie + Ig = 0. 


Multiplying the second one of the above pair by @ and adding to the first one, we readily 
obtain 


(Fe + OF.) + fy (b, + 90.) + fa (Wr + OW,) = 0 
Similarly, from Eq. (0.86) we can deduce that 

(2. +082) + 8p (0 + 90.) + Bq (Wy + OW.) =0 
Solving the above pair of equations for (yw, + @y,), we have 


(Ww, + oy) 1 1 


Foley +982)-8p(fx+9f.) fy8p—8ahy J 


or 
1 
V+ oy, =F UU fp8x ee iries 0h fe ee) 


1 [aes rots) (0.91) 
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where J is defined in Eq. (0.87). Similarly, differentiating Eq. (0.85) with respect to y and z 
and using Eq. (0.88), we can show that 


ieewioe “| Sesh Aha) (0.92) 


J| A(y,q) A(z, q) 
Finally, substituting the values of y, +@y, and by + Wo, from Eqs. (0.91) and (0.92) into 
Eq. (0.90), we obtain 


Afis), fis) _ Con Aha) 
O(x,p) ~— A(z, p) O(y,q) O(z,q) 


In view of Eqs. (0.88), we can replace @ and y by p and gq, respectively to get 


F(f.g), Alf.g) Alf.g) | Alf.g) 
+ + + =( (0.93) 
Ax, p) ’ Alzp) Aly.q) | Alzaq) 
This is the desired compatibility condition. For illustration, let us consider the following 
examples: 


EXAMPLE 0.15 Show that the following PDEs 
xp-yq=x and x-p+q=Xxz 
are compatible and hence, find their solution. 


Solution Suppose, we have 


f =xp-yq-x=0, (1) 
and 
g=x'ptq-x2z=0. (2) 
Then, 
Af,g)_|(p-}) Wills po ticee _ ee 
Dn pl = ies) 2 = P. — xX = X P+ xXZ=XZ-X p-x , 
Af.g) _| 0 x|_ 2 
O(z, p) —x x2 
A(fig)_|-@ —-y ay 
Aly,g) |0 1 
A(f,g)_| 0 =y aap 
O(z,q) |-x 1 
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and we find 
Af,g), Alf.g) Alfig), Alf.g)_ a: a: a 
i. “eo. Joe “oe 


= 1x2-q-gxy-x° 
=xz-q-x(qy+x) 
=x2-q-x" p 

=(0 


Hence, the given PDEs are compatible. 
Now, solving Eqs. (1) and (2) for p and g, we obtain 


p_ @_ _st 
xyztx x3 


tx2z xtxy 
from which we get 
_x(l+yz) _1+yz 
x(l+xy) l+xy 


and 


x (z—x)_ x(z—x) 


~ x(l+xy) 1+ xy 
In order to get the solution of the given system, we have to integrate Eq. (0.89), that is 


fee SO ee 5 (3) 
1+ xy 1+ xy 
or 
He a pp ee, 
1+xy 1+ xy 
or 


dz-—dx _ydx+xdy 
Z-x l+xy 


On integration, we get 
In(z—x) =In (1+ xy) +Inc. 
That is, 
z-x=c(1l+xy) 
Hence, the solution of the given system is found to be 
z=xtc(1+.), (4) 
which is of one-parameter family. 
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0.11 CHARPIT’S METHOD 


In this section, we will discuss a general method for finding the complete integral or complete 
solution of a nonlinear PDE of first order of the form 


flix yz pg) =0. (0.94) 


This method is known as Charpit’s method. The basic idea in Charpit’s method is the introduction 
of another PDE of first order of the form 


g(x,y, z p,q) =0 (0.95) 
and then, solve Eqs. (0.94) and (0.95) for p and g and substitute in 
dz= p(x, y,z,a)dx+q(x, y, z, a) dy. (0.96) 
Now, the solution of Eq. (0.96) if it exists is the complete integral of Eq. (0.94). 


The main task is the determination of the second equation (0.95) which is already discussed 
in the previous section. Now, what is required, is to seek an equation of the form 


g(x,y, Zz, p,q) =0 
compatible with the given equation 

f(x,y, Zz, p,q) =0 
for which the necessary and sufficient condition is 


@lfie). olf) olf.e). cle) 
=0. 0.97 
Pap) Olaay Oona) Plea) i 


On expansion, we have 


Of Og Of Og n Of Og Of og 
Ox Op Oop ox Oz Op oOpdaz 


rn Of Og Of Ag i Of Og Of Og 0 
Oy Oq oq oy Oz 0q Og dz 


which can be recast into 


98 OB 
Pox “Idy 


This is a linear PDE, from which we can determine g. The auxiliary equations of (0.98) are 


0 
+ (Php + Mfg) Go (fet Phe) So (fy tafe) Ze =O. (0.98) 


dx 7 dy _ dz _ dp 
ie ta Pf + a os a 2s 
-__44 (0.99) 
=, + af.) 
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These equations are called Charpit's equations. Any integral of Eq. (0.99) involving p or q 
or both can be taken as the second relation (0.95). Then, the integration of Eq. (0.96) gives 
the complete integral as desired. It may be noted that all charpits equations need not be used, 
but it is enough to choose the simplest of them. This method is illustrated through the 
following examples: 


EXAMPLE 0.16 Find the complete integral of 

(p? +q°)y =4z 

Solution Suppose 

f=(p? +q°)y-qz=0 (1) 

then, we have 
20. fap te. tee 
fp=2py, fg =2qy-% 
Now, the charpits auxiliary equations are given by 
dx _ dy = dz dp dq 


fo fa Pfo+@, —\f.+ph,) —(hy+a) 


That is, 


dx — dy _ dz 
2py 2qy-z 2p*y+2q*y-gz 


ae dq 
pq -I(p* +q7)-47] 


From the last two members of Eq. (2), we have 


dp dq 
Pa —p? 
or 
pdp+qdq=0 


On integration, we get 


p? +q° =a (constant) (3) 
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From Eqs. (1) and (3), we obtain 


ay—qz=0 
and 


2 
ay 


Substituting these values of p and gq in 


dz = pdx +qdy, 


we get 


or 


q=aylz 


az —-a 


Jaz? =a’ y" ay 
dz = dx + —dy 


or 


& 


zdz—aydy= Jaz? =a y" dx 


Hae ey 


which can be rewritten as 


On integration, we find 


or 


Hence, the complete integral is 


(x+b) + y? = 2/a. 


= dx 


EXAMPLE 0.17 Find the complete integral of the PDE: 


Solution _|n this example, given 


Then, we have 
fe =—PQ, 


fn =—@y, 


2 
Zz" = pq xy. 


2 
f=" — pqxy. 


fy =—PqX, 


fq 


= — Pxy. 


f,=2z 


2g? Viz 


39 


(1) 
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Now, the Charpit’s auxiliary equations are given by 
dx dy az dp dq 


fo fa Ppt, —-f+Pf,) (fy tah) 


That is, 
dx dy dz dp dq 


xy —pxy -2pqxy pqy-2pz pqx-2qz 
From Eq. (2), it follows that 
dplp___dqlq__ dxlx _ dyly 
qy-2z px-2z -qy —px 


which can be rewritten as 
dp|p — dqlq _ —dx/x + dyly 
qy — px qy — px 


or 
dp dq_dy dx 
P q y x 


On integration, we find 


P * ~¢ (constant) 
q y 
or 
p=cqylx 
From the given PDE, we have 
ran ee a) 
Z = pqxy=cq y 


which gives 
g=zvley or q=zNcy=azly, 
where a=l1WVc. 


Hence, 
p = Zlax. 
Substituting these values of p and gq in 
dz = pdx +qdy, 
we get 


dz =—-dxt “dy 
ax y 
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or 


On integration, we obtain 
1 
Inzg=—Inx+aln y+Inb 
a 


or 
z= bxll4y4 
which is the complete integral of the given PDE. 
EXAMPLE 0.18 Find the complete integral of 
x? p? +y?q? -4=0 
using Charpit’s method. 


Solution The Charpit’s equations for the given PDE can be written as 


dx — dy _ dz _ ap 
2x°p 2y’q 2(x*p?+y*q?) -2xp? 
_ 44 
2yq’ 


Considering the first and last but one of Eq. (1), we have 


Pe an ae or G5 ame a 


2x? p 7 ~2xp? x Pp 


On integration, we get 
In(xp)=Ina or xp=a 
From the given PDE and using the result (2), we get 
yg? =4-a 
Substituting one set of p and qg values from Eqs. (2) and (3) in 
dz = pdx +qdy, 
we find that 


pe aren OP a 
x y 


On integration, the complete integral of the given PDE is found to be 


z=alnx+V4-a? In ytb. 


Al 
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0.11.1 Special Types of First Order Equations 
Type I Equations Involving p and q only. 
That is, equations of the type 
f (p,q) =0. (0.100) 
Let z=ax+by+c=0 is a solution of the given PDE, described by f(p,q)=0, then 
0 
Fea, a= oh 
Substituting these values of p and q in the given PDE, we get 
f(a, b) =0 (0.101) 


P 


Solving for b, we get, b=@(a), say. Then, 
z=axt+ol(a)y+e (0.102) 
is the complete integral of the given PDE. 


EXAMPLE 0.19 Find a complete integral of the equation 
Jp+Jq=1. 


Solution ThegivenPDE isof theform f(p, gq) =0. Therefore, let us assume the solution 
in the form 
zZ=axtbytec 
where 
Ja+Jb=1 or b=(1-Va) 


Hence, the complete integral is found to be 
z=axt+(l-Va)* ytc. 


EXAMPLE 0.20 Find the complete integral of the PDE 
pq=l. 


Solution Since the given PDE is of the form f(p,q)=0, we assume the solution in 
the form z=ax+by+c, where ab=1 or b=1/a. Hence, the complete integral is 


1 
Z=ax+—yrte. 
a 


Type IT Equations Not Involving the Independent Variables. 
That is, equations of the type 


f(z, p,q) =0 (0.103) 
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As a trial solution, let us assume that z is a function of u=x+ay, where a is an arbitrary 
constant. Then, 


z= f(u)= f(x+ay) (0.104) 
_92_ dz du _ ad 
Ox duox du 


_9z_ dz ou 7k 
Oy dudy du 
Substituting these values of p and q in the given PDE, we get 


q 


(2%, af) =o (0.105) 


which is an ordinary differential equation of first order. 
Solving Eq. (0.105) for dz/du, we obtain 


dz _ 
mee) (say) 
or 
dz 
= du. 
$(z,a) " 


On integration, we find 


dz _ 
loan 


F(z,a)=u+c=x+aytc (0.106) 


That is, 


which is the complete integral of the given PDE. 
EXAMPLE 0.21 Find the complete integral of 
p(l+q)=4z 
Solution Let us assume the solution in the form 
z= f(u)=x+ay 
Then, 


Substituting these values in the given PDE, we get 


al =) dz 
l+a = az 
du 


du 
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That is, 


ae | or a de 
du az—-1 


On integration, we find 
In(az-l)=u+c=x+ayt+ec 
which is the required complete integral. 


EXAMPLE 0.22. Find the complete integral of the PDE: 


pez +g" =1. 


Solution Let us assume that z= f(u) =x+ay is a solution of the given PDE. Then, 


That is, 


or 


V2? +a’ dz = du 


On integration, we get 


2 2 


a 


zv2? +a’ - a? in ae +a? 


[esearss 


which is the required complete integral of the given PDE. 


Type III Separable Equations. 


An equation in which z is absent and the terms containing x and p can be separated from those 
containing y and q is called a separable equation. 
That is, equations of the type 


f(x, p)= Fly, 4) (0.107) 
As atrial solution, let us assume that 
f(x, p) = Fly, q) =a (say) (0.108) 
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Now, solving them for p and gq, we obtain 


p=(x), q=wWly) 
Since 


pe La ee pdx+qdy 
Ox oy 


or 
dz = @(x)dx+w(y)dy 
On integration, we get the complete integral in the form 


c=] glare [ yly)ay+o (0.109) 
EXAMPLE 0.23 Find the complete integral of the PDE: 
2 Bee 
poy (1+x°) = qx 


Solution The given PDE is of separable type and can be rewritten as 


p’(1+ x) q 
——,—===a (say), an arbitrary constant. 
x y 
Then, 
__vax 
eg “Soe? 
Substituting these values of p and q in 
dz = pdx +qdy, 
we get 
Jax 
dz= dx + ay dy 
V1+ x? 


On integration, we obtain 
g=Na Vit3? +59? +b 
which is the complete integral of the given PDE. 
EXAMPLE 0.24 Find the complete integral of 
p+q?=xty 
Solution The given PDE is of separable type and can be rewritten as 


pe -x=y-q@ =a (say) 
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Then, 
p=Vx+a, q=Jyta. 
Now, substituting these values of p and g in 
dz = pdx +.qdy 
we find 
dz=/x+a dx+ Jyta dy 
On integration, the complete integral is found to be 
z = E(rta)?? +E(y +a)? +b, 
Type IV. Clairaut’s Form 
A first order PDE is said to be of Clairaut’s form if it can be written as 
z= pxtqy+ f (p,q) (0.110) 
The corresponding Charpit’s equations are 


dx — dy _ dz 

xtfp ytf, pxtayt+pf, +a, 
_ DP _ (0.111) 
p-pPp q-q 


The integration of the last two equations of (0.111) gives us 
p=a, qz=b 


Substituting these values of p and g in the given PDE, we get the required complete integral 
in the form 


z=ax+by+ f(a,b) (0.112) 


EXAMPLE 0.25 Find the complete integral of the equation 
Z= pxtqytV1t p* +q° 
Solution The given PDE is in the Clairaut’s form. Hence, its complete integral is 


z=axtby+Jl+a’ +7, 


EXAMPLE 0.26 Find the complete integral of 
(p+q)(z-xp-yq)=1 
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Solution The given PDE can be rewritten as 
1 
Z=xpt+ yqt—— 
ptq 
which is in the Clairaut’s form, 
z= px+qyt f(p,q) 
Hence, the complete integral of the given PDE is 


1 
Z=ax+ by +—. 
at+b 


EXAMPLE 0.27 Solve the following Cauchy IVP: 
PDE: u, t+cu, =0,xe R,t>0 
IC: u(x, 0) =flx), x e R. 


Solution The characteristic equations for the given problem is given by o-S i. 
Cc 


On integration, we get: wu = constant and x - ct = & (constant). This linear problem 
has a unique solution, given by u(x, t) = f(x - ct). 

This is a right travelling wave with speed c, of course with no change in shape. The 
characteristic line x = € + ct, gives rise to a system of parallel, straight lines in the (x, r)-plane 
as shown in Fig. 0.6. 


ta 


(x, t) 
x-ct=€ 
>X 


(5, 0) 


Fig. 0.6 The family of characteristic lines: x — ct = & 


We observe that one of these lines that passes through the point (x, r) intersects the 
x-axis at (€, 0) moving with speed c, having a slope -1/c. 


EXAMPLE 0.28 \n classical mechanics, the Hamilton-Jacobi equation for the problem of 
one-dimensional, Harmonic oscillator is given by the differential equation as (see-Sankara 
Rao, 2005). 
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2 
1 (os pgs af, 
2m\ oq 2 ot 


where S = S(p, q, t), p = 7 and K is a constant. Using Charpits method, find S. 
q 


Solution Following the notation of Eq. (0.94) we rewrite 


2 
iw t+ 38 

oyiy , — K (1) 
Fle 5, Se Sq) +(¥) 79.) a 


which gives us 


S 
f, =0, f, =Ka, fs =9, fs, =1 fs, on 
Then, the Charpits auxiliary equations (0.99) assumes the following form: 


da_dq _ dS__dS,_‘&, 2) 
1 S,im S,+Siim 0 —Kq 


dS, 
Considering the second and last members, we have Ec aera ; 
S,lm —Kq 


On integration, we get 


2 


S 
a yh xg =a (constant of integration). 
2m 2 


Equation (1) then becomes 


and 53 = Km (22-9?) 
K 
Substituting S, and S, into 


dS = S, dt + S, dq 
and integrating, we arrive at 


2 
s=-ar + VK {(22—] dq+C 
or S=-at-+ VKm| (0? —q? dg +C 


where oc = 4 and C is another constant of integration. 


10. 
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EXERCISES 


Eliminate the arbitrary function in the following and hence obtain the corresponding 
PDE 


zax+yt f(xy). 
Form the PDE from the following by eliminating the constants 
z= (x? +a) (y? +b). 
Find the integral surface (general solution) of the differential equation 


2 Az 2 dz 

—+ et 

= Ox doy 

Find the general integrals of the following linear PDEs: 


=(x+y)z. 


2 
(i) 
X 

(ii) (y+) p+(x+)])q=z. 
Find the integral surface of the linear PDE 
XP —~ VQ=Z 


ptxqay? 


which contains the circle x* + y* =1, z=1. 
Find the equation of the integral surface of the PDE 


2y(z—3)p+(2x-z)q= y(2x-3) 
which contains the circle x7 + y* =2x, z=0. 
Find the general integral of the PDE 
(x-y) pt(y-x-z)q=z 
which contains the circle x? +y* =1, z=1. 
Find the solution of the equation 
1 
c=5(p +a") +(p-2) (q-y) 


which passes through the x-axis. 
Find the characteristics of the equation 


pq = xy 
and determine the integral surface which passes through the curve z=x, y=0. 
Determine the characteristics of the equation 
er ae 


and find the integral surface which passes through the parabola 4z+x? =0, y=0. 
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. Show that the PDEs 


xp=yq and z(xp+yq)=2xy 
are compatible and hence find its solution. 
. Show that the equations 


p+q?=1 and (p?+q’)x=pz 


are compatible and hence find its solution. 
. Find the complete integral of the equation 


(p? +4?) x= pz 
where p=dz/dx, q=dzloy. 
. Find the complete integrals of the equations 
(i) px? —4q3x? +6x*z-2=0 
(ii) 2(z+ap + yq) = yp’. 
. Find the complete integral of the equation 
P+q= pd. 
. Find the complete integrals of the following equations: 
(i) zpg=ptq 
(ii) peg $x? y? = x29? (x? + y°). 
. Find the complete integral of the PDE 
z= pxt+qy—sin (pq) 
. Find the complete integrals of the following PDEs: 
(i) xp?q’ + yp’q? +(p? +4") - 2p’? =0 
(ii) pqz=p*(xq+ p?)+q°(yp+q’). 
. Find the surface which intersects the surfaces of the system 
z(x+ y)=c(3z+)) 
orthogonally and passes through the circle 
x? yr =], gal. 
. Find the complete integral of the equation 
(p> +q°)x= pz 


az az 


where p=—, g=—. (GATE-M aths, 1996) 
Ox Oy 


’ 
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21. Find the integral surface of the linear PDE 


Oz Oz 
+ = 
(x ee (x-y ay z 
which contains z=1 and x? + y* =1. (GATE-M aths, 1999) 


Choose the correct answer in the following questions: 


22. Using the transformation u=W/y inthePDE xu, =u+ yu,, the transformed equation 
has a solution of the form W= 


(A) f(x/y) (B) f(x+y) 
(C) f(x-y) (D) f(xy). (GATE-M aths, 1997) 
23. The complete integral of the partial differential equation 


a9 a ae: 29 
xp-q° + yp°q' +(p> +q°)-zp*q° =0 


is z= 
(A) ax+by+ (ab* + ba) (B) ax—by+ (ab? +ba*) 
(C) -ax+by+ (ba? ag) (D) ax+by- (ab +ba”). 


(GATE-Maths, 1997) 
24. The partial differential equation of the family of surfaces z=(x+ y)+A(xy) is 
(A) xp-yq=0 (B) xp-yq=x-y 
(C) xptyq=xty (D) xpt+yq=0. 
(GATE-Maths, 1998) 
25. The complete integral of the PDE z= px+gy-sin(pgq) is 
(A) z=ax+by+sin(ab) (B) z=ax+by-sin (ab) 


(C) z=ax+y+sin (bd) (D) z=x+by-—sin (a). 
(GATE-M aths, 2003) 


CHAPTER 1 


Fundamental Concepts 


1.1. INTRODUCTION 


Many practical problems in science and engineering, when formulated mathematically, give 
rise to partial differential equations (often referred to as PDE). In order to understand the 
physical behaviour of the mathematical model, it is necessary to have some knowledge about 
the mathematical character, properties, and the solution of the governing PDE. An equation 
which involves several independent variables (usually denoted by x, y, z, f, ...), a dependent 
function wu of these variables, and the partial derivatives of the dependent function uw with 
respect to the independent variables such as 


F(x, y, Sib Seep llgy Uy Ue piss Ug Uy rei lggies) -0 (1.1) 


is called a partial differential equation. A few well-known examples are: 


(i) uw, =Kuyy tuyy tu) [linear three-dimensional heat equation] 
(ii) ayy Uy +g, = 0 [Laplace equation in three dimensions] 
(ii) uy, =? (Uy, a [linear three-dimensional wave equation] 
(iv) u, +uu, = Mu, [nonlinear one-dimensional Burger equation]. 


In all these examples, u is the dependent function and the subscripts denote partial differentiation 
with respect to these variables. 


Definition 1.1 The order of the partial differential equation is the order of the highest derivative 
occurring in the equation. Thus the above examples are partial differential equations of 
second order, whereas 


U, =UU,,. + SIN X 


is an example for third order partial differential equation. 
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1.2 CLASSIFICATION OF SECOND ORDER PDE 


The most general linear second order PDE, with one dependent function u on a domain Q of 
points X =(x, x2,...,x,),n>]1, Is 
n n 
> GijU iX j *), bu; + F(u) =G (1.2) 
i, j=l i=l 
The classification of a PDE depends only on the highest order derivatives present. 
The classification of PDE is motivated by the classification of the quadratic equation of 
the form 


Ax + Bry + Cy? + Dx + Ey+ F =0 (1.3) 


which is elliptic, parabolic, or hyperbolic according as the discriminant B? - 4AC is negative, 
zero or positive. Thus, we have the following second order linear PDE in two variables 
x and y: 


Au,, + Bu,, +Cuy, + Du, + Euy + Fu=G (1.4) 


where the coefficients A, B, C, ... may be functions of x and y, however, for the sake of 
simplicity we assume them to be constants. Equation (1.4) is elliptic, parabolic or hyperbolic 
at a point (x9, yo) according as the discriminant 


B’ (x, yo) — 4A (xq, Yo) C(x, Yo) 


is negative, zero or positive. If this is true at all points in a domain Q, then Eq. (1.4) is said 
to be elliptic, parabolic or hyperbolic in that domain. If the number of independent variables 
is two or three, a transformation can always be found to reduce the given PDE to a canonical 
form (also called normal form). In general, when the number of independent variables is 
greater than 3, it is not always possible to find such a transformation except in certain special 
cases. The idea of reducing the given PDE to a canonical form is that the transformed 
equation assumes a simple form so that the subsequent analysis of solving the equation is 
made easy. 


1.3 CANONICAL FORMS 


Consider the most general transformation of the independent variables x and y of Eq. (1.4) 
to new variables &, 77, where 


$=¢(x%,y),  n=n(x,y) (1.5) 
such that the functions € and 7 are continuously differentiable and the J acobian 
AlE.n) _|Sx $y 
Aad te - 2, Sally — Syl 
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in the domain Q where Eq. (1.4) holds. Using the chain rule of partial differentiation, the 
partial derivatives become 


Uy =Ugd, + Up 

Wy = Ugy + Uply 

Uyy = UgeE s+ ZugnE My + UqglD s+ Mee ve + Up Mex 

Wry = UgESaSy + Men (Say + Sy Mx) + Unley + eSay + UyMay 

ae: oa use 5 + 2ugnSyMy + lpn! t+ UES yy + Uplyy (1.7) 


Substituting these expressions into the original differential equation (1.4), we get 


Auge + Bugy + Cupy + Dug + Euy +Fu=G (1.8) 
where 
7 2 2 
A=Ag. + BE,o,+CC, 


B=2Aé,n, + B(E,n, +€,n,) + 2CE,n, 


Q 
Il 


2 2 
An, + BN, + CN; 
D=Aé€,, + BE, +CE,, + DE, + Ef, 
E = Any + Bnyy + CNyy + Dn, + Eny 


FeF, G=G (1.9) 


It may be noted that the transformed equation (1.8) has the same form as that of the original 
equation (1.4) under the general transformation (1.5). 

Since the classification of Eq. (1.4) depends on the coefficients A, B and C, we can also 
rewrite the equation in the form 


Au, + Buy + Cry = H (x, y,u, uy, uy) (1.10) 


It can be shown easily that under the transformation (1.5), Eq. (1.10) takes one of the 
following three canonical forms: 


(i) Uge —Unn = O(S, 1), Uy Ug, Up) (1.11a) 
or 
Ugn = 9, (5,7, U, Ug, Uy) in the hyperbolic case 
(ii) uge + Upp =O(S, 7, u, Uz, Uy) in the elliptic case (1.11b) 


(iii) Uge = 9(F, 1, U, Ug, Up) (1.11c) 
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or 
Up =9(5, 1, U, Uz, Uy) in the parabolic case 


We shall discuss in detail each of these cases separately. 
Using Eq. (1.9) it can also be verified that 


B’ -4AC =(E,n, —€,n,)? (B? -4AC) 


and therefore we conclude that the transformation of the independent variables does not 
modify the type of PDE. 


1.3.1. Canonical Form for Hyperbolic Equation 


Since the discriminant B* -4AC >0 for hyperbolic case, we set A=0 and C=0 inEq,. (1.9), 
which will give us the coordinates € and 7 that reduce the given PDE to a canonical form 


in which the coefficients of Uge, Upp Aare ZerO. Thus we have 
A= AE? + BEE, +CES =0 


C= An? +Bnny+Cn> =0 


2 


2 
A\ =| +B] 2 |4c=0 
Ny Ny 


Solving these equations for (¢,/6,) and (7,/7,), we get 


E, _—-B+,| B? -4AC 


which, on rewriting, become 


—_ 2A 

2 
Mx = Fons Mae (1.12) 
Ny 


The condition B? >4AC implies that the slopes of the curves E(x, y)=C, n(x, y)=Cy are 


real. Thus, if B? > 4AC, then at any point (x, y), there exists two real directions given by the 
two roots (1.12) along which the PDE (1.4) reduces to the canonical form. These are called 
characteristic equations. Though there are two solutions for each quadratic, we have considered 
only one solution for each. Otherwise we will end up with the same two coordinates. 
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Along the curve &(x, y)=c,, we have 
dg =€,dx+é,dy=0 
Hence, 


#.{é| (1.13) 
dx i 


Similarly, along the curve 7(x, y)=cz, we have 


dy __| Mx (1.14) 
dx Ny 
Integrating Eqs. (1.13) and (1.14), we obtain the equations of family of characteristics &(x, y)=q 


and 7(x, y)=c, which are called the characteristics of the PDE (1.4). Now to obtain the 


canonical form for the given PDE, we substitute the expressions of € and 77 into Eq. (1.8) 
which reduces to Eq. (1.11a). 
To make the ideas clearer, let us consider the following example: 


3u yy +10u,, + 3uy, =0 


Comparing with the standard PDE (1.4), wehave A =3, B=10, C=3, B* -4AC = 64>0. Hence 
the given equation is a hyperbolic PDE. The corresponding characteristics are: 


2. -(&) [2g ue) 3 


2A 3 


To find € and 7, we first solve for y by integrating the above equations. Thus, we get 
1 
y=3x+c,, ar aa: 


which give the constants as 
o = y—3x, co =y-x/3 
Therefore, 


1 
€=y-3x=q, ie arc 
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These are the characteristic lines for the given hyperbolic equation. In this example, the 
characteristics are found to be straight lines in the (x, y)-plane along which the initial data, 
impulses will propagate. 


To find the canonical equation, we substitute the expressions for € and 7 into Eq. (1.9) to get 
A= AE? + BEE, + CE? = 3(-3)? +10(-3) (1) +3=0 


B = 2AE.Ny + B(e.ny + Eyite) + 2CoyNy 


= 2(3) (3) (-3) +10 (-390 +(-2)}.26) (1) (1) 
10 100 64 
-6+10(-2) 46-12-42 --4 


c=0, D=0, £=0 Fe0 


On integration, we obtain 
u(g,m) = f(S)+8(7) 
where f and g are arbitrary. Going back to the original variables, the general solution is 
u(x, y) =f (y—3x) + ¢(y-x/3) 


1.3.2 Canonical Form for Parabolic Equation 


For the parabolic equation, the discriminant B*-4AC =0, which can be true 


if B=0 and A or C is equal to zero. Suppose we set first A=0 in Eq. (1.9). Then we 
obtain 


A= AE? + BEE, +CE} =0 


or 


which gives 
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Using the condition for parabolic case, we get 


$x __ Be (1.15) 


Hence, to find the function € =€(x, y) which satisfies Eq. (1.15), we set 


Wz, 
dx ¢, 2A 
and get the implicit solution 
ales y=C, 


In fact, one can verify that A=0 implies B=0 as follows: 
B=2AG,My + BS My + Sy Mx) + 20S, Ny 
Since B* —4AC =0, the above relation reduces to 
B=2AE, +2. AC (Ett, + Ey) + 2CE, ny 
= 2(VAG, + VCE,) (VA, + VCny) 


cy. BE 2wAc __ jE 
fy 2A 2A A 


B= 2(VAE, - VAE,) (VAm, + VEny) = 0 


However, 


Hence, 


We therefore choose € in such a way that both A and B are zero. Then 7 can be chosen in 
any way welike as long as it is not parallel to the €- coordinate. In other words, we choose 77 such 
that the Jacobian of the transformation is not zero. Thus we can write the canonical equation 
for parabolic case by simply substituting € and 7 into Eq. (1.8) which reduces to either of 
the forms (1.11c). 

To illustrate the procedure, we consider the following example: 


a) 2XYUyy + Wiig =e" 


The discriminant B* —4AC = 4x’y? —4x?y? =0, and hence the given PDE is parabolic 
everywhere. The characteristic equation is 


dy ox _ B_ 2x 
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On integration, we have 

xy=c 
and hence & = xy will satisfy the characteristic equation and we can choose 7 = y. To find 
the canonical equation, we substitute the expressions for € and 7 into Eq. (1.9) to get 


A= Ay? + By +x" = xy? ~2x*y? eye =0 
B=0, C=y’, 
0, 


D=-2xy 
z=), £ G 


=e 
Hence, the transformed equation is 

Yip — 2xyug =e* 
or 


The canonical form is, therefore, 


1.3.3 Canonical Form for Elliptic Equation 


Since the discriminant B? —4AC <0, for elliptic case, the characteristic equations 


dy _B-yB?-4AC 


dx 2A 
dy B+ B°-4AC 
dx 2A 


give us complex conjugate coordinates, say € and 7. Now, we make another transformation 
from (&,7) to (a, B) so that 


2 
which give us the required canonical equation in the form (1.11b). 
To illustrate the procedure, we consider the following example: 
Uy + xu, =0 
The discriminant B? —4AC =—4x? <0. Hence, the given PDE is elliptic. The characteristic 
equations are 
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=-ix 


dy B-JB°-4Ac _ J-4x’ 
7 2 


dx 2A 
dy B+ /B°-4AC_. 
= =1x 
dx 2A 
Integration of these equations yields 
se 4 
pau tae ae 


Hence, we may assume that 


g=5x7 ti, nase i 


Now, introducing the second transformation 


_o+n sq 
aa BRS 
we obtain 
x? 
Cae ay 


The canonical form can now be obtained by computing 


A= Aa? + Baa, +cor? =x? 


B=2Aa,B, + B(a,B, +0, B,) + 2c(a,B,) =0 
C= AB? + BB. By +cB} =x? 

D = Adi, + BOtzy + COlyy 
= AB, + BB, +cByy + DB, + EB, =0 


F =0, G=0 


+ Dat, + Ea, =1 


el 


Thus the required canonical equation is 
x Uo +x" ups +Ug =0 


or 
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EXAMPLE 1.1 Classify and reduce the relation 


2 vee Ae a 
Yuyy sda AE a ad u 


to a canonical form and solve it. 
Solution The discriminant of the given PDE is 
B* — 4AC = 4x*y? — 4x’ y? =0 
Hence the given equation is of a parabolic type. The characteristic equation is 
dy &€ B  -2xy- x 
dx é, 2A 2y2 y 


Integration gives x* + y? =c. Therefore, € = x? + y* satisfies the characteristic equation. The 
n- coordinate can be chosen arbitrarily so that it is not parallel to é, i.e. the Jacobian of the 
transformation is not zero. Thus we choose 
=x ty, on 
To find the canonical equation, we compute 
A= AE? + BEE, + CES = 4x y* — 8x" y* + 4x*y* =0 


Il 
< 


B=0, C =4x’y?, D=E=F=G=0 
Hence, the required canonical equation is 
2.42 = = 
AX’ YUny =9 OF Uy =O 
To solve this equation, we integrate it twice with respect to 77 to get 


un = f(S), u= f(S)n+9(S) 


where f(é) and g(é) are arbitrary functions of €. Now, going back to the original independent 
variables, the required solution is 


u=yf(x? +y*)+ g(x +’) 
EXAMPLE 1.2 Reduce the following equation to a canonical form: 
(1+ x7) Uy +(1+y*)Uy, + XU, + yuy =0 
Solution The discriminant of the given PDE is 


B? —4AC =-4(1+ x7) (1+ y?)<0 
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Hence the given PDE is an elliptic type. The characteristic equations are 


dy B-VB°-4AC _ \-4(1+x7) (1+ y*) _ [1+ y? 
A . 7 1+x? 


dx 2 2(1+ x") 


dy _B+VB°-4AC _, /i+y? 
dx 2A 1+x2 


On integration, we get 


& =In(x+¥x? +1)-iln(y+ Vy? +1)=q 
n=In(x+ Vx? +1)+iln(yt+ Jy? +)=e5 


Introducing the second transformation 


_$t+n He 
5 2 Pee, 


we obtain 
a=In (xt Vx? +1) 
B=in(y+yy? +) 


Then the canonical form can be obtained by computing 
A=Aai+Ba,a,+Ca%=1, B=0, C=1 D=E=F=G=0 
Thus the canonical equation for the given PDE is 
Ugg + U BB =0 
EXAMPLE 1.3 Reduce the following equation to a canonical form and hence solve it: 
Uy — 2 SiN XUy, — cos” XUyy — COS XU, = 0 
Solution Comparing with the general second order PDE (1.4), we have 
A=1, B=-2sin x, C =-cos* x, 
D=0, E =~— cos x, F=0, G=0 
The discriminate B? —4AC = 4 (sin? x +cos” x)=4>0. Hence the given PDE is hyperbolic. 
The relevant characteristic equations are 


dy _B-\VB*-4AC _ 
2A 


sin x-1 


dx 


dy B+ VB*—4AC 


dx 2A 


=1-sin x 
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On integration, we get 
y=COSx—-x+q, y=COSxX+x+C) 
Thus, we choose the characteristic lines as 
€=x+y-COSx=q, N=-x+y-COSx=c 
In order to find the canonical equation, we compute 


A= AE? + BEE, +CE} =0 
B=2AE,n, + B(E ny +S.) + 2CS,n, 
=2(sin x+1) (sin x-1) —4 sin? x-2 cos? x=—4 


C=0, D=0, E=(, F=0, G=0 
Thus, the required canonical equation is 
UEn = 0 
Integrating with respect to €, we obtain 
Uy = f(7) 
where f is arbitrary. Integrating once again with respect to 7, we have 


u=[ f(n)an+s(é) 
or 
u=yln) + g(é) 


where g(&) is another arbitrary function. Returning to the old variables x, y, the solution of 
the given PDE is 


u(x, y)=w(y—x-COS x) + g(y+x-COS x) 
EXAMPLE 1.4 Reduce the Tricomi equation 
Ux, + XUyy =0, x#0 
for all x, y to canonical form. 


Solution The discriminant B? -4AC =—4x. Hence the given PDE is of mixed type: 
hyperbolic for x<0 and elliptic for x>0. 


Case I |n the half-plane x <0, the characteristic equations are 


dy &  B-\VB°-4AC _-2V=x _ 
dx Ey 2A a 


dy 1 _ B+ VB? -4AC = 


dx Ny 2A 


ee 
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Integration yields 


which are cubic parabolas. 
In order to find the canonical equation, we compute 


A= Ag? +BEE,+CE} =-Sx40+2x=0 


B=9x, C=, D=- 


Thus, the required canonical equation is 


3 a 3 3 
Ixu zp —4h*) wa +4 (a) ua =0 
or 
Usy = . (uz —u,) 
Toca 
Case II \n the half-plane x >0, the characteristic equations are given by 
oni Xi oO =i 


On integration, we have 


Blu eSy-ieP, mar) = Sy tive? 


Introducing the second transformation 


we eal | 
Qe Pe 
we obtain 
3 
a==y, B=-(vx) 
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The corresponding normal or canonical form is 
1 
Ung + U BB 338 = 0 


EXAMPLE 1.5 Find the characteristics of the equation 


tad 
Ur, + 2Uyy +SiN“ (x) uy, tu, =0 


when it is of hyperbolic type. 


Solution The discriminant B2 - 4AC =4 - 4sin?x = 4cos?x. Hence for all x # (2n - 1)x/2, 
the given PDE is of hyperbolic type. The characteristic equations are 


dy _B¥\VB* —4AC 


=14 (0S x 
dx 2A 
On integration, we get 
y=x-sinx+q, y=xtsinx+c, 
Thus, the characteristic equations are 
€=y-x+sin x, N=y-x-sinx 


EXAMPLE 1.6 Reduce the following equation to a canonical form and hence solve it: 


YUyy +(x+ y)Uyy + XUyy =0 


Solution The discriminant 
B? -~4AC =(x+y)? —Axy =(x— y)* >0 


Hence the given PDE is hyperbolic everywhere except along the line y =x; whereas on the 
line y =x, it is parabolic. When y#-.x, the characteristic equations are 


dy _B¥VB? -4AC (x+y) ¥(x-y) 


dx 2A 2y 
Therefore, 
dy =] dy x 
dx dx y 


On integration, we obtain 
yHxtc, y=ax te 
Hence, the characteristic equations are 


2 
G=y-x, nay -x 
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These are straight lines and rectangular hyperbolas. The canonical form can be obtained by 
computing 


A=AE?} +BE,E,+CE} =y-x-yt+x=0, B=-2(x-y)’, 
C=0, D=0, E=2(x-y), F=G=0 
Thus, the canonical equation for the given PDE is 
—2(x- y)?ugy +2 (xy) Uy =0 
or 
26? ue, +2(-E) uy, =0 
or 


Integration yields 
Again integrating with respect to 7, we obtain 


uaz] Snaneeld 


Hence, 


“ff (y?-x2)dly?-x?) + g(y-x) 
y-x 


u= 


is the general solution. 
EXAMPLE 1.7 Classify and transform the following equation to a canonical form: 
sin? (x) uy, +$iN (2x) Wy, + COS? (x) Wy, = x 
Solution The discriminant of the given PDE is 
B? - 4AC =sin? 2x—4sin? xcos* x=0 


Hence, the given equation is of parabolic type. The characteristic equation is 


Integration gives 
y=lInsinx+q 
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Hence, the characteristic equations are: 

€=y-lInsin x, n=y 
7m is chosen in such a way that the Jacobian of the transformation is nonzero. Now the 
canonical form can be obtained by computing 


A=0, B=0, C= 0s* x, D=1, 
E=0, F =0, G=x 
Hence, the canonical equation is 
COS? (x) Uy +g =x 
or 
[1-e7"7-5) Ju, =sin Me") — ug 


EXAMPLE 1.8 Show that the equation 
2N 1 


Uy, +—U, = Un 
x a 


where N and a are constants, is hyperbolic and obtain its canonical form. 


Solution | Comparing with the general PDE (1.4) and replacing y by t, wehave A=1, B=0, 


C =-lfa’, D=2N/x, and E=F =G=0. The discriminant B2 -44C =4/a2 >0. Hence, the 
given PDE is hyperbolic. The characteristic equations are 
dt _B#NB*-4AC __V4la® __1 
dx 2A i 


a 
Therefore, 


On integration, we get 
x x 
t=-—+q, t=—+¢ 
a a 
Hence, the characteristic equations are 
€=x+at, n=x-at 
The canonical form can be obtained by computing 
= 2 
A= Agi + BEE, +CE; =0, 
B=2AE,n, + BUS m+ Mx) + 2CEn, = 4, 


60, popper’ 22, ome 
Xx Xx 
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Thus, the canonical equation for the given PDE is 
2N 
AUzy +— lug + Un) =0 


Expressing x in terms of € and 7, the required canonical equation is 


EXAMPLE 1.9 Transform the following differential equation to a canonical form: 


ox $2, + 4u +2, +i, =0 


yy 


Solution The discriminant B? - 4AC =-12<0. Hence, the given PDE is elliptic. The 
characteristic equations are 


dy B-\VB*-4AC 

= = +1-iV3 
dx 2A 
dy B+ B*-4AC 

= = 414+ iV3 
dx 2A 


Integration of these equations yields 
y=+(1-iv3)x+«q, y=+(l+iv3)x+e9 
Hence, we may take the characteristic equations in the form 
&= y-(1-iv3)x, n= y—(1+iv3)x 


In order to avoid calculations with complex variables, we introduce the second transformation 


$F 269 

Ga + PRs, 
Therefore, 

a=y-X, B=~3x 


The canonical form can now be obtained by computing 
A=Aa? + Ba.ar, +Co? =3 


B=2Aa,B, + B(a,B, +@,B,) +2Ca,B, =0 
C= AB? +BB,B,+CBy =3 

D= AQ, + Bay + Cay, + Dat, + Eat, =1 
E=Ap,+ BB, +CB,, + DB, + EB, =2V3 


F=0, G=0 
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Thus the required canonical form is 
Ugg, + 3u Be + Ug + 2V3ug =0 
or 


1 
ag + Upp =~ 5 (a + 2V3ug) 


1.4 ADJOINT OPERATORS 


Let 
Lu=¢ (1.16) 
where L is a differential operator given by 
n n-1 
L=ay(x) + a(x) +--+, (2) 
I” dx” 


One way of introducing the adjoint differential operator L* associated with L is to form the 
product vLw and integrate it over the interval of interest. Let 


B B 
| vLu dx =[ veal uL* vy dx (1.17) 
A A 


which is obtained after repeated integration by parts. Here, L* is the operator adjoint to L, 
where the functions w and v are completely arbitrary except that Lu and L*v should exist. 


EXAMPLE 1.10 Let Lu =a(x) (d?uldx?) + b(x) (duldx) + c(x)u; construct its adjoint L*. 
Solution Consider the equation 


B B 2 
| vLu dx = | ator Sh oy ct dx 
A A dx dx 


B 2 B B 
=( (av) Hae + | (by) “arf (cv) u dx 
A dx A dx JA 


However, 


=[u’va]? =f (av)'u'ae 
=[u’av]§ —[u(av)’]3 +f ulav)"ax 
fon fas =[u(bv)]? — J ulov)'ax 


[ (cv)u dx = fo (cv) dx 
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Therefore, 
B pn tB 
J, vLu dx =[u’(av) —u(av)’ +u(bv)] 4 +f ul(av)” — (bv)’ + (ev)] dx 
Comparing this equation with Eq. (1.17), we get 


L* v=(av)” —(bv)’ + (cv) = av” + (2a’ —b) v’ + (a” —b’ +c) v 


Therefore, 
2 
Lk =a at +(2a’ —b) é +(a” —b’ +c) 
dx dx 
Consider the partial differential equation 
L(u) = Au,, + 2Bu,, +Cuy, + Du, + Eu, + Fu=o (1.18) 


which is valid in a region S of the xy-plane, where A, B, C,..., @ are functions of x and y. 
In addition, linear boundary conditions of the general form 


out Bu, =f 


are prescribed over the boundary curve aS of the region S. Let 
iil vLu do =[ 1+ ff uL* vdo 
Ss S 


where the integrated part [ ] is aline integral evaluated over 9S, the boundary of S, then L* 


is called the adjoint operator. In general, a second order linear partial differential operator L 
is denoted by 


. ru . Ou 
L(u) = x Ais oe »> B5 + Cu (1.19) 
i, j= wy i=l 1 
Its adjoint operator is defined by 
L*¥(v)= > a (A,-v) > g (Byv)+Cv (1.20) 
jer O%OX; TEL Ox 


Here it is assumed that 4,,¢C'?) and B, eC). For any pair of functions u, vec"), it can 
be shown that 


~ @ n F) ry) "OA. 
vL(u) —uL*(v) = ap A [Stn |om[a -S Z| (1.21) 


i=l i 


This is Known as Lagrange’s identity. 
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EXAMPLE 1.11 Construct an adjoint to the Laplace operator given by 
Llu) = Uy, + Uyy (1.22) 


Solution Comparing Eq. (1.22) with the general linear PDE (1.19), we have 
Ay =1, Ap2 =1. From Eq, (1.20), the adjoint of (1.22) is given by 


Therefore, 
L* (u) =u, + yy 
Hence, the Laplace operator is a self-adjoint operator. 
EXAMPLE 1.12 Find the adjoint of the differential operator 
L{u) =u, -—u, (123) 
Solution Comparing Eq. (1.23) with the general second order PDE (1.19), we have 
Ay =1, By, =-1. From Eq. (1.20), the adjoint of (1.23) is given by 


2 
ts ea ay, 


L* = 
(v) ew Oe 


Therefore, 
L* (u) =u,, +, 


It may be noted that the diffusion operator is not a self-adjoint operator. 


1.5 RIEMANN’S METHOD 
In Section 1.2, we have noted with interest that a linear second order PDE 
L(u) = G(x, y) 

is classified as hyperbolic if B* >4AC, and it has two families of real characteristic curves 
in the xy-plane whose equations are 

6=filu y)=e, n= fy(x, y) =c2 
Here, (€,7) are the natural coordinates for the hyperbolic system. In the xy-plane, the curves 
&(x, y)=c, and (x, y)=c are the characteristics of the given PDE as shown in Fig. 1.1(a), 


while in the &7-plane, the curves €=c, and 7 =cy» are families of straight lines parallel to 
the axes as shown in Fig. 1.1(b). 
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Characteristics Characteristics 


7 = const. 


(a) (b) 
Fig. 1.1 Families of characteristic lines. 


A linear second order partial differential equation in two variables, once classified as a 
hyperbolic equation, can always be reduced to the canonical form 

Ou 

Ox dy 


In particular, consider an equation which is already reduced to its canonical form in the 
variables x, y: 


= F(x, yu, Uy, Uy) 


Ou Ou ou 
b = F(x, 1.24 
cay ee a (x, y) ( ) 


where L is a linear differential operator and a, b, c, F are functions of x and y only and are 
differentiable in some domain IR. 


Let v(x, y) be an arbitrary function having continuous second order partial derivatives. 
Let us consider the adjoint operator L* of L defined by 


L(u) = 


L*(v) = ae ee (1.25) 
Now we introduce 
M = aw 0, N= buy + (1.26) 


then 


M,+N,= u,(av) +u(av) , =U Vy Wy +H, (by) + u(by) , + VU, + Vix, 
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Adding and subtracting cuv, we get 


ar) P) au du ou 
M,+N,= ERE 3 Zn) |4s| Pe vat eb en 


vLu —uL*y=M,+N, (1.27) 


This is known as Lagrange identity which will be used in the subsequent discussion. The 
operator L is a self-adjoint if and only if Z=ZL*. Now we shall attempt to solve Cauchy’s 
problem which is described as follows: Let 


L(u) = F(x, y) (1.28) 
with the condition (Cauchy data) 
(i) w= f(x) on T, a curve in the xy-plane; 


y OU 
(ii) on oe on T. 


That is u, and its normal derivatives are prescribed on acurve [’ which is not a characteristic line. 


Let [ be a smooth initial curve which is also continuous as shown in Fig. 1.2. Since 
Eq. (1.24) is in canonical form, x and y are the characteristic coordinates. We also assume that 
the tangent to I is nowhere parallel to the coordinate axes. 


Fig. 1.2 Cauchy data. 


Let P(€,7) be a point at which the solution to the Cauchy problem is sought. L et us draw 
the characteristics PO and PR through P to meet the curve [ at Q and R. We assume that 
U, Uy, Uy are prescribed along F. Let JIR be a closed contour PORP bounding IR. Since 


Eq. (1.28) is already in canonical form, the characteristics are lines parallel to x and y axes. 
Using Green's theorem, we have 


ffm, + N,,)dxdy =¢ 
R 


ie (M dy — N dx) (1.29) 
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where @IR is the boundary of IR. Applying this theorem to the surface integral of Eq. (1.27), 


we obtain 


J sue dy - Ndx)= I! [vL(u) — uL *(v)]dx dy 


In other words, 


(1.30) 


J (tay-wdy+] (Mdy—Ndx)+J (M dy - Ndx)= [J [vL(u) — uL * (v)]dx dy 


Now using the fact that dy=0 on PQ and dx=0 on PR, we have 


J. (mM dy-Ndx)+] M ed Ndx “I [vL(u)-uL*(v)|dxdy (1.31) 


From Eq. (1.26), we find that 


Ie N dx =(. buvdx+ J vu, dx 


Integrating by parts the second term on the right-hand side and grouping, the above equation 


becomes 
Q 
J N dx =[uv]® +] u(bv — v,) dx 
PQ ‘P 
Substituting this result into Eq. (1.31), we obtain 


[uv], =[uwv]g les u (bv —v,) dx Shs u(av—v,,)dy 
a (M dy — N dx) +{f [vL(u) — uL * (v)]dx dy 
R 


Let us choose v(x, y;é,77) to be a solution of the adjoint equation 
L*(v)=0 
and at the same time satisfy the following conditions: 
(i) v,=bv when y=y, i.e, on PO 
(ii) v,=av when x=é, i.e, on PR 
(iii) val when x=é, y= 


(1,32) 


(1,33) 


(1.34a) 
(1.34b) 
(1.34c) 


We call this function v(x, y;é,7) as the Riemann function or the Riemann-Green function. 


Since L(u) =F, Eq. (1.32) reduces to 
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[wlp=luvlg-[ [u (av—vy )dy—v(bu+u,) dx} | (vF) dx dy (1.35) 
IR 


This is called the Riemann-Green solution for the Cauchy problem described by Eq. (1.28) 
when w and uw, are prescribed on I’. Equation (1.35) can also be written as 


[ul], =[uv], - i uv(a dy —b dx) + I. (uv, dy — vu, dx) + I (vF)dxdy (1.36) 
IR 


This relation gives us the value of wu at a point P when wu and uw, are prescribed on T. But when 
u and uy are prescribed on T, we obtain 


[ulp =[uv]p ae uv(a dy —b dx) ale (uv, dx+vuy dy) J] (vF)dx dy (1.37) 
By adding Eqs. (1.36) and (1.37), the value of u at P is given by 


[ulp = Slur +Lwlab-J uv(a dy —b dx) -=f u(v, dx-vy dy) 
+f. v(u, dx—uy dy) all (vF) dx dy (1.38) 
IR 


Thus, we can see that the solution to the Cauchy problem at a point (&, 77) depends only 


on the Cauchy data on I. The knowledge of the Riemann-Green function therefore enables 
us to solve Eq. (1.28) with the Cauchy data prescribed on a noncharacteristic curve. 


EXAMPLE 1.13 Obtain the Riemann solution for the equation 


Pu 
= F(x, 
Oxdy (x y) 
given 
(i) w=f(x) onl 
) OU 
——— onl 
(ii) On g(x) 
where Tis the curve y=x. 
Solution Here, the given PDE is 
Ou 


Oa y) (1,39) 
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We construct the adjoint L* of L as follows: setting 
M =auv-uvy, N = buv + vu, 


and comparing the given equation (1.39) with the standard canonical form of hyperbolic 
equation (1.24), we have 


a=b=c=0 
Therefore, 
M=~-uv,, N=vu, (1.40) 
and 
M+ Ny =Vity —UVyy = vL(u) —uL* (v) 
Thus, 
2 
L* (y) = a"y (1.41) 
Ox dy 
Here, L =L* and is a self-adjoint operator. Using Green's theorem 
il (M, +N,) dx dy =o. (M dy — N dx) 
R 
we have 
! [vL(u) — uL* (v)]dx dy = i- (M dy - N dx) 
or 
iil [vF —uL* (v)]dx dy =| (M dy — N dx) (1.42) 
IR 
But 


es (M dy —Ndx) =| (mt dy —Ndx) +\ 3 (M dy —Ndx) +], (Mdy—Ndx) (1.43) 
where 


Ov Ou 
ts (M dy -Ndkx) = J, [-u ay var 


From Fig. 1.3, we have on T, x= y. Therefore, dx =dy. Hence 


| (M dy -Ndx) =| [ug Sas (1.44) 
rr ie 
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Fig. 1.3. An illustration of Example 1.13. 


since on OP, y = constant. Therefore, dy =0. Thus, 


du 
Jop(M oy - Nak) =| -Ndx= |. vs ax (1.45) 


Similarly, on PR, x =constant. Hence, dx =0. Thus, 
ov 
I. (M dy - Ndx)= Soe Mdy =| ou ay 
Substituting Eqs. (1.44)-(1.46) into Eq. (1.43), we obtain from Eq. (1.42), the relation 


JJor- uL *(v)] dx dy = J. [-u San vax + +f av fused 


(1.46) 


But 
Ou = P Ov 
Joo” 5 = [-vwulo + Joo 5% 


Therefore, 


JJoF- uL * (v)]dx dy = f,[-« Ra ax 


Ov 
+f soy (1.47) 


+[-vu]G | Ste ay 


Now choosing v(x, y;é,7) as the solution of the adjoint equation such that 
(i) L*v=0 throughout the xy-plane 


., OV 
(ii) >-=0 when y=m, i.e, on OP 


Ox 
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ov 
eee —=0 = . 
(iii) Ee when x=, i.e, on PR 


(iv) y=l at P(é,7). 
Equation (1.47) becomes 


Ov ou 
If (vF’) dx dy =f,[-» eae» Stas) (uv) —(u)p 
or 
ov ou 
(u) p =(uv)o + u—dx-—v ts (vF) dx dy 
iP oy Ox I] 
However, 


=| (u,v dx + uv, dx + uyv dy + uv, dy) 
Now Eq. (1.48) can be rewritten as 


(u) p = (uv) p =f. (u,v dy +uv, dy) “I (vF) dx dy 
Finally, adding Eqs. (1.48) and (1.49), we get 
1 1 
(u)p = 5 uv)o + (welt 5] (-uv, dx — vu, dx) 
1 
+S], (u,v dy +uv, dy) “| (vF) dx dy 


EXAMPLE 1.14 Verify that the Green function for the equation 
Ou 7 2 (ou < Ou 
Oxdy xty\dax dy 


subject to w=0, du/dx=3x* on y=x, is given by 

(x+y) {2xy + (¢ —m) (x- y) + 26m} 
(E+n)? 

and obtain the solution of the equation in the form 


v(x, yi: €,9) = 


u=(x— y) (2x? —xy+2y?) 


(1.48) 


(1.49) 
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Solution __|n the given problem, 


Ju, 2 du, 2 du_y 


L(u) = = 
Oxdy xtydax xtydy 


(1.50) 


Comparing this equation with the standard canonical hyperbolic equation (1.24), we have 


gps, Cet, -F=0 
x+y 


Its adjoint equation is L*(v)=0, where 


2 
L*(y)= ov _ O{ 2v _ Of{ 2v . (1.51) 
Oxdy OAx\xty) dy\xt+y 
such that 
(i) L*¥y=0 throughout the xy-plane 
(ii) a vy onFPd@,i.e, on y=n 
Ox xty 
vay OV 2 
aaa PR, i.e, = 
(iii) By ae on Le, on x=€& 
(1.52) 
(iv) vel at P(é,7). 


If v is defined by 


vx, 93 Em) = aay + (Erm) (x= y) + 2E (1.53) 
(¢+7) 
Then 
Ov xty 2xy +(€ —n) (x— y) + 2En 
—= [2y+( )]+ 
ax (Ean oe (E+n)° 
or 
DF tary 4 2y? + 2e(E 1) + 2En] (1.54) 
dx (E+n)? 
and 
2 
ov _ A(x+ y) (1.55) 
Ox dy (+n)? 
ov 1 2 
= [4xy + 2x° —2y(E—n) + 2m] (1.56) 


dy (E+n)3 
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Using the results described by Eqs. (1.53)-(1.56), Eq. (1.51) becomes 


L*(v) = 


ay 2 [+ * 4y 

+—|+ 

Oxdy xt+y\dax dy) ( 

_ A(x+ y) 2 
(E+n)?  (xt+y)(E+n) 


x+y)? 


zl4xy+2(x? +y7)] 


or 
A(x+y) Alx+y) _ 
(E+n)? (E+n? 
Hence condition (i) of Eq. (1.52) is satisfied. Also, on y=7, 


L* (vy) = 


ov 1 2 _ 
oa + 2x(§ -n) + 26m] 
or 
Ov 
— [21 + 2x(E +) + 2én] (1.57) 
Oxon rae 


Also, 2v/(x+y) at y=7 is given by 


2v 2 = x+n 
2 2 
es (+n) z[2x7 +(S -1) (x- 1) + 267] 


= 429? +20 (E+) + 24M] (1.58) 
(¢ +7) 
From Eqs. (1.57) and (1.58), we get 
a v aty= 
Ox x+y ot 


Thus, property (ii) in Eq. (1.52) has been verified. Similarly, property (iii) can also be 
verified. Also, atx=é, y=n, 


me _ (E+) (E+n)? _ 
= zl2 (E- = 3 —=1 
(+7) (5 +7) 
Thus property (iv) in Eq. (1.52) has also been verified. 
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From Eqs. (1.50) and (1.51), we have 
ou ‘i ay ‘ O{ 2vu a oO { 2vu 
Oxdy axdy Ox\xt+y) dy\xty 


oO x) d{ ov O{ 2vu oO ( 2vu 
=—|v u— |+ + 
Oy\ Ox} Ax\ dy) Ax\x+y) dAy\xt+y 


O( 2vu ov O{ 2vu Ou 
= Uu + +V 
Ox\xty ody} dy\xty ax 


vL(u) —uL* (v) =v 


_OM ON 
a Oy 
where 
_ 2uv oe : 2vu ou 
x+y oy xty ox 


Now using Green's theorem, we have 


[fou 


—uL* (v)] dx dy =| p (M dy—N dx) = f. (M dy—Ndx) 


P. R 
+| (M dy-N dx) +] (M dy—N ax) 
Q Pp 


(see Fig. 1.3) on OP, y=C. Hence, dy =0; on PR, x=C. Therefore, dx=0 


Q| | 2uv Ov 2uv Ou 
= dx 
I, {2 eh eeu | 


However, 


P P P 
| cay rH) av cd dx + (uv) 5 -[ Pues 
Qxty Q x 


Now, using the condition w=0 on y=x, Eq. (1.59) becomes 


2uv ov Q/ 2uv Ou 
x ( 
I [vL(u) —uL* (v)] dx dy = " (4 lay i [2 a 


P 2 
+{ ald dy 
Qxty 
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(1.59) 
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Also, using conditions (ii)-(iv) of Eq. (1.52), the above equation simplifies to 


(u)p = (uw)g ~ fo vax 


Now using the given condition, viz. 
0 


Uu 2 
—=3x" onR 
Ox is 2 
we obtain 


wo 


= > 4 31) dx 


ey: 
nls +67n? +n')+36n (6? +n°)] 


=(§ -m) (2? -En + 2n”) 
Therefore, 
u(x, y) =(x— y) (2x? — xy +2y’) 
Hence the result. 
EXAMPLE 1.15 Show that the Green's function for the equation 
ou 


on 


v(x, v5 €,n) =Jo Vf 2(x-€) (y—n) 
where Jo denotes Bessel’s function of the first kind of order zero. 
Solution Comparing with the standard canonical hyperbolic equation (1.24), we have 
a=b=0, c=1 
It is a self-adjoint equation and, therefore, the Green's function v can be obtained from 
ay 
Ox dy 


+v=0 
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subject to 
ov 
—=0 = 
Ay on y=7) 
ov 
“=0 = 
By on x=é 
v=l atx=€, y=n 
Let 
o* =a(x-€) (yn) 
dv _ dv IO 
dx db Ox 
But 
106 
pgk 328 = aly 
d In a(y-7) 
Therefore, 
IG _ 4 greys 
ae (y-7) 
Thus, 
Ov _ ova yx 
on BOE” (y-7) 
dy _d|va 5 
PrP late y n] 
a| a4 Ov _, Ov Ob i“ av ab 
= 1-k Ae ) (econ 
“6 io )o ae m+o “(y Wg Oy 
However, 
IG 4 gk 
a (e-€) 
Therefore, 


ay _ a} 1% OV _k a1kOV 1k ava Lk 
po ahs k)o “(x-o)(y no ao (y-7) go *(x-¢) 
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Hence, 
2 
ay +v=0 
OxOy 
gives 
k 2 1-k 
LAE a a aa ck 
k| k dg dg dg 
or 
2 
« geet ge +v=0 
k do dg 
or 


k? x 
ov” + bv’ + —o*v=0 
a 
Let k=2, a=4. Then the above equation reduces to 
1 
o°v" + ov’ +¢°v=0=v"4 a +v (Bessel’s equation) 


Its solution is known to be of the form 


v= Jo(@) = Jo J2(X - Hy - 7) 


which is the desired Green’s function. 


1.6 LINEAR PARTIAL DIFFERENTIAL EQUATIONS WITH CONSTANT 
COEFFICIENTS 


An nth order linear PDE with constant coefficients can be written in the form 


a Ce, ie +a oe +---+a at 
0 ax” ax" ly 2 ox" 92 y n oy” 
= flx, y) (1.60) 
where ao, ay, «.., Gd, are constants; u is the dependent variable; x and y are independent 
variables. Introducing the standard differential operator notation, such as p=2, D’ = 2, 
x y 


the above equation can be rewritten as 
F(D, D’)u = (agD" + ayD""D! + ayD"™?D? + + a,D'")u = fix, y) (1.61) 
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It can also be written in more compact form as 


F(D,D’u=)) ¥C,D'D” (1.62) 
a 
where C;; are constants, D = d _D’= d _D" = d _D” = d , etc. 
ox oy Ox” oy" 


Asin the case of linear ODE with constant coefficients, the complete solution of Eq. (1.61) 
consists of two parts: 


(i) the complementary function (CF), which is the most general solution of the 
equation F(D, D’)u = 0, the one containing, » arbitrary functions, where n is the 
order of the DE. 


(ii) the particular integral (PI), is a particular solution, which is free from arbitrary 
constants or functions of the equation F(D, D’)u = f(x, y). 
The complete solution of Eq. (1.61) is then 
u=CF +Pl (1.63) 


It may be noted that, if all the terms on the left-hand side of Eq. (1.61) are of the same 
order, it is said to be a homogeneous equation otherwise, it is a non-homogeneous equation. 
Now, we shall study few basic theorems as is the case in ODEs. 


Theorem 1.1 If wcf and up, are respectively the complementary function and particular 
integral of a linear PDE, then their sum (uwcr + up;) is a general solution of the given PDE. 


Proof Since F(D, D’)uce = 0, 
and F(D, D’)up, = flx, y), 
we arrive at 
F(D, D’)ucp + F(D, D’)up, = fix, y). 
showing that (ucp + up;) is in fact a general solution of Eq. (1.61). Hence proved. 
Theorem 1.2 If 1, u2, ..., u, are the solutions of the homogeneous PDE: F(D, D’)u = 0, 


wut 


n 
then SY Cun, where C; are arbitrary constants, is also a solution. 
j=l 


Proof Since we observe that 
F(D, D’)(C,u;) = C,F(D, D’)u; 


and F(D, DS y, => FID, D’)y; 
i=l i=1 
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For any set of functions v;, we find at once, 


F(D, DY’ Cu; = ¥ F(D, DC y4;) 
i=l i=l 


= )°CF(D, D’)u; = 0 
i=l 
Hence proved. 

We shall now classify linear differential operator F(D, D’) into reducible and irreducible 
types, in the sense that F(D, D’) is reducible if it can be expressed as the product of linear 
factors of the form (aD + bD’ +c), where a, b and c are constants, otherwise F(D, D’) is 
irreducible. For example, the operator 

F(D, D’)u =(D? - D? +3D + 2D’ + 2)u 
=(D +D’ +1)(D - D’ + 2)u 


is reducible. While the operator F(D, D’)u =(D* - D’), is irreducible, due to the fact that it 
cannot be factored into linear factors. 


1.6.1 General Method for Finding CF of Reducible Non-homogeneous 
Linear PDE 


The general strategy adopted for finding the CF of reducible equations is stated in the 
following theorems: 

Theorem 1.3 If the operator F(D, D’) is reducible that is, if (a,D + b,D’ + c;) is a factor of 
F(D, D’) and @(é) is an arbitrary function of a single variable €, then, if a; # 0, 


u; = exo( S| dbx - ay) (1.64) 


a; 


is a solution of the equation F(D, D’)u = 0 (Sneddon, 1986). 
Proof Using product rule of differentiation, Eq. (1.64) gives 


Du; = [-£Jero{ Sx ato —ajy) +b; exo{ Jes —a,y) 
a; a; a; 


L 


= —ty, +b; oxo{ 2] = ay). 
a; qj 


L L 


Similarly, we get 
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Thus, we observe that 
(a;D + b,D’ + c)U; = 0 (1.65) 
That is, if the operator F(D, D’) is reducible, the order in which the linear factors appear 

is immaterial. Thus, if 


F(D, D’)u; = Tle + b;D’ + cal + b,D’ +c; )u; (1.66) 


j=l 


where, the prime on the product indicates that the factor corresponding to i =; is omitted. 
Combining Eqs. (1.65) and (1.66), we arrive at the result F(D, D’)u; = 0. Hence proved. 

It may be noted that if no two factors of Eq. (1.65) are linearly independent, then the 
general solution of Eq. (1.66) is the sum of the general solutions of the equations of the form 
(1.65). For illustration, we consider the following examples: 


EXAMPLE 1.16 Solve the following equation (D* + 2DD’ + D” - 2D - 2D’)u = 0. 
Solution Observe that the given PDE is non-homogeneous and can be factored as 
(D? + 2DD’ + D”? - 2D - 2D’)u =(D + D’\(D + D’ - 2)u. 
Using the result of Theorem 1.3, we get the general solution or the CF as 
ucr = gilx - y) + d(x - y). 
On similar lines, we can also establish the following result: 


Theorem 1.4 (Sneddon, 1986) Let (b; D’ + c,) is a factor of F(D, D’)u, and @(&) is an 
arbitrary function of a single variable &, then, if b, # 0, we have 


u; = oxo( Sy] o(b;x) (1.67) 


as a solution of the equation F(D, D’)u = 0. 

Proof Suppose, the factorisation of F(D, D’) = 0 gives rise to a multiple factors of the 
form (a,D + b,D’ + c;)", the solution of F(D, D’)u = 0 can be obtained by the application of 
Theorems 1.3 and 1.4. For example, let us find the solution of 


(aD +bD’ + c,)*u = 0 (1.68) 
We set, 
(a,D + bD’ + cu = U, 
then, Eq. (1.68) becomes 
(a,D + bD’ + c)U = 90. 
Using Theorem 1.3, its solution is found to be 
U= exp (-S| (bx - ajy). 


U 
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Further, assume that a; # 0, now, in order to find wu, we have to solve 
a 


| olbix - ay). 


t 


(a;D + b,D’ + cu = ox 
a 


This is a first order PDE. Using the L agrange’s method (Section 0.8), its auxiliary equations 
are 


dx _dy _ du (1.69) 
—c,u + exp [Sx Jato —a,y) 
qi; 


One solution of which is given by 
bx - ay = A (a constant) (1.70) 
Substituting this solution into the first and third of the auxiliary equations, we obtain 


dx du 


“ cu + exp{ Six} 
a. 


1 


or Lanes ex - at val 
a; a 


i 


This being an ODE, its solution can be readily written as 


u ex So) - ery + u (constant) 
a. a 


i i 


or eae een exp{ =“) (1.71) 
a; a; 


Thus, the solution of Eq. (1.68) is given by 
u = [xo{bx - ay) + wilbx - ayle “ie (1.72) 
where @, and y; are arbitrary functions. 


In general, if there are n, multiple factors of the form (a;D + b,D’ + c;), then the solution 
of (a;D + bjD’ + c;)" u = 0 can be written as 


v=0{-Sr] S460 (1.73) 


i j=l 


Here follows an example for illustration. 
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EXAMPLE 1.17 Find the solution of the equation (2D - D’ + 4)(D + 2D’ + 1)*u = 0. 


Solution The complementary function (CF) corresponding to the factor (2D - D’ + 4) 
is e** @-x - 2y). Similarly, CF corresponding to 


(D + 2D’ +1)? is e{ W4(2x - y) + xyw(2x - y)]. 
Thus, the CF for the given PDE is given by 

u= ex + 2y) + e*LyM(2x - y) + xy(2x - y)], 
where, @, y, Y% are arbitrary functions. 


1.6.2 General Method to Find CF of Irreducible Non-homogeneous Linear PDE 


If the operator F(D, D’) is irreducible, we can find the complementary function, containing 
as many arbitrary functions as we wish by a method which is stated in the following theorem: 


Theorem 1.5 The solution of irreducible PDE F(D, D’)u = 0 is 
u= ic exp(a;x + b;y) (1.74) 
i=l 


Proof Let us assume the solution of F(D, D’)u = 0 in the form, u = ce“*”, where a, b and 
c are constants to be determined. Then, we have 


Diu = caie®™*), Diu = chi e&*Y, 
D'D"u = ca'bie™*y 
Thus, F(D, D’)u = 0 yields 
clFla, b)Je**”” = 0 
where c is an arbitrary constant, not zero, holds true iff 
F(a, b) = 0, (1.75) 
indicating that there exists infinite pair of values (a;, b;) satisfying Eq. (1.75). Hence, 


rey efit thy (1.76) 
i=l 
is a solution of irreducible equation 
F(D, D’)u = 0, (1.77) 
provided F(a;, b;) = 0 (1.78) 


It may be noted that this method is applicable even for reducible equations. Here follows 
an example for illustration: 


EXAMPLE 1.18 Solve the following equation (2D? - D’* + D)u = 0. 


Solution The given equation is an irreducible non-homogeneous PDE. Using the result 
of Theorem 1.5, it follows immediately that 
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u = Ucr aver ™ 
i=l 
where a;, b; are related by F(a;, b;) = 0. 
That is, 
2a? = b? + a; = 0 
which gives b;? = 2a; + q;. 


1.6.3 Methods for Finding the Particular Integral (Pl) 


To find the PI of Eq. (1.61), we rewrite the same in the form 


1 
“= Fp py y) (1.79) 


Very often, the operator F-1(D, D’) can be expanded, using binomial theorem and interpret 
the operators D™!, (D’)"! as integrations. That is, 


1 
D* flu yeaflesd= fo flsyldx, 


y constant 


and 


Sfluv= J flariey, 


x constant 
We present below different cases for finding the Pl, depending on the nature of f(x, y). 
Case I Let f(x, y) = exp(ax + by), then 
1 eurby = i! etttby (1.80) 
F(D, D’) F(a, b) 
By direct differentiation, we find D'DVe**” = a'b/ e@*”, 
In other words, 
F(D, Die = F(a, bie, 


that is, 
1 
ax+by =F b ax+by : 
: a.) DDI 
Dividing both sides by F(a, b), we get 
1 ax+by = 1 etttby 
F(D, D’) F(a, b) : 


provided F(a, b) # 0. 

Case II Let f(x, y) = sin(ax + by) or cos(ax + by), where a and b are constants, then, since 
D* sin(ax + by) = -a’ sin(ax + by) 
DD’ sin(ax + by) = -ab sin(ax + by) 
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D” sin(ax + by) = -b? sin(ax + by) 
We notice that 
oe 
F(D,D’) 
is obtained by setting, D? = -a’, DD’ = -ab, D’ = -b? provided F(D, D’) # 0. Thus, 
F(D?, DD’, D’) sin(ax + by) = F(-a?, -ab, -b*) sin(ax + by) 


sin(ax + by) 


1 1 
or sin(ax + by) = sin(ax + b (1.81) 
F(D*, DD’, D”) de F(-a*, — ab, —b*) ere 
Similarly, 
1 1 
cos(ax + by) = cos(ax + by) (1.82) 


F(D?, DD’, D’””) F(-a’, — ab, —b*) 


Case IT Let f(x, y) is of the form x’y%, where p and gq are positive integers. Then, the Pl 
can be obtained by expanding F(D, D’) in ascending powers of D or D’. 
Case IV_ Let f(x, y) is of the form e**” (x, y). 
Then, 
F(D, D’)[e**” @(x, y)] =e" F(D + a, D’ +b) olx, y). 
Let us recall Leibnitz’s theorem for the nth derivative of a product of functions; thus, we have 


D"[e“@] = Sine, (D'e*)(D"" 9) 


r=0 


=e » neat D6 


r=0 
=e(D +a)"¢ 
Applying this result, we arrive at 


F(D, D’)[e**”’ d(x, y)] =e" F(D +a, D’ + b) G(x, y) (1.83) 
Hence, it follows that 
1 ax+by _ ax+by i 
Fip.b)° Maske Fiptabs5) 
— ot | 1 by 
=" apy 
il Be 
=e”. —______ 64x, y) (1.84) 
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For illustration of various cases to find Pl, here follows several examples: 
EXAMPLE 1.19 Solve the equation (D? + 3DD’ + 2D”)u =x + y. 
Solution The given PDE is reducible, since it can be factored as 
(D + D’)(D + 2D’)u=x ty (1) 
Therefore, 
CF = (x - y) + &(2x - y) (2) 
where @ and @ are arbitrary functions. 
The PI of the given PDE is obtained as follows: 


P| = : (x+y) 
(D? +3DD’ +2D”) 


Adding Eqs. (2) and (3), we have the complete solution of the given PDE as 


3 


2 
u=ly—x) + ly 2x) +9 - 


EXAMPLE 1.20 Solve the following equation (D - D’ - 1)(D - D’ - 2)u =e"? +x. 
Solution The CF of the given PDE is 
CF =e*d(x + y) + eo by (x + y) (1) 
The PI corresponding to the term e2**” is 


_ 1 ety = 1 ary (2) 
(241=1)(2+1=2) 2 
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while the PI corresponding to the term x is 


2 
-Farp-piv(1+ 2-24 Jp 
2 2 
-F0+D-p'{x+3}=F{x+3] (3) 


Combining Eqs. (1), (2) and (3), the complete solution of the given PDE is found to be 


: 15,» x 3 
u=e*p(xty) tel g(x ty) +50" y ae 
EXAMPLE 1.21 Solve the following equation 
(D? + 2DD’ + D? - 2D - 2D’)u = sin(x + 2y). 
Solution The given PDE can be factored and rewritten as 
(D + D’)(D + D’ - 2)u = sin(x + 2y) (1) 
for which the CF is given by 


CF = d(x - y) + eb (x - y) (2) 
while 
_ 1 
(D? +2DD’ + D” —2D-2D’) 
Setting D? =-1, DD’ = -2, D? = -4, we get 
ee ee 
(2D +2D’ +9) 


sin(x + 2y). 


P| =— sin(x + 2y) 


[2(D + D’) - 9] . 
i 2 
[4(D? pipe Daa y) 


2(D+D’)-9 . 
SS 2 
7 sin(x + 2y) 


“+ [2 cos(x + 2y) +4 cos(x + 2y) - 9 sinlx + 2y)] 


=< [2 cos(x + 2y) - 3 sin(x + 2y)] (3) 
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Adding Eqs. (1), (2) and (3), we find that the complete solution of the given PDE as 
u = Q(x - y) + eo by(x - y) + ag! cos(x + 2y) - 3 sin(x + 2y)]. 


EXAMPLE 1.22 Solve the following equation 
(D? - DD’)u = cos x Cos 2y. 
Solution The given PDE can be rewritten as 


D(D - D’)u = cos x cos 2y (1) 
Its CF is given by 
CF = Aly) + &ly + x), (2) 
while its PI is given by 
P| =| _ A feos(x + 2y) + cos(x - 2y)] 
(D* —DD’) 2 
= gael +2) + a costs 25) 
1 1 
= ele ey Cole ey (3) 


Hence, the complete solution of the given PDE is given by 
u = ly) + &ly +x) + 5 c0slx + 2y) - - c0slx - 2y), 


EXAMPLE 1.23 Find the solution of 
(D? + DD’ - 6D”)u = y cos x. 
Solution The given PDE can be rewritten as 


(D + 3D’)(D - 2D’)u = y cos x (1) 
Its CF is given by 

CF = o(3x - y) + &l2x + y) (2) 
The PI of the given PDE is 

P| = bg y COS x (3) 


(D+3D’) (D-2D’) 
1 
Applying the operator ———__ ffirst on y cos 
pplying p (D~ 2D") y x 


(D - 2D’)u = y cos x 
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Its auxiliary equations are 
dx dy du 
1 -2 ycosx 


The first two members give 
y + 2x = A (constant). 
From the first and the third members, we have 
du =y CoS x dx =(A - 2x) cos x dx, 
on integration, we get 


u= | (A-2x) cos x dx 


where 4 is to be replaced by (y + 2x) after integration. Now, Eq. (3) gives 


1 : , 
1 . 


1 ; 
Se —2 0s 
(pe3p) I" x] 


= fu + 3x) sin x —2 cos x]dx 


=(4+3x)(—cos x) +3] cos x dx—2 sin x. 
Now, replacing / by (y - 3x), we get 
Pl =-y cosx + sin x (4) 
Hence, the solution of the given PDE is found to be 
u=Cl +Pl 
= @(3x - y) + &(2x + y) - ycosx +sin x. 
EXAMPLE 1.24 Show that a linear PDE of the type 


tea avy 
a;, x'y) ——= f(x, y) 
2 : ox'dy! 
can be reduced to a one with constant coefficients by the substitution 
€=log x, 7 =l0g y. 
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Solution 
ou _ ou Og _ 1 du 
ox d€ox xdé 
ou ou 
or Rai retain 
Wee Oe 
That is, 
) ) 
—=—=D(sa (1) 
dx ae (say) 
Therefore, 
0 Oe ie O"u Cr ake 
n = n 1 n 
2 a) P) n +(n )x ax” 
O"u F) a0" a 
or " =) yx—-—n4+l1 |x" 2 
x a («2 n+ }: = (2) 
By setting n = 2, 3, 4, ... in Eq. (2), we obtain 
2 
ae 1x2" = Dip — Vu, 
Ox x 
3 
324 ~ pip-1\(D-2u. 
Ox 


2 au 
dy 


and xy 


and so on. Substituting these results into the given PDE, it becomes 
F(D, D’\u = fle’, e”) = fl, n) (3) 
where, 


D=—,D’=— 


Thus, Eq. (3) can be seen as a PDE with constant coefficients. 
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For illustration, here follows an example. 
EXAMPLE 1.25 Solve the following PDE 
(x2D* + 2xy DD’ + y°D”)u = x*y? (1) 
Solution Using the substitution 
& =log x, n = log y and using the notation 
0 a) p’ 


ag an 
respectively, the given PDE reduces to a PDE with constant coefficients, in the form 
[D(D - 1) +2DD’ + D'(D’ - 1)Ju = et", 
On rewriting, we have 


(D + D’)(D + D’ - 1)u = e2t7 (2) 
The CF of Eq. (2) is given by 
CF = @(E- n) + e% & (E- n), (3) 
while, its PI is obtained as 
1 2£427 


(24+22+2—-1) 


_ 1 2620 (4) 
12 
Transforming back from (€, 7) to (x, y), we find the complete solution of the given PDE as 
xy? 
u = (log x - log y) +x ¢,(log x - log y) + 7s 


mr u=y4[—|+x | +aaxtyl 
y y) 12 


1.7 HOMOGENEOUS LINEAR PDE WITH CONSTANT COEFFICIENTS 


Equation (1.61) is said to be linear PDE of mth order with constant coefficients. It is also 
called homogeneous, because all the terms containing derivatives are of the same order. Now, 
Eq. (1.61) can be rewritten in operator notation as 


[apD" + a,D"} D’ + aD"’D? ++ +a4,D"lu = F(D, D’)u = fix, y) (1.85) 


As in the case of ODE, the complete solution of Eq. (1.85) consists of the sum of CF 
and Pl. 
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1.7.1. Finding the Complementary Function 


Let us assume that the solution of the equation F(D, D’)u = 0 in the form 
u = ly + mx) (1.86) 
Then, 
Diu = m'@i(y + mx), D'u = o/(y + mx), 
and D'D"u = mid’) (y + mx). 
Substituting these results into F(D, D’)u = 0, we obtain 
(agm”" + am} + apm? ++ +.,)¢"(y + mx) = 0, 
which will be true, iff 
ayn" + am"! + am”? ++. +a, =0 (1.87) 
This equation is called an auxiliary equation for F(D, D’)u = 0. 


Let m, m2, ..., m, are the roots of Eq. (1.87). Depending on the nature of these roots, 
several cases arise: 


Case I When the roots mj, m2, ..., m, are distinct. Corresponding to m = my, the CF is 
u=d(y + myx). Similarly, uw = @(y + mx), u = o3(y + m3x), etc. are all complementary 
functions. Since, the given PDE is linear, using the principle of superposition, the CF of 
Eq. (1.85) can be written as 


CF = @(y + myx) + &ly + mx) + + ,(y + m,x) 
where, ¢;, d, ..., @, are arbitrary. 


Case IT When some of the roots are repeated. Let two roots say m, and mz are repeated, 
and each equal to m. Consider the equation 


(D - mD’)(D - mD’)u = 0. 
Setting (D - mD’)u = z, the above equation becomes 


(D - mD’)z = 0, 
or 8 % 9 
ox oy 
which is of Lagrange’s form. Writing down its auxiliary equations, we have 
ED 
1 -m 0 


The first two members gives y + mx = constant = a(say). 
The third member yields z = constant. 

Therefore, z = @(y + mx) is a solution. 

Substituting for z, we get 


(D - mD’)u = oy + mx) 
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which is again in the Lagranges form, whose auxiliary equations are 


dx — dy _ du 
1 -m = @y+mx) 


which gives, 
y + mx = constant 
and u = x@y + mx) + constant 
Hence, the CF is 
u = xy + mx) + Wy + mx). 
In general, if the root m is repeated r times, then the CF is given by 
u =x" toy + mx) + x”2d(y + mx) +» + Oy + mx) 
where, g), &, ..., @, are arbitrary. 
For illustration, we consider the following couple of examples. 
EXAMPLE 1.26 Solve the following PDE (D? - 3D*D’ + 4D%)u = 0. 


Solution Observe that the given PDE is alinear homogeneous PDE. Dividing throughout 
by D’ and denoting (D/D’) by m, its auxiliary equation can be written as 


m - 3m* +4 =(m+1)(m - 2)? = 0. 
Therefore, the roots of the auxiliary equation are -1, 2, 2. Thus, 
CF = dy - x) + Gly + 2x) +x daly + 2x). 
EXAMPLE 1.27 Solve the following PDE 
(D? + DD” - 10D")u = 0. 
Solution Observe that the given equation is a linear homogeneous PDE. Denoting (D/ 
D’) by m. The auxiliary equation for the given PDE is given by 
m> +m - 10 =(m- 2)(m* + 2m +5) =0. 
Its roots are: 2, (-1 + 2i), (-1 - 2i). 
Hence, the required CF is found to be 
u = @ly + 2x) + Oly - x + 2ix) + @&ly - x - 2iX). 


1.7.2 Methods for Finding the Pl 


M ethods for finding the PI, in the case of linear homogeneous PDE’s are, similar to the one’s 
developed in the Section 1.6 for linear non-homogeneous PDEs. That is, the PI for the 
equation 
F(D, D’)u = flx, y) 
is obtained from 
1 


F(D, D’) fix, yh 


up| =Pl = 
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However, when the above stated methods fail we have a general method, which is applicable 
whatever may be the form of f(x, y), and is presented below: 

We have already assumed that F(D, D’) can be factorised, in general, say into n linear 
factors. Thus, 


1 
P| =—_——_ f(x, 
Fp, py 1%"? 
Pl = : flay) 
~ (D-mD'(D—m,D’)... (D—m,D)) "” 
1 1 
“(25 Oa Se fits e 
In general, to evaluate 
(pomp)! yi, 
we consider the equation 
(D - mD’)u = f(x, y) 
or p - mq = fix, y) (Lagrange’s form) 


for which the auxiliary equations are 
dx dy _— du 
1 -m_ f(x,y) 


Its first two members, yield 
y + mx =c (constant) 
The first and last members gives us 
du = f(x, y)dx = fix, c - mx). 
On integration, we get 


u= | flx,e-mx)de 


or fix y)= | fl. c-mx)dx 


oe 
(D—mD’) 
After integration, we shall immediately replace c by (y + mx). Applying this procedure 


repeatedly, we can find the PI for the given PDE. For illustration, we consider the following 
examples: 


EXAMPLE 1.28 Solve the following PDE 
(D? ~ 4DD’ + 4D”)u = ery, 
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Solution The given equation is a linear homogeneous PDE. Its auxiliary equation can 
be written as 


m= - 4m +4=(m- 2)* = 0. 


In this example, the roots are repeated and they are 2, 2. The complementary function and 
particular integral are obtained as 


CF = ly + 2x) + x@(y + 2x) (1) 
and P| ae 
(D-2D’) 


If we set D = 2, D’ = 1, we observe that F(D, D’) = 0, which is a failure case. Therefore, 
we Shall adopt the general method to find PI. Now, noting that 


1 


(pomp)? y)= J fe mx)de, 


P| = 1 . 1 eeety 


(D-2D’) (D-2D’) 


1 (pieDe' 
2a d 
(D—2D’) | . * 


7 : xeo = 
) 


(D—2D’ ia 


(D-—2D’) 
= [eas = ef | xdx 


2 


2 
=e (2) 


z 
From Eqs. (1) and (2), the complete solution of the given PDE is found to be 


2 
u= oy + 2x) + xdoly + 2x) + a 


EXAMPLE 1.29 Find areal function u(x, y), which reduces to zero when y = 0 and satisfy 
the PDE 


ou d-u 2 


2 
ee +y ). 
y 


ox 
Solution \n symbolic form, the given PDE can be written as 
(D2 + D”?)u = -n(x2 + y’) 
Its auxiliary equation is given by 
(m2 + 1) = 0, which gives m = +i. 
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Hence, 
CF = oy + ix) + Gly - ix) 


and P| = 


Hence, the complete solution of the given PDE is found to be 


_ Sey 
Finally, the real function satisfying the given PDE is given by 


u = dy(y + ix) + dy - ix) 


which of course > 0 as y > 0. 


EXERCISES 
1. Find the region in the xy-plane in which the following equation is hyperbolic: 


[(x- y)? —lu,, + Quy +[(x-y)? —Tuy, =0 


FUNDAMENTAL CONCEPTS 103 


2. Find the families of characteristics of the PDE 
(1- x?) uy, —uyy =0 
in the elliptic and hyperbolic cases. 
3. Reduce the following PDE to a canonical form 
Ux, + XYUyy =0 
4. Classify and reduce the following equations to a canonical form: 
(a) i His xu, =0, x>0, y>0. 
(b) u,.+ 2u,y tity, = 0. 


x 
(c) e*u,, +e ty, =U. 


(d) xu, + 2xYUty + yy, =0. 
(e) 4u,, +5u,y tuyy, tu, tuy =2. 
5. Reduce the following equation to a canonical form and hence solve it: 


3u,, +10u,, + 3u,, =0 


6. If L(u) =cU,, —Uy, then show that its adjoint operator is given by 
[x= eg — Vit 
7. Determine the adjoint operator L* corresponding to 
L(u) = Au,, + Bu, + Cuy, + Du, + Euy + Fu 
where A, B, C, D, E and F are functions of x and y only. 
8. Find the solution of the following Cauchy problem 
Uxy = F(x, y) 
given 
Ou _ 
on 
using Riemann’s method which is of the form 


u= f(x), g(x) on the line y=x 


us. 90) = SUF) + Fool +5 J.” ala) de [f Fle, 9) day 
IR 


where IR _ is the triangular region in the xy-plane bounded by the line y=x and the 
lines x=x9, y= yo through (x9, yo). 
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9. The characteristics of the partial differential equation 


Oz . Oz > Oz dz Az 
Eada 2 3— =0 
ae Lee ee + COS ere 1ooe Er 


when it is of hyperbolic type are... and... (GATE-Maths, 


1997) 


10. Using 7=x+y as one of the transformation variable, obtain the canonical form of 


ru Pu au 
-2 + =0, 
ax? dx dy dy? 


(GATE-M aths, 


Choose the correct answer in the following questions (11-14): 
11. The PDE 
yu —(x*-lu,,=0 is 


(A) parabolic in {(x, y):x<0} 
(B) hyperbolic in {(x, y): y>0} 


(C) elliptic in IR? 
(D) parabolic in {(x, y):x> 0}. (GATE-M aths, 
12. The equation 
x*(y-1 4-29? lz +99? —Dzy +2, =0 
is hyperbolic in the entire xy-plane except along 
(A) x-axis (B) y-axis 
(C) A line parallel to y-axis (D) A line parallel to x-axis. 
(GATE-M aths, 
13. The characteristic curves of the equation 
Uy, - Fils =x*y*+x, x>0 are 
(A) rectangular hyperbola (B) parabola 
(C) circle (D) straight line. 
(GATE-M aths, 
14. Pick the region in which the following PDE is hyperbolic: 


Yury + 2x yy + XUyy =U, +Uy 
(A) xy#1 (B) xy #0 
(C) xy>l1 (D) xy>0. 


(GATE-M aths, 


1998) 


1998) 


2000) 


2000) 


2003) 


FUNDAMENTAL CONCEPTS 


15. Solve the following PDEs: 
(i) (D- D’- 1)((D- D’ - 2)u =0 
(ii) (D + D’ - 1)(D + 2D’ - 3)u =0 
16. Solve the following PDE: 
(D? + DD’ +D+D’ +1)u=0 
17. Solve the following PDEs: 
(i) (D? - DD’ + D’ - 1)u = cos(x + 2y) 
(ii) D(D - 2D’ - 3)u =e” 
(iii) (2D + D’ - 1)*(D - 2D’ + 2)? =0 
18. Find the complete solution of the following PDEs: 
(i) (2D? - 2xy DD’ + yD" - xD + 3yD’)u = 8(y/x) 
(ii) D(D - 2D’ - 3)u =e” 
19. Find the complete solution of the following PDEs: 
(i) (D2 +3DD’ +2D?)u=x+y 
(D? + ee = COS px COS gy 
(D’- DD’ - 2D)u = (y - Ie" 
(4D? - 4DD’ + D’”)u = 16 log (x + 2y) 
(D? - 3DD’ + 2D”)u =e” + sin (x - 2y) 
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CHAPTER 2 


Elliptic Differential Equations 


2.1 OCCURRENCE OF THE LAPLACE AND POISSON EQUATIONS 


In Chapter 1, we have seen the classification of second order partial differential equation into 
elliptic, parabolic and hyperbolic types. In this chapter we shall consider various properties 
and techniques for solving Laplace and Poisson equations which are elliptic in nature. 

Various physical phenomena are governed by the well known Laplace and Poisson equations. 
A few of them, frequently encountered in applications are: steady heat conduction, seepage 
through porous media, irrotational flow of an ideal fluid, distribution of electrical and magnetic 
potential, torsion of prismatic shaft, bending of prismatic beams, distribution of gravitational 
potential, etc. In the following two sub-sections, we shall give the derivation of Laplace and 
Poisson equations in relation to the most frequently occurring physical situation, namely, the 
gravitational potential. 


2.1.1 Derivation of Laplace Equation 


Consider two particles of masses m and m situated at Q and P separated by a distance r as 
shown in Fig. 2.1. According to Newton’s universal law of gravitation, the magnitude of the 
force, proportional to the product of their masses and inversely proportional to the square of 
the distance, between them is given by 


F=G"4 (2.1) 
r 


where G is the gravitational constant. It r represents the vector PQ, assuming unit mass at 
Q and G=1, the force at Q due to the mass at P is given by 


p--E-v( 72) (2.2) 
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Q(m) 


Fig. 2.1 Illustration of Newton’s universal law of gravitation. 


which is called the intensity of the gravitational force. Suppose a particle of unit mass moves 
under the attraction of a particle of mass m, at P from infinity up to Q; then the work done 
by the force F is 


[ov-ar={"9(™]-ar= "2 (2.3) 


This is defined as the potential V at O due to a particle at P and is denoted by 


v=-—t (2.4) 
r 


From Eq. (2.2), the intensity of the force at P is 

F=-VV (25) 
Now, if we consider a system of particles of masses m,mp,...,m, which are at distances 
Hr Th, --- 7, Tespectively, then the force of attraction per unit mass at Q due to the system is 


ray Vaavy (2.6) 


i 
i= i i 


The work done by the force acting on the particle is 


n 


[Fear= yy =-v (2.7) 


i=l “1 
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Therefore, 


vv=-v’)) a=) vy =0. Axo (2.8) 
i; { # 


1 
i=l — 
where 
ae F 


2 : 
Vo =divV= + + 
ax? dy? az 


is called the Laplace operator. 
In the case of continuous distribution of matter of density p in a volume 7, we have 


V (x,y, a= fff PONS as (2.9) 


where r={(x-&)? +(y—7)? +(z-¢)?}/? and @ is outside the body. It can be verified that 


v’v =0 (2.10) 
which is called the Laplace equation. 


2.1.2 Derivation of Poisson Equation 


Consider a closed surface S consisting of particles of masses m, m,...,m,. Let Q be any 
n 
point on S. Let zm =M be the total mass inside S, and let g1, g3,..., g, be the gravity 


field at Q due to the presence of m, m,...,m 


n 


respectively within S. Also, let y g;=g, the 
i=l 
entire gravity field at Q. Then, according to Gauss law, we have 


[J ¢-48=-476m (2.11) 
Ss 


where M =j[{ pdzt,p is the mass density function and z is the volume in which the masses 
are distributed throughout. Since the gravity field is conservative, we have 

g=VV (2.12) 
where V is a scalar potential. But the Gauss divergence theorem states that 


J) aie] Vaae (2.13) 


Also, Eq. (2.11) gives 


[[ g-48=-47e [ff par (2.14) 
Ss T 
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Combining Eqs. (2.13) and (2.14), we have 


IT (V-g+42Gp)dr=0 


implying 
V-g=-47Gp=V-VV 
Therefore, 
V°V =-42Gp (2.15) 
This equation is known as Poisson's equation. 


2.2 BOUNDARY VALUE PROBLEMS (BVPs) 


The function V, whose analytical form we seek for the problems stated in Section 2.1, in 
addition to satisfying the Laplace and Poisson equations in a bounded region IR in R?, should 
also satisfy certain boundary conditions on the boundary JIR of this region. Such problems 
are referred to as boundary value problems (BV Ps) for Laplace and Poisson equations. We 
shall denote the set of all boundary points of IR by @IR. By the closure of IR, we mean the 
set of all interior points of IR together with its boundary points and is denoted 


by IR. Symbolically, R.=IRUOR. 

If afunction f ec™ (f “belongs to” c”), then all its derivatives of order n are continuous. 
If it belongs to c, then we mean f is continuous. 

There are mainly three types of boundary value problems for Laplace equation. If f ec and 
is specified on the boundary gIR of some finite region IR, the problem of determining a 
function w(x, y, z) such that V7y=0 within IR and satisfying y= f on JIR is called the 
boundary value problem of first kind, or the Dirichlet problem. For example, finding the 


steady state temperature within the region IR when no heat sources or sinks are present and 
when the temperature is prescribed on the boundary AR, is a Dirichlet problem. Another 


example would be to find the potential inside the region IR when the potential is specified 
on the boundary JIR. These two examples correspond to the interior Dirichlet problem. 
Similarly, if f ec and is prescribed on the boundary JIR of a finite simply 


connected region IR, determining a function w(x, y, z) which satisfies V2y=0 outside IR and 


issuch that y= f on OR, is called an exterior Dirichlet problem. For example, determination 
of the distribution of the potential outside a body whose surface potential is prescribed, is an 
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exterior Dirichlet problem. The second type of BVP is associated with von Neumann. The 
problem is to determine the function w(x, y,z) so that V’y=0 within IR while dy/dn is 
specified at every point of JIR, where dw/dn denotes the normal derivative of the field 


variable yw. This problem is called the Neumann problem. If w is the temperature, Jy/dn is 
the heat flux representing the amount of heat crossing per unit volume per unit time along 
the normal direction, which is zero when insulated. The third type of BVP is concerned with 


the determination of the function w(x, y, z) such that V-y= 0 within IR, while a boundary 


condition of the form dw/dn+hy = f, where h=0 is specified at every point of JIR. This 
is called a mixed BVP or Churchill’s problem. If we assume Newton's law of cooling, the 
heat lost is hy, where y is the temperature difference from the surrounding medium and h>0 is 


a constant depending on the medium. The heat f supplied at a point of the boundary is partly 
conducted into the medium and partly lost by radiation to the surroundings. Equating these 
amounts, we get the third boundary condition. 


2.3 SOME IMPORTANT MATHEMATICAL TOOLS 
Among the mathematical tools we employ in deriving many important results, the Gauss 
divergence theorem plays a vital role, which can be stated as follows: Let JIR be a closed 
Surface in the xyz-space and IR denote the bounded region enclosed by gIR in which F is 
a vector belonging to c' in IR and continuous on IR. Then 


[[ F-tas=fffv-rav (2.16) 
IR 


JiR 


where dV is an element of volume, dS is an element of surface area, and n the outward drawn 
normal. 
Green's identities which follow from divergence theorem are also useful and they can be 


derived as follows: Let F=f¢, where f is a vector function of position and @ is a scalar 


function of position. Then, 
iff V -(f9) dV = ff n-£@ dS 
R aIR 


Using the vector identity 
V -(f¢) =£-Vo+oV-f 


we have 


IN) f-Vodv = maar NN oV-f dV 
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If we choose f=Vy, the above equation yields 


{J ve-vyav= || on-Vy as -[{f ov’yav (2.17) 
IR alR IR 


Noting that n-Vy is the derivative of yw in the direction of n, we introduce the notation 
n-Vy=oylon 
into Eq. (2.17) to get 


If) er) 05.45 - [ff Vy av (2.18a) 


This equation is known as Green's first identity. Of course, it is assumed that 
both @ and y possess continuous second derivatives. 


Interchanging the role of @ and y, we obtain from relation (2.18a) the equation 


IS) Vy-VodVv = J vas a wv dv (2.18b) 
Now, subtracting Eq. (2.18b) from Eq. (2.18a), we get 
} | | ov’y-yv’e)av = I [oe 2) dS (2.19) 


This is known as Green’s second identity. |f we set ¢=y in Eq. (2.18a) we get 


II! (V9) aV = ! peas al oV°oaV (2.20) 


which is a special case of Green's first identity. 


2.4 PROPERTIES OF HARMONIC FUNCTIONS 


Solutions of Laplace equation are called harmonic functions which possess a number of 
interesting properties, and they are presented in the following theorems. 


Theorem 2.1 |f a harmonic function vanishes everywhere on the boundary, then it is identically 
zero everywhere. 


Proof \f @ is a harmonic function, then V-¢=0in IR. Also, if ¢=0 on JIR, we 
shall show that @ =0 in IR = IRUQIR. Recalling Green’s first identity, i.e., Eq. (2.20), we get 


[ff worav = ff Mas If] ovtoar 
IR alR IR 
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and using the above facts we have, at once, the relation 


IT (V¢)2dv =0 
IR 


Since (Vo)? is positive, it follows that the integral will be satisfied only if V@=0. This 


implies that @ is a constant in IR. Since @ is continuous in IR and @ is zero on AIR, it 
follows that @=0 in IR. 


Theorem 2.2 If @ isaharmonic functionin IR and dg/dn=0 on AIR, then @ is aconstant 
in IR. 
Proof Using Green's first identity and the data of the theorem, we arrive at 


ii) (v¢)2av =0 
IR 


implying V@=0, i.e, @ isaconstantin IR. Since the value of @ is not known on the boundary 


AIR while A¢/dn=0, it is implied that @ is a constant on JIR and hence on RR. 
Theorem 2.3 If the Dirichlet problem for a bounded region has a solution, then it is unique. 


Proof \f @ and ¢, are two solutions of the interior Dirichlet problem, then 


V-¢,=0 in IR; o=f ondiR 

Vd =0 in RR; @)=f ondiR 
Let w=¢ —@. Then 

V-y =V°G -V°G =0 in IR; 


yY=6-h=f-f=90 ondiR 
Therefore, 
V-w=0in IR, w=0 ondiR 


Now using Theorem 2.1, we obtain y=0 on IR, which implies that ¢, = ¢). Hence, the solution 
of the Dirichlet problem is unique. 


Theorem 2.4 If the Neumann problem for a bounded region has a solution, then it is either 
unique or it differs from one another by a constant only. 
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Proof Let g, and ¢, be two distinct solutions of the Neumann problem. Then we have 
V7¢,=0 in R; Mas on JR, 


V7¢,=0 in R; 1% _ ¢ on JIR 
on 


Let y=, —@). Then 
V-w=V°¢,-V°@ =0 in R 


dy 2, Ar _, 


= = IR 
on on on ane 


Hence from Theorem 2.2, y isaconstant on IR, i.e, g, —¢, = constant. Therefore, the solution 
of the Neumann problem is not unique. Thus, the solutions of a certain Neumann problem 
can differ from one another by a constant only. 


2.4.1 The Spherical Mean 


Let IR be a region bounded by JOR and let P(x, y,z) be any point in R. Also, 
let S(P,r) represent a sphere with centre at P and radius r such that it lies entirely within 
the domain IR as depicted in Fig. 2.2. Let u be a continuous function in IR. Then the 
spherical mean of u denoted by w is defined as 


_ 1 
m= {J u(Q) dS (2.21) 


S(P,r) 


Fig. 2.2 Spherical mean. 
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where Q(€,77,¢) is any variable point on the surface of the sphere S(P,r) and dS is the 
surface element of integration. For a fixed radius r, the value w(r) is the average of the values 
of uw taken over the sphere S(P,r), and hence it is called the spherical mean. Taking the 
origin at P, in terms of spherical polar coordinates, we have 

€=x+rsin@cos@ 

n=ytrsingsing 

€=z+rcose 
Then, the spherical mean can be written as 


1 


2a pa 
= ee a 
ame, pao Joan (Xt SIN ACO, y+rsin Asin 9, <+r cos A)r sin@ d0 do 


Also, since uw is continuous on S(P,7r),a@ too is a continuous function of r on some interval 
0<r<R, which can be verified as follows: 


u(Q) 
4 


T 


u(r) =< ff w(o) sin 9 ae. a0 = [," FF sina ao. ap=uio) 


Now, taking the limit as r+0, Q— P, we have 


Lt uly) =o P) (2.22) 


r>0 


Hence, g is continuous in 0<r<R. 


2.4.2 Mean Value Theorem for Harmonic Functions 


Theorem 2.5 Let u be harmonic in a region IR. Also, let P(x, y, z) be a given point in IR 
and S(P, r) be a sphere with centre at P such that S(P, r) is completely contained in the domain 
of harmonicity of wu. Then 


ulP)=a(r)=—+> ff u(Q)as 


Arr stB.r) 


Proof Since u is harmonic in IR, its spherical mean w(r) is continuous in IR and is 
given by 


u(r) = 


iil u(Q) dS -—s[. i ulé,n,C)r? sin@ dO do 


1 
2 
zr stB.r) 


ELLIPTIC DIFFERENTIAL EQUATIONS 115 


Therefore, 


du(r) 
dr 


1 pez px . 
eral I (uz5, +Upn, +ugs,) sin 6 dO dp 
1 2x px . | 
=f, J, (ug sin @cosd+u, sin sind +uz cosd) sind dodge (2.23) 
7 


Noting that sin @ cos ¢,sin @sin @ and cos@ are the direction cosines of the normal n on 
S(P, 7); 
Vu =iug + juy + kug, n= (im, jnz, kn3), 


the expression within the parentheses of the integrand of Eq. (2.23) can be written as Vu-n. Thus 


ta ae = iM) Vu-nr2 sin 6 d0 do 
dr Amr S(P,r) 
a Vu-n dS 
~ Agr? I} _ 
S(P,r) 
=—- {ff V-Vu dV (by divergence theorem) 
zr VIP) 
ar : ; {ff V-u dV =0 (since w is harmonic) 
Tr 


V(P,r) 


Therefore, = =0, implying @ is constant. 
r 


Now the continuity of # at r=0 gives, from Eq.(2.22), the relation 


aly) =ulP) = iil u(Q) dS (2.24) 


1 
2 
zr s(Pr) 


2.4.3. Maximum-Minimum Principle and Consequences 


Theorem 2.6 Let IR be a region bounded by @IR. Also, let wu be a function which is 


continuous in a closed region IR and satisfies the Laplace equation V2 =0 in the interior 
of IR. Further, if w is not constant everywhere on IR, then the maximum and minimum values 
of uw must occur only on the boundary gIR. 
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Proof Suppose u is a harmonic function but not constant everywhere on IR. If possible, 
let uw attain its maximum value M at some interior point P in IR. Since M is the maximum 
of u which is not a constant, there should exist a sphere S(P,r) about P such that some of 
the values of won S(P,r) must be less than M. But by the mean value property, the value 
of u at P is the average of the values of u on S(P,r), and hence it is less than M. This 
contradicts the assumption that u=M atP. Thus uw must be constant over the entire 
sphere S(P, r). 


Let Q be any other point inside IR which can be connected to P by an arc lying entirely 


within the domain IR. By covering this arc with spheres and using the Heine-Borel theorem 
to choose a finite number of covering spheres and repeating the argument given above, we 
can arrive at the conclusion that w will have the same constant value at O as at P. Thus u 


cannot attain a maximum value at any point inside the region IR. Therefore, uw can attain its 
maximum value only on the boundary JIR. A similar argument will lead to the conclusion 


that uw can attain its minimum value only on the boundary gIR. 


Some important consequences of the maximum-minimum principle are given in the following 
theorems. 


Theorem 2.7 (Stability theorem). The solutions of the Dirichlet problem depend continuously 
on the boundary data. 


Proof Letu, and uw, be two solutions of the Dirichlet problem and let f, and f, be given 
continuous functions on the boundary JIR such that 


Vm =0 in IR; m=f, on aR, 
Vu, =0 in IR; u,=f on IR 
Let w=u,—uz. Then, 
Veu=Vem —Veu,=0 in IR; u=fi-fo on dIR 
Hence, wis a solution of the Dirichlet problem with boundary condition u = f,- fp on dIR. By 


the maximum-minimum principle, wu attains the maximum and minimum values on @IR. Thus 
at any interior point in IR, we shall have, for a given e>0, 


—E <Umjn SU S Umax <E 


Therefore, 
lul<e in IR, implying |u,-uz\|<e 
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Hence, if 
lfi-fol<e ondiR, then |u,-u,|<e on R 
Thus, small changes in the initial data bring about an arbitrarily small change in the 
solution. This completes the proof of the theorem. 


Theorem 2.8 Let {f,} be a sequence of functions, each of which is continuous on IR and 
harmonic on IR. If the sequence {f,,} converges uniformly on @IR, then it converges uniformly 
on R. 
Proof Since the sequence {f,} converges uniformly on JIR, for a given e>0, we 
can always find an integer N such that 
lfn-fml<é for n,m>N 


Hence, from stability theorem, for all n,m>N, it follows immediately that 


lfn-fml<é in R 
Therefore, {f,} converges uniformly on IR. 


EXAMPLE 2.1 Show that if the two-dimensional Laplace equation Vu =0 is transformed 


by introducing plane polar coordinates r,@ defined by the relations x=rcos6, y=rsin@, it 
takes the form 


Ou lou 1 du 
+ + = 
Or? ror y* 96? 
Solution \n many practical problems, it is necessary to write the Laplace equation 
invarious coordinate systems. For instance, if the boundary of the region JR is a circle, 
then it is natural to use polar coordinates defined by x=rcos@, y=rsin@. Therefore, 


ee =x +y’, 6 = tan '(y/x) 
= a sin 0 cos 0 
r, = cos 8, ry =sin @, 0, =- = Oy = ; 
since 
sin 0 
u=u(r, 6) uy =U,Ty +UgO, =| U, COS A —-Ug : 
Similarly, 


: cos 0 
uy =U, +UgAy =| u, sin @ +Ug : 
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Now for the second order derivatives, 


in sin @ sin @ 
tag =e = la) +e) 8x = [ty C050 —Ug* *) c05 0 +(u, cos ug ( ) 
as r Je r 


Therefore, 


sind sind 
Uy =| Up cia a ay ae cos @ 
r 


in 
ce cos 8—u, SiN @ — ugg =" — Ue 0. = *) (2.25) 


r r 
Similarly, we can show that 


: cos 8 cos@ ) . 
Uyy = rp SI 8 + tpg ——— Hg 9 — sin @ 
r 


+(40 sin @ +u, COS O + Ugg “se ea 2") (2.26) 


r r 


By adding Eqs. (2.25) and (2.26) and equating to zero, we get 


UW +Uy, = typ +t, + gg =9 (2.27) 


which is the Laplace equation in polar coordinates. One can observe that the Laplace equation 
in Cartesian coordinates has constant coefficients only, whereas in polar coordinates, it has 
variable coefficients. 


EXAMPLE 2.2 Show thatin cylindrical coordinates r,@, z defined by the relations x =r cos@, 


y=rsin@, z=z, the Laplace equation V2u =0 takes the form 


Pu lau lau du 
+ + +—>= 
Ore ror * ae? dz? 


Solution The Laplace equation in Cartesian coordinates is 


2 2 2 
Wes eee ee: 
Ox’ dy” az 


The relations between Cartesian and cylindrical coordinates give 


raxty?, 6 =tan~*(y/x), Ls 
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Since 
u =u(r,@, z) 


sin @ 


r 


U, =U,r, + UO, +U,Z, =U, COSA — Uy ( 


cos @ 


r 


U, =U,r, +UgO, +u,z, =u, SIND +U, ( 
U, =U,r, +UgO. +u, =U, 
for the second order derivatives, we find 


Uy, = (uy) x = (wu) t. sig (ux )g 9x + hehe 


-| »,cos-ng( 524] cos 0+] 1, cs 0 v(m?) ne 
r 0 


= [«, COS @ — ut,g at + Ug | cosé 
r r 
+{ 19 ¢080-u, sind gene ug 28) ne) (2.28) 
r r r 


Similarly 


Uyy = (Uy) y = (uy),ry + (uy )gAy + (uy), Zy 


° sin 9.+{upsin 0 +ug aad [<*) 
r r 0 r 


cos 8 =o? sin 


‘ cos 
=|u,SIN@+Ug 


=H 0 8 typ SF — 7 
r 


+(e Sin 8 +u, COS 0 + Ugg = Ug zl ys?) (2.29) 


r r 


u,, =U (2.30) 


xz xz 


Adding Eqs. (2.28)-(2.30), we obtain 


Vu = yy + oly, + lige tls (2.31) 
r r 
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EXAMPLE 2.3 Show that in spherical polar coordinates r,@,@ defined by the relations 
x=rsin@ cos¢, y=rsin@sing,z=rcosd, the Laplace equations V2 =0 takes the form 


P) 2oe) 1 oO u 1 ou 
r +— sin @ + =0 
Or\ or) sin@ de 00) sin? 6 a¢? 


Solution __\n Cartesian coordinates, the Laplace equation is 


In spherical coordinates, w=u(r, 0,0), r2 =x° +y* +z", cos@=2z/r, tan b= y/x. 


It can be easily verified that 


cos 8 cos cos @ sin sin 0 
ye eae 6. =-—— 
r r : r 
sin @ cos@ 
o, =- Fi ’ y = Fi ’ ¢, =0 
rsin@g rsing 
Now, 
cos @ cos @ sind 
uy =U.r, tug, +u =u, SIN@Gcosd@tu u - 
a ee Le O +g r % sind 
—o cosAsing Ug COSd 
Uy =U,T, +69, +Ug9, =u, SIN ASIN P+uUg + sind 
sin 0 
U, =U,1, +UgO, + Ug, =u, COS O + Ug - 
7 
For the second order derivatives, 
Uy, = (it) py + (u,) 90, + (uy) oO 
cos 8 cos @ sing 
=|u,sin@ cosd@+u u : -(Sin 6 COS @) 
: oe r ? sin 5 ? 


i in 
+{ sin 805641 cos @ C05? Up all p 4 
a rsin@ J, ; 


cos 8 cos @ sin @ sin @ 
+ sin cs 006 : ws | ae 
9 
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2 2 «2 
. cos? @ cos sin 
= (sin? 6 cos’ 6) u,,. + 5 t e+ 7 e 
r r° sin’ @ 


Ug 


r r 


. 2 . 
oe | 9(-22necee) 


2cos@ cos sing cos*@cos*d sin? ¢ 
+ Ueg 7a +U, + 
r° sing r r 


: 2 ; : 
vf Oe Acos@sing | sin ere) 


r? r? sin? @ r-sin?@ 
| ©0289 sin?-@ 2cos@sin@ cos? ¢ (2.32) 
r2sin r2 
cos@sing cos @ , ; 
by =i) #90 #4 }94)=[ sin Osi P+Ug . Hy SEE) (anos ?) 


+{ sin asin 9-4 : ew : 


cos @ sin @ 4 cos A sing 
6 


: : in 
+( uy sin asin 44g 225 a 6 | cos @ 
r 
¢ 


%+sin@}. rsing@ 
2 Acin2 2 
2 9 cos Asin @ cos’ @ 
=(sin* @ sin’ g)u,, + 5 Ugg +> _9— Yop 
r r° sin’ @ 


r r 


. ay) . 
+a? sin@ cos @sin tna? cos@sin S) 


2cos@cos@sing cos*@sin*@ cos 
+ Ueg To TU, + 
r° sing r r 


2 


2sin@cos@sin?¢ cos@cos* 
r r° sing 


singcos@ singcos@ cos @ sin ¢ cos d 
tug 2 7 ad Tao 
r r° sin’ @ r° sin’ @ 


(2.33) 
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Similarly, 


Uy = (u,),7, + (u.)9, a (u-)oo, 


in in 
*) (0s) +{1, cos 0 ie 2) ( 2 =| 
7 r ) r 


sin 
=(1, cos 0~u . 


, 2sin 6 cos 0 sin? 6 
=U,, cos 0 u,9 + Ugg 2 
r r 
a) : 
ou sin ee ae (2.34) 
r r 
Adding Eqs. (2.32)-(2.34), we obtain 
Veu=u eit + : Uu ey oe 
yg a r-sin2 @ ad -cin @ ? 
which can be rewritten as 
2 
yee Gesu ame [sino Ia aire, (2.35) 
or or) sin@ de 00) sin? 6 0¢? 


2.5 SEPARATION OF VARIABLES 


The method of separation of variables is applicable to a large number of classical linear 
homogeneous equations. The choice of the coordinate system in general depends on the shape 
of the boundary. For example, consider a two-dimensional Laplace equation in Cartesian 
coordinates. 


V-u=u,, tu,, =0 (2.36) 


XX yy 
We assume the solution in the form 
u(x, y) = X(x) Y(y) (2.37) 
Substituting in Eq. (2.36), we get 


x - 
where k is a separation constant. Three cases arise. 


ELLIPTIC DIFFERENTIAL EQUATIONS 


Case I Let k=p*, p is real. Then 


whose solution is given by 
X =cqe"+c,e * 
and 
Y =c3 COS py + cq SiN py 
Thus, the solution is 


u(x, y)=(cqe” +ce ”*) (cz COS py +4 SiN py) 
1 2 3 4 


Case IIT Let k=0. Then 


2 2 
> =0 and a 0 
Integrating twice, we get 
X =coxtcg 
and 
Y=cyy+Cg 


The solution is therefore, 


u(x, y) =(cyx+cg¢) (czy +cg) 


Case III Let k=—p?. Proceeding as in Case |, we obtain 


X =Cg COS pxt+cyg SIN px 
Y = ce” +c e 
Hence, the solution in this case is 


u(x, y) =(cg COS px + cy SIN px) (cyye” + ce ?”) 
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(2.38) 


(2.39) 


(2.40) 


In all these cases, c;(i=1,2,...,12) refer to integration constants, which are calculated by 


using the boundary conditions. 
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2.6 DIRICHLET PROBLEM FOR A RECTANGLE 
The Dirichlet problem for a rectangle is defined as follows: 
PDE: V-u=0, O<x<a, 0<y<b 
BCs: u(x, b)=u(a, y) =0, u(0, y) =0, u(x, 0) = f(x) (2.41) 


This is an interior Dirichlet problem. The general solution of the governing PDE, using the 
method of variables separable, is discussed in Section 2.5. The various possible solutions of 
the Laplace equation are given by Eqs. (2.38-2.40). Of these three solutions, we have to 
choose that solution which is consistent with the physical nature of the problem and the given 
boundary conditions as depicted in Fig. 2.3. 


y 


Fig. 2.3 Dirichlet boundary conditions. 
Consider the solution given by Eq. (2.38): 
u(x, y) =(cqje”* +ce ?*) (cz COS py +cq4 Sin py) 
Using the boundary condition: u(0, y)=0, we get 
(cy + cz) (cz COS py +cq SiN py) =0 


which means that either c; +c) =0 oF c3c0S py +cqsin py =0. But c3c0s py+cy4sin py #0; 
therefore, 

cy + C2 =0 (2.42) 
Again, using the BC; u(a, y)=0, Eq. (2.38) gives 


(ce? +cne ) (cz COS py +cq SiN py) =0 
implying thereby 
qe” +c9e  =0 (2.43) 


To determine the constants cj, c2, we have to solve Eqs. (2.42) and (2.43); being homogeneous, 
the determinant 
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for the existence of non-trivial solution, which is not the case. Hence, only the trivial solution 
u(x, y)=0 is possible. 
If we consider the solution given by Eq. (2.39) u(x, y) =(c5x+cg) (czy +cg), the boundary 


conditions: u(0, y)=u(a, y)=0 again yield a trivial solution. Hence, the possible solutions 
given by Eqs. (2.38) and (2.39) are ruled out. Therefore, the only possible solution obtained 
from Eq. (2.40) is 
u(x, y) =(cg COS px+cyq SIN px) (cyye”” +c2e ?”) 
Using the BC: u(0, y)=0, we get cy =0. Also, the other BC: u(a, y)=0 yields 
cq SIN pa (cye”” +cqne ””) =0 


For non-trivial solution, cyo cannot be zero, implying sin pa=0, whichis possible if pa=nz or 
p=nala, n=1, 2, 3,... Therefore, the possible non-trivial solution after using the superposition 
principle is 


vy sii ela exp (nz y/a) + b,, exp (—nzy/a)] (2.44) 


Now, using the BC: u(x, b)=0, we get 
sin eldicl #9 exp (nzb/a) + b, exp (—nzbla)] = 
a 


implying thereby 
a, Xp (nba) + b,, exp (—nzb/a) = 
which gives 


= exp (nzbla) - 
=—a, exp (—nzbla)' n=1,2,...,0 


n 


The solution (2.44) now becomes 


wy oN (nzx/a) | eee b)la}— exp {-nz(y “te 


“4 exp (-nzbla) 2 


Ze ——*" ___sin (nrx/a)sin h {nay —b) la} 
= (—n7 pn 


n 
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Let 2a,/[exp (—nzb/a)]= A,. Then the solution can be written in the form 
u(x, y) =} A, sin (narx/a) sinh {nz y -b) a} (2.45) 
n=1 
Finally, using the non-homogeneous boundary condition: u(x, 0) = f(x), we get 


>> A, sin (nax/a) sinh (—nzbla) = f (x) 
n=1 


which is a half-range Fourier series. Therefore, 


A, sinh (-nabla) = = J" Fe) sin (needa) che (2.46) 
Thus, the required solution for the given Dirichlet problem is 
u(x, y) = >> A, sin (nax/a) sinh {nz ( y — b) la} (2.47) 
n=1 
where 
P: 1 


" =| aaneeea f (x) sin (nax/a) dx 
2.7 THE NEUMANN PROBLEM FOR A RECTANGLE 
The Neumann problem for a rectangle is defined as follows: 
PDE: V*w=0, O<x<a, 0<y<b 
BCs: u,(0, y)=u,(a, y) =0, uy (x, 0) =0, uy (x,b) = f(x) (2.48) 


The general solution of the Laplace equation using the method of variables separable is 
given in Section 2.5, and is found to be 


u(x, y) = (cy COS px+cy SiN px) (cze”” +cge?”) 
The BC: u,(0, y)=0 gives 
0=c) p(c3e” +cge?”) 


implying cy =0. Therefore, 


u(x, y) =c, COS px(c3e”” + cge ?”) (2.49) 


ELLIPTIC DIFFERENTIAL EQUATIONS 
The BC: u,(a, y)=0 gives 
0=-cp sin pa(c3e”” +cge ?”) 
For non-trivial solution, c, #0, implying 
sin pa =0, pa=ntn, pam (n=0,]1, 2,...) 
Thus the possible solution is 


u(x, y) = cos 7% at Ag nt yla ae ~nyla 
a 


Now, using the BC: u,(x,0)=0, we get 


0= cos #4 _ 5% 
a 


implying B= A. Thus, the solution is 


u(x, y)=ACOS = [exp (nz y/a) + exp (—nzy/a)] 
a 
=2A cos —* 7* cosh “7% 


a a 


Using the superposition principle and defining 2A=A,, we get 


— nex 
i= 2S cos cosh “Y 
= a 


Finally, using the BC: u,(x,b) = f(x), we get 


NX nt nab 
vy A, COS sinh 
a 


which is the half-range Fourier cosine series. Therefore, 
A, “sinh =F pK f(x \ cos ay 
a 


Hence, the required solution is 


wad cos “cosh “2 
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(2.50) 


(251) 


(252) 
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where 
4 1 
nz sinh (nzbla) 


J, f (x) cos ax 


a 


n 


2.8 INTERIOR DIRICHLET PROBLEM FOR A CIRCLE 
The Dirichlet problem for the circle is defined as follows: 

PDE: Vu =0, O<rs<a, 0<O<2z 

BC: u(a,@)= f (8), 0<@<27 (2.53) 
where f(@) is a continuous function on JIR. The task is to find the value of wu at any point 
in the interior of the circle IR in terms of its values on JIR such that wu is single valued and 


continuous on IR. 


In view of circular geometry, it is natural to choose polar coordinates to solve this 
problem and then use the variables separable method. The requirement of single-valuedness 


of w in IR implies the periodicity condition, i.e., 
u(r,6+2z) =u(r,@), 0<r<a, (2.54) 


From Eq. (2.27), V2u=0 which in polar coordinates can be written as 
U,, i — =0 
r r 
If u(r, @) = R(r)H(@), the above equation reduces to 


1 1 
R°H +—R’H +— RH” =0 
r r 
This equation can be rewritten as 


2 iA , aw 
r-R” +rR __f =f (2.55) 
R H 


which means that a function of r is equal to a function of @ and, therefore, each must be 
equal to a constant & (a separation constant). 


Case I Let k=A?. Then 
rR’ +rR’ -A7R=0 (2.56) 


which is a Euler type of equation and can be solved by setting r=e*. Its solution is 


Az 


R=Qe"% +0¢*% =ar +eor7 
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Also, 
H’ +/A°H =0 
whose solution is 
H =c3C0S AO +cq4 Sin AO 
Therefore, 


u(r, 0) =(cyr4 +c9r-*) (c3 COS AO + cy Sin 26) 
1 2 3 


Case IT Let k=-A?. Then 
PR’ +rR'+V?R=0, HH" -A?H=0 
Their respective solutions are 
R=c,C0S(AInr) +c) sin (A ln r) 


H= c3e7? + eye *? 


Thus 
WY) 


46) 


u(r, @) =[c, cos (A ln r) +cz sin (A In r)] (cz3e*" + cge™ 


Case IIT Let k=0. Then we have 


rR” + R’ =0 
Setting R’(r)=V(r), we obtain 
klar a} 1.e., dV ar _9 
dr V r 


Integrating, we get In Vr =In c,. Therefore, 


pot 
r dr 
On integration, 

R=cq|Inr+c 
Also, 

H*=0 

After integrating twice, we get 

H =0c30+ cq 
Thus, 


u(r, @) =(cqyIn r +c) (c30 + cq) 
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(2.57) 


(2.58) 


(2.59) 
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Now, for the interior problem, r=0 is a point in the domain IR and since In r is not defined 
at r=0, the solutions (2.58) and (2.59) are not acceptable. Thus the required solution is 
obtained from Eq. (2.57). The periodicity condition in @ implies 


c3 COS AO + cq SiN AO = cz COS (A(O + 277) +4 SiN (A(O + 27)) 


c3[C0S AB — COS (AO + 2Am)] + cglsin AO —sin (AO + 2Az)] =0 
or 
2 sin Am[c3 sin (AB + Am) — cq COS (AO + Ar)] =0 
implying sin Aw =0, Am =naz, A=n(n=0,1,2,...). Using the principle of superposition and 


renaming the constants, the acceptable general solution can be written as 


u(r,0) = S° (cyr” + dar”) (a, COS nO + b, Sin n8) (2.60) 
n=0 


At r=0, the solution should be finite, which requires d, =0. Thus the appropriate solution 
assumes the form 


u(r, @) = r"(A, CoS nO + B, sin n@) 


Ms: 


3 
ll 
oO 


For n=0, let the constant Ay be A/2. Then the solution is 


|> 


u(r, 0) = + ¥' r"(A, cos nO + B, Sin n0) (2.61) 
n=1 


2 


which is a full-range Fourier series. Now we have to determine A,, and B,, so that the BC: 
u(a,@) = f(@) is satisfied, i.e., 


f(0) = ¥) a"(A, cos nO + B, sin nd) 


n=0 
Hence, 
1 1” 6) 40 
= 4 Fi 
1 pez 
a"A, == [ (8) cos n0 d@ (2.62) 
mw 40 


1 p2n 
a"B, =—|~ (0)sin nd do, n=1,2,3,... 
1 40 
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In Eqs. (2.62) we replace the dummy variable @ by @ to distinguish this variable from the 
current variable @ in Eq. (2.61). Substituting Eq. (2.62) into Eq. (2.61), we obtain the relation 


u(r, 0) =f" f(g aoe |e a eee 


r” sin nO 


2a 
foe ip sin (nf) 


a 


Interchanging the order of summation and integration, we get 


1 p2n 1 p2x Sf oe 
u(r, )=5— | f(@) do+—[. 1101 (2) {cos n@ cos nO +sin ng sin nO}d@ 
-1)"* 749) Jd (Z ) cosn(¢—6) |dd (2.63) 
m <0 n=1 


To obtain an alternative expression for u(r, @) in closed integral form, we can proceed as 
follows: 


Let 
=> (5) cosn(¢—@) 
= \4 
— r " a 
=> (7) sin n(¢ - 6) 
so that 


Since r<a,(r/a) <1 and jar) (<1, 
ctis= > (=)et ] ae eal Sania 
n= L\@ [1—(ria) e!' 9} 


(ria) {e''9-®) — (rJa)} 
[1-(rla)e!'9-®) Jf - (r/a) et '9-) | 
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Equating the real part on both sides, we get 


__[nla) cos (¢ - 0) = (r/a”)] 
[1— (2r/a) cos (¢ - 6) +(r*/a?)] 


Thus, the expression in the square brackets of Eq. (2.63) becomes 


1. [(r/a) cos (¢ — 6) - (r*/a?)] _ 2p 
2 [1-(2rla) cos(@- 0) +(r2/a*)]  2[a* - 2ar cos (¢- 8) +17] 


Thus, the required solution takes the form 


1 pa (a? —r?) f(d) 
6 d (2.64) 
eng) = 2a i [a* - 2ar cos (@- 0) + r°] : 


This is known as Poisson's integral formula for a circle, which gives a unique solution for 
the Dirichlet problem. The solution (2.64) can be interpreted physically in many ways: It can 
be thought of as finding the potential u(r,@) as a weighted average of the boundary 
potentials f(@) weighted by the Poisson kernel P, given by 

Ao aw? 


Ta —2ar Cos (¢-0)+r7] 


It can also be thought of as a steady temperature distribution u(r, @) in a circular disc, when 
the temperature uw on its boundary JIR is given by u= f(@) which is independent of time. 


2.9 EXTERIOR DIRICHLET PROBLEM FOR A CIRCLE 
The exterior Dirichlet problem is described by 
PDE: V7u=0 
BC: u(a, 8) = f (8) (2.65) 
u must be bounded as ro», 


By the method of separation of variables, the general solution (2.60) of Vu =0 in polar 
coordinates can be written as 


= 2 Cyr" +d,r_") (a, COS nO +b, sin nd) 


Now as, r—-, we require wu to be bounded, and, therefore, c,, =0. 
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After adjusting the constants, the general solution now reads 


u(r, 0) = > r_"(A, cos né + B, sin n@) 


u(r, j=*+> r_"(A, cos n@ + B, sin n@) (2.66) 


Using the BC: u(a, 6) = f(@), we obtain 
70-4 a : 
=s A, cos n@ + B, sin nd) 
n=1 
This is a full-range Fourier series in f(@), where 
1 p2z 
A=—|, (aaa 
1 p2z 
aA, =—| f (@) cos nd de (2.67) 
40 
2 
a"B, == { ” £8) sin n6 do 
m 40 


In Eq. (2.67) we replace the dummy variable 6 by @ so as to distinguish it from the current 
variable @. We then introduce the changed variable into solution (2.66) which becomes 


rng? 
qu 


u(r, 0) = =f." f(@) dg+ > cos n@ [" cos (ng) f(¢) d@ 
n=1 


+ aa sin no)” sin (nd) f (d) ‘0 
or 
u(r ay=—" f (¢) 1D (2) co n(d—@) |d@ (2.68) 
, 7 40 2 oar 
Let 


c-> Gi cos n(¢— 6) 


n=l 
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= (<) sinn(o— 6) 


Then, 
oe -W(2) 10-0) | 
C+is = 2 
5-3 (Fer | 


Since “<1, |e!!?-®) |<1. We have 
r 
ei (9-4) (alr) [eu —(alr)] 


C+is =" = 
r(l-(alr)e(@)7} [L- (aire? Jf - (aire } 


Hence, 


__ (alr) cos (g- 0) -(a’/r’)] 
[1-(2a/r) cos (@-@) + (a*/r?)] 


Thus the quantity in the square brackets on the right-hand side of Eq. (2.68) becomes 


1 [(al/r) cos (6-0) — (a*/r?)] : Pe 
2 [1-(2al/r) cos(@-0) +(a*/r*)]  2[r? -2ar cos (¢- 0) +a” ] 


Therefore, the solution of the exterior Dirichlet problem reduces to that of an integral equation 
of the form 
2 2-2 
u(r,0)= fee 


= 2.69 
2n 40 [r? — 2ar cos (¢- 0) +.a°] : 


EXAMPLE 2.4 Find the steady state temperature distribution in a semi-circular plate of 
radius a, insulated on both the faces with its curved boundary kept at a constant temperature 
Up and its bounding diameter kept at zero temperature as described in Fig. 2.4. 


Fig. 2.4 Semi-circular plate. 
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Solution The governing heat flow equation is 
u; = V-u 
In the steady state, the temperature is independent of time; hence u, =0, and the temperature 
satisfies the Laplace equation. The problem can now be stated as follows: To solve 
1 1 
PDE: V°u(r, 8) =u,, + —u, +— Ugo = 9 
r r 
BCs: u(a, 8) =Up, u(r, 0) =0, u(r, 7) =0 
the acceptable general solution is 
u(r, 0) = (cr* + Dr~7) (Acos AO + Bsin 16) (2.70) 
From the BC: u(r,0)=0, we get A=0; however, the BC: u(r,z)=0 also gives 
Bsin An (cr? + Dr“) =0 


implying either B=0 or sin Aw =0. B=0 gives a trivial solution. For a non-trivial solution, 
we must have sin Az =0, implying 


An = nt, n=1,2,... 
meaning thereby 2 =n. Hence, the possible solution is 
u(r, 9) = Bsin no(Cr* + Dr~*) (2.71) 


In Eq. (2.71), we observe that as r 0, the term r~7 —> oe, But the solution should be finite 


at r=0, andso D=0. Then after adjusting the constants, it follows from the superposition 
principle that, 


u(r, 0) = > B,r" sin n@ 


n=1 


Finally, using the first BC: u(a,@)=Up, we get 


u(a, 0) =Up = > B,a" sin nO 


n=1 
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which is a half-range Fourier sine series. Therefore, 


Der al es: ae 
B,a" =<" Upsinno do=) 
m0 
0, for n=2,4,... 
Hence, 
4U 
pe as 
na 


With these values of B,,, the required solution is 


nn) ese > *(£) sin n@ 
H -acodd Se 


2.10 INTERIOR NEUMANN PROBLEM FOR A CIRCLE 


The interior Neumann problem for a circle is described by 


PDE: V2u=0, O0<r<a; 0<0<2x (2.72) 
_ Ju _ Aula, 6) _ 2 
BC: On ce = 2(8), r=a 


Following the method of separation of variables, the general solution (2.60) of equation 


V-u=0 in polar coordinates is given by 


28 c,r" +d,r_") (a, CoS nO + b, sin n@) 


Atr =0, the solution should be finite and, therefore, d,, =0. Hence, after adjusting the constants, 
the general solution becomes 


et (A, CoS n0 + B, sin n@) 


With no loss of generality, this equation can be written as 


u(r, a)-2+¥ r"(A, COS n+ B, sin n@) (2.73) 
n=1 


= » nr" (A, cos nO + B, sin n@) 
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Using the BC: 


we get 


Oe Da 1(4, cos nO + B, sin n6) (2.74) 


which is a full-range Fourier series in g(@), where 
7 1 (2 
A, == |" (6) cos nd do 
1 0 


A 1 p2z : 
na" B, =—[ g(0) sin nd do (2.75) 
a 40 


Here, we replace the dummy variable @ by @ to distinguish from the current variable @ in 
Eq. (2.74). Now introducing Eq. (2.75) into Eq. (2.73), we obtain 


ass n 2a 
u(r, 0) = qe Sy =a, g(@) (CoS nd Cos nO + Sin ng sin nO) d@ 


or 


_ Ao , 62% a(r\ a 
u(r, )=D+]. eto) 3 (Z) ag Coane Olde (2.76) 


This solution can also be expressed in an alternative integral form as follows: Let 
r . a 
C= —| —cosn(¢-@ 
D() seensntea 
S= ie ); — sin n(g— 6) 


Therefore, 


00 n 
wears 

C+iS = n(0-8) — [rel# s] 1 
ae ) ee a a n 


138 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


or 


c+is=—2in[1-Le¢- |- “n{1 cos (@- 8) —i—sin (¢ 2) (2.77) 
a da a da da 


To get the real part of In z, we may note that 
W=Inz or z=e” 
i.e, xtiy=e!*” =e" cos v-+ie" sin v. Therefore, 
xX =e" COS V, y=e'sinv 
et yy a17P 


i.e, u=In|z|. Therefore, 


2 2 
C=." in [(-fese-o) +(Esin @-0)| 
a a a 


a a” — 2ar cos (@—6) +r? 
” 2 


oa a 


Thus the required solution is 


2 2 _ 2 
v= 2 ("in | a? O)+r 
a a 


g(9) do (2.78) 


which is again an integral equation. 


2.11 SOLUTION OF LAPLACE EQUATION IN CYLINDRICAL COORDINATES 
The Laplace equation in cylindrical coordinates assumes the following form: 
Vu = Upp tou, + Ugg + Up =0 (2.79) 
r r 


We now seek a separable solution of the form 
u(r, 0, z) = F(r, 8) Z(z) (2.80) 
Substituting Eq. (2.80) into Eq. (2.79), we get 


2 2 2 
AE ron Aly gegen Gey ey pa, 
Or r or r? 00 dz 
or 
OF 10F 10°F \1  4d?Z1 
+ + = =k (say) 
ore ror roe JF dz Z 
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where k is a Separation constant. Therefore, either 


2 
Ky +kz=0 (2.81) 
x 


or 

OF 10F 10°F 

+ + 

or ror 9@? 
If k is real and positive, the solution of Eq. (2.81) is 

Z=c,c08 fkzt+c, sin kz 
If k is negative, the solution of Eq. (2.81) is 

Z =qev® +ee Ve 

If k is equal to zero, the solution of Eq. (2.81) is 


KF =0 (2.82) 


Z=Q2+C) 
From physical considerations, one would expect a solution which decays with increasing z 
and, therefore, the solution corresponding to negative k is acceptable. Let k=—A*. Then 


Az 


Z=cje" + oe" (2.83) 


Equation (2.82) now becomes 
OF 10F 10°F 4» 
+A°F =0 
ore ror r* 96 


Let F(r, 8) = f(r) H(@). Substituting into the above equations, we get 
MW 1 t 1 aw 2 
f'H+—fH+—>fH"+A*fH=0 
r r 


or 
a aa 
f H 


From physical consideration, we expect the solution to be periodic in 6, which can be obtained 


(rf +rf'+ Aer f) 


when k’ is positive and k’=n?. Therefore, the acceptable solution will be 


H =c30S nO + cy sin nO (2.84) 


When k’=n?, we will also have 


2 
ve Fy Ly (22? =n) f =0 (2.85) 
dr dr 
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which is a Bessel’s equation whose general solution is given by 
f =AJ,, (Ar) + BY, (Ar) (2.86) 
Here, J,,(Ar) and Y, (Ar) are the nth order Bessel functions of first and second kind, respectively. 


Since Y, (Ar) > -c as r— 0, ¥,,(Ar) becomes unbounded at r= 0. Continuity of the solution 
demands B=0. Hence the most general and acceptable solution of V2u =0 is 
u(r, 0, z) =J,(Ar) (ce +c,e*) (c; COS nO +c, SiN nO) (2.87) 


EXAMPLE 2.5 A homogeneous thermally conducting cylinder occupies the region 0<r<a, 
0<6@<2z, 0<z<h, where r,@,z are cylindrical coordinates. The top z=h and the lateral 


surface r=a are held at 0°, while the base z=0 is held at 100°. Assuming that there are no 
sources of heat generation within the cylinder, find the steady-temperature distribution within 
the cylinder. 


Solution The temperature u must be a single valued continuous function. The steady 
state temperature satisfies the Laplace equation inside the cylinder. To compute the temperature 
distribution inside the cylinder, we have to solve the following BVP: 


PDE: V2u=0 
BCs: u=0° on z=h, 
u=0° onre=a, 


u=100° on z=0 


The general solution of the Laplace equation in cylindrical coordinates as given in Section 2.11 
is 


r(r, 0, z) =J,,(Ar) (q COS nO +c, SIN nO) (c3e7* + cae **) 


Since the face z=0 is maintained at 100° and since the other face and lateral surface of the 
cylinder are maintained at 0°, the temperature at any point inside the cylinder is obviously 


independent of @. This is possible only when n=0 in the general solution. Thus, 
u(r, z) =Jo(Ar) (Ae + Be“) 
Using the BC: »=0 on z=h, we get 
0 = Jg(Ar) (Ae*” + Be") 


—Ah 


implying thereby Ae*” + Be~*” =0, from which 


Ae*" 
eth 
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Therefore, the solution is 


Jo(Ar) A 


u(r, z)=—,— [ee ag ey 
e 


or 
u(r, z)=Jg(Ar) Aysinh A(z —h) 


where A, =2A/e*", Now using the BC: u=0 on r=a, we have 
0 = AJ (Aa) sinh A(z—h) 


implying Jg(Aa) =0, which has infinitely many positive roots. Denoting them by ¢,, we 


have &, = Aa, and therefore, 


Thus the solution is 
unZ= Ao| 2 "sinh | Ex Z- i} n=1,2,... 


Using the principle of superposition, we have 


u(r, z) = » Ad, (2) sinh [Ent -n) 


The BC: «=100° on z=0 gives 


100 = ¥ A sinh (8 iat i (2) 


which is a Fourier-Bessel series. Multiplying both sides with rJ,(é,,r/a) and integrating, we 


get 
100 Ii rJq [S2") dr = 3 A, sinh [-2] J, rJq (2) Jo (42") dr 


Using the orthogonality property of Bessel’s function, namely, 


0, it Teg 
" xJ,(ozx) J,(ax)dx=4 2 
I : 7? (a) if ij 
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where @,@; are the zeros at J,,(x)=0, we have 


a Gl), Dag Galt \a 42 
100 J rl 7 a 2 asin ca > Ji lon) 
Therefore, 
ee = J. 0 [2" la 
a’ sinh Gane “ 
a 
Setting 
ér a 
n=, dr=—d 
- x r E, X 


the relation for A, can also be written as 
ns 200 ie 


esinh{ ~Fe) 2) 


a 


Using the recurrence relation 
nn d n 
x J,-1(x) =—I[x J Axil, 
dx 
For n=1, we get 


J sola) de = x(x) 


Now, A, can be written as 


cy 
7 200 xJ;(x) 7 200 
"| €2 sinh(-€,hla) J7(E,) é, sinh (-¢,hla) Jy(g,,) 


0 
Hence, the required temperature distribution inside the cylinder is 


3 Jo(&,r/a) sinh [(&, fa) (z-h)] 
,z)=2 
wr 2) = 200 De sinh (-E hla) Jy 


where &, are the positive zeros of J(é). 
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EXAMPLE 2.6 Find the potential u inside the cylinder 0<r<a, 0<@<2z, 0<z<h, if 
the potential on the top z=h, and on the lateral surface r =a is held at zero, while on the 


base z = 0, the potential is given by u(r, 6,0) =Vo(1—r/a’), where Vo is aconstant; r, 6, z are 
cylindrical polar coordinates. 


Solution The potential w must be a single-valued continuous function and satisfy the 
Laplace equation inside the cylinder. To compute the potential inside the cylinder, we have 
to solve the following BVP: 

PDE: V*u=0 
BCs: u=0 onz=Ah, 
u=0 oOnr=a, 


2 
v=¥i[-5) on z=0 


a 


In cylindrical coordinates, the general solution of the Laplace equation as given in Section 2.11 
is 


u(r, 0, z) =J,,(Ar) (c, COS nO + cz SiN nB) (c3e¥ oe) 


Since the face z = 0 has potential Vp (1- r/a?), whichis purely a function of r and is independent 


of @ and since the other faces of the cylinder are at zero potential, the potential at any point 


inside the cylinder will obviously be independent of @. This is possible only when n =0 in 
the general solution. Thus, 


u(r, z) = Jo(Ar) (Ae* + Be“*) 
Using the BC: u=0 on z=h, we obtain 


0=Jg(Ar) (de + He) 


Ah —Ah 


implying Ae*”’ +Be “" =0, which yields 


Hence, the solution is 


A ‘as _— aa, 
u(r, 2) = Jg(Ar)le4 h) _ -Alz ny 
e 
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or 
u(r, z) = AyJg(Ar) sinh A(z—h) 
where A; = Ale”. Now, using the BC: u =0 on the lateral surface, i.e, on r=a, we get 
0 = AyJg (Aa) sinh A(z —h) 
implying J (Aa) =0. This has infinitely many positive roots; denoting them by &, we shall 
have 
f,=Ae OF A=e ld 


The solution now takes the form 


ules 2) = Alo 22 sinh [Extn n=1,2,... 


a a 


The principle of superposition gives 


ulr2)= 3) Aydo[ 2 }sinh| 8 Z- i] 


n=1 


#2 
The last BC: eay[ie! | on z=0 yields 
a’ 


Vo 1-5} py A, sinh Gea (") 


This is a Fourier-B essel’s series. M ultiplying both sides by rJ9(é,,r/a) and integrating, we get 


ofS) oS ae ao 


Using the orthogonality property of the Bessel functions 
a 0, if i#j 
J xJ,(@x) J, (ax) dx = a 
0 —. 
2 


where @,@; are the zeros of J,,(x)=0, we get 


Yo J. 5)» o(& Jared sinh (- én ble IF(E,) 
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which gives 


- 2 

A 2 t c - rbo( S22] 

c?sinh {- Jie . e 
a 

By letting €,r/a=~x, this equation can be modified to 


Vp 
é4 sinh (-24) s2t¢ 


a 


A= 


nN 


i (£2 — x?) xJg(x) dx 


Using the well-known recurrence relation 
a dia 
x° I (x) =—[x7J_(x)] for a =1,2,... 
dx 


we get 
J xyola) = x(x), J 22n(x) = x2 J2(2) 
From these relations, we obtain 


A, = c h 
gf sinh (-2") 126, 


Integrating by parts, we get 


2Vo { Sn 


; (£2 — x?) dix, (x)] 


AV { Sn 


ai 27,(x)d 
EA sinh (-E,hla) J7(E,) °° —- 


n 


: AV, 
EA sinh (-E,hla) J7(E,) 


fo" atx? (a 


_ AV, 
EA sinh (-E,hla) J7(E,) 


[x25 (x) 13" 


Thus, 
= AVoJ2 (c,) 
E? sinh (-E,hla) Jz (&,) 


n 
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The recurrence relation 

eae “y, (x) 
for n=1 gives 


IylEg) + IE) == AE) 


on 
Hence, 
Aylé,) =F H(E,) 
Sn 
since Jo(&,) =0. Therefore, 
BV J1(E,,) 


" E3 sinh (-E,hla) IZE,) 


Thus, the required potential inside the cylinder is 


a BV Jo (2) sinh [Ent -n) 


u(r, z)= 
i EXn(E,) sinh (-24) 
a 


2.12 SOLUTION OF LAPLACE EQUATION IN SPHERICAL COORDINATES 


In Example 2.3, the Laplace equation is expressed in spherical coordinates and has the 
following form: 


a (ou 1 A(.. du 1 ou 
V-u= P) -0 (2.88) 
" au x) ana 705" 5B) ane eye 


Let us assume the separable solution in the form 
u(r, 0, 0) = R(r) F(8, ) (2.89) 
Substituting Eq. (2.89) into Eq. (2.88), we get 
2728), R oO (si *) R OF _ 
or\ or) sin@ 0e@ 00) sin’6@ og’ 
Separation of variables gives 
t O(a .oF\, © or 
a 2 dR -— [sing ). : 5 
de\ dv sin@ | 00 00) sin@ dg 


F 
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where w iS a separation constant. Therefore, 


1 d{_2dR 20 
Rdr [+ =|. i aa) 
1 |d(..,0F\ 1 @F 
sin 0 + = 2.91 
Final al 4 1 . ae 
Equation (2.90) gives 
2 
2d°R dR 
—— + 2r —+puR=0 
r ae + orn + 


which is a Euler’s equation. Hence, using the transformation r=e%, the auxiliary equation 
can be written as 


D(D-1)+2D+u=D?+D+p=0 


where D=d/dz. |ts roots are given by 


Hence, D=a@ and -(@+1). Therefore, the solution of Euler’s equation is 

R=qr® +eyr (@) (2.92) 
Taking -—“=a(a@+1), Eq. (2.91) becomes 
0 (sin or) 1 °F 


5 AG * ind ag? +a(a+1) F sing=0 
Inserting 
F =H (6)®(@) 
into the above equation and separating the variables, we obtain 
ne) Zan 9 latest sin on |= Jae 
H |do do ® dg? 
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where v? is another separation constant. Then 


—~+v°@=0 (2.93) 
do 
|< [sin 9 ls alas sin (on =v" (2,94) 
The general solution of Eq. (2.93) is 
® = c3 COS VP + cg SIN VO (2.95) 


provided vy +0. If v=0, the solution is independent of @ which corresponds to the axisymmetric 
case. Equation (2.94) becomes, for the axisymmetric, case, 


“(sin 9 alas sin (6) H =0 
16 16 


Transforming the independent variable 6 to x and by letting x=cos@, the abvoe equation 
becomes 


a [sino =| & | a(e+1)sin (6) =0 


dx dx d@)d@0 
iQ, 
S| c- cos? 6) S| +rla+1) H =0 
dx dx 
or 
S) 0-9?) | ala+n A =0 (2.96) 
dx dx 


This is the well-known Legendre equation. Its general solution is given by 

H = c5Py(x) + CGQo(x), -l<x<l (2.97) 
where P,,Q,, are Legendre functions of the first and second kind respectively. For convenience 
let ~@ be a positive integer, say ~=n. Then 

H =csP, (cos @) + cgQ,, (COS A) (2.98) 

Continuity of H(@) at @=0,z implies the continuity of A(x) at x=+1. Since Q,(x) has a 
singularity at x =1, we choose cg = 0. Therefore, in axisymmetric case the solution of Laplace 
equation in spherical coordinates is given by 


u(r, 6,0) ={cr* + cyr (ot) } (c3) [es5P, (cos 4)] 
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After renaming the constants and using the principle of superposition, we find the solution 
to be 


= A,r" +B, r"*) | P, (cos 8) (2.99) 
n=0 


EXAMPLE 2.7 \n a solid sphere of radius ‘a’, the surface is maintained at the temperature 
given by 
kcos@, O<@<z/2 
f(0)= 
0, ml2<O0<2 
Prove that the steady state temperature within the solid is 


u(r, O0)=k 1p (cos @) +F{= }alcos 0) -3(r) P, (cos @) -3(t)e (CoS @) +:-: 
ine 2la)? l6la) 7 32\a) 4 


Solution \t is known that the steady state temperature distribution is governed by 
the Laplace equation. In spherical polar coordinates, the axisymmetric solution of the Laplace 
equation in general with the assumption that the temperature should be finite at the origin is 
given by Eq. (2.99) in the form 


co 


= DA r"P, (cos @) (2.100) 


Using the given BC: u(a,@) = f(@), we have 


= 2, An (cos 8) = }" b,,P, (cos 8) 


where A,a” =b,. This is a Fourier-Legendre series, where 


b, = aaa f(0) P,(cos 6) d0 
In the present problem, 
2n+1 1 
by = J, flav, (cos 6) d0 


Let cosd =x, 
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Hence, we get 


k 
a 
Also, 
3 pl 
b= 5), mx dx =—= Aa 
Therefore, 
kf 
a3(e) 
5 fl 5 pl. 3x*-1 5 
bo =— | kxP. dx = kx dx = 
2 al pale ls 2 16 
Thus, 
5 
) ae 
ae er 
Further, 


5x? — 3x 
2 


7 7 ll 
by = 5 J, xP) dx = [kx dx =0 


Similarly, noting that Py(x)= 5 5x4 — 30x? +3), we get 


Hence, 


Substituting these values of Ag, Aj, Ap,... into Eq. (2.100), we obtain, finally, the required 
temperature as 


u(r, 0) = M3 P,(cos 0) + +(£ (cs 6) 
4 2\a 


A(t) P, (cos a+(-2 |) (cos 8) +-:+|- 
tee) 32 Jia) * 


ELLIPTIC DIFFERENTIAL EQUATIONS 151 


EXAMPLE 2.8 Find the potential at all points of space inside and outside of a sphere of 
radius R=1 which is maintained at a constant distribution of electric potential 


u(R, 0) = f(A) =cos 20. 
Solution — \|t is known that the potential on the surface of a sphere is governed by the 
Laplace equation. The Laplace equation in spherical polar coordinates is 
Ju 2du, Ju, covd du , 1 Pu 
ore ror 96? r2 00 *sin2@ Og’ 
The possible general solution by variables separable method, after using superposition principle, 
is given by Eq. (2.99). Thus we have two possible solutions: 


wy (r,0)= ¥° A,r", (cos 8) (2.101) 
n=0 
= B 

up(r,)=  —*-P, (cos) (2.102) 
n=0T 


For points inside the sphere, we take the series (2.101). Why is this so? Applying the BC: u(R, @) 
= f (0) =cos 20, we obtain 


fle)= >> A, R"P, (cos @) 
n=0 


which is a generalized Fourier series of f(@) in terms of the Legendre polynomials. Using 
the orthogonality property, we get 


Let x =cos@. Then we have 


iy 


ant f(0)P, (cos @) sin 6 do 
2R" 


For points outside the sphere, we take the series (2.102). Why is this so? Using the BC: 
u(R,@) = f(@), we get 


(0) = Y) 8 Py (c0s 8) 


ntl” 
n= 


Again, using the orthogonality property of Legendre polynomials, we have 


B _ 2nt1 


a aR f (0) P,(cos @)sin 6 dé 
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In the present problem, itis assumed that at R=1, f(@) =cos 20 =2cos* @—-1= 2x? —1. Hence, 


= EP 2? Dallas 
However, 
P,(x) = = (3x? -1) 
Therefore, 
2x? -1=—P,(x)-= 
Thus, 
428 s fi Perr ladac FP) lode ax| 


Using the orthogonality property of Legendre polynomials, all integrals vanish except those 
corresponding to n =0 and n =2. We obtain, therefore, 


eo eee: 


Also, 


1 1 
_ SE Sf), ls) (add Ff, Bled lade 


which, on using the orthogonality property, gives the non-vanishing coefficients as 


1 


Substituting these values of Ap and A> into Eq. (2.101), we obtain 
1 45 
,0)=-=+=r* P, (cose 
u(r, A) 3 37 » ( ) 


which gives the potential everywhere inside the sphere. Similarly, substituting the values of 
Bo and By» into Eq. (2.102), we get 
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1 4 
u>(r, 0) = -—+—~P,(cos 0 
2(r8)=—5-+— 3 Pa (cos 9) 
which gives the potential outside the sphere. 


EXAMPLE 2.9 Find a general spherically symmetric solution of the following Helmholtz 
equation: 


(V2 -k?)u=0 
Solution _\n spherical polar coordinates, the Helmholtz equation can be written as 


Aru 2du, 1 d*u , cotd du 1 Oru 
Or? ror 7? 96% rr? 08 F*sin*6 Ag? 


k*u =0 (2.103) 


In view of spherical symmetry, we look for u to be a function of r alone. Hence, Eq. (2.103) 
becomes 


Zu 2a Ge, =0 
ore vor 
Therefore, we have to solve 
2 
eet. Pde ee (2.104) 
r2 or 
Let 
u = =F) 


Differentiating twice with respect to r and rearranging, we obtain 


ot =— i) 


= i +2./rF’(r) 


2 
2 a = -3r EC) 2B (r) 4 2F"(n) 
Substituting the above relations, Eq. (2.104) becomes 
r°F"(r)+rF(r)- [aer? + 7 \F) =0 


or 


2 
r°-F”(r)+rF’(r)+ lavre - (3) |r =0 
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This is the Bessel equation whose solution is 
F(r) = Ada (ikr) + BY (ikr) 
where Jy2,%j2 are Bessel functions with imaginary arguments, and is rewritten as 
F(r) = Aly? (kr) + BKy2 (kr) 
Therefore, 
u(r) =r? [Aly (kr) + BKy2(kr)] 


But as r— ce, the solution should be finite, which is possible only if A =0. It is also known 


that for large z, 
Ky2(z) =,| a 


Thus the acceptable spherically symmetric solution of the Helmholtz equation is given by 


u(r) = Br-!? gt 5 
2kr r 


where 


2.13 MISCELLANEOUS EXAMPLES 


EXAMPLE 2.10 Show that the velocity potential for an irrotational flow of an incompressible 
fluid satisfies the Laplace solution. 


Solution Let us consider a closed surface § enclosing a fixed volume V in the region 
occupied by a moving fluid as shown in Fig. 2.5. 


— 
—_ 
Set 


Fig. 2.5 Conservation of mass. 
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Let p be the density of the fluid. If m is a unit vector in the direction of the normal to the 
surface element dS and q the velocity of the fluid at that point, then the inward normal velocity 


is (-q-n). Hence the mass of the fluid entering per unit time through the element dS is (—q-n) dS. It 
follows therefore that the mass of the fluid entering the surface S in unit time is 


- ff ola-ajas 
Ss 


Also, the mass of the fluid within S is 


I! pdv 


So the rate at which the mass goes on increasing is given by 
0 7 Op 


By conservation of mass, the rate of generation of mass within a given volume under the 
assumption that no internal sources are present is equal to the net inflow of mass through the 
surface enclosing the given volume. T hus, 


iff 2av=ff twins 
V S 


=-|| div (pq) dV [using the divergence theorem] 
V 


Therefore, 


[ff [Gra ow jav =o 


Since the integrand is a continuous function and since this result is true for any arbitrary 
volume element dV, it follows that the integrand is zero. Therefore, 


op 
SF'+V-pq=0 
3 tT Pa 


which is called the equation of continuity. For an incompressible fluid, o =constant and, 
therefore, 
V-q=0 
Further, if the flow is irrotational, i.e., there exists a velocity potential @ such that 
q=-V¢ 
Hence, 
V-q=V-V¢=V*¢=0 
Thus, an incompressible irrotational fluid satisfies the Laplace equation. 
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EXAMPLE 2.11 A thin rectangular homogeneous thermally conducting plate lies in the xy- 
plane defined by 0<x<a, 0< y<b. The edge y=0 is held at the temperature Tx(x-a), 


where T is a constant, while the remaining edges are held at 0°. The other faces are insulated 
and no internal sources and sinks are present. Find the steady state temperature inside the 
plate. 


Solution Since no heat sources and sinks are present in the plate, the steady state 
temperature wu must satisfy V2w=0. Hence the problem is to solve 
PDE: V-u=0 
BCs: u(0, y) =0, u(a, y)=0, u(x, b) =0, u(x, 0) =Tx(x-a) 


This is a typical Dirichlet’s problem. The general solution satisfying the first three BCs is 
given by Eq. (2.47). Therefore, 


— _ (ne). [na 
u(x, y)= py A, sin [5] sinh (yo) 


where 


A, sinh ==/" F(x) sin [) dx 
a 


a a 


Using the last BC: u(x, 0) =7Tx(x-a) = f(x), we get 


A, sinh lan j te(x~a)sin{ “xa 
=e * x(x—a) sin (= Ja 
a a 
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Thus the required temperature distribution is given by 


ce 2 
u(x, 91= Sy cosech |e [(-1)” usin{ “sinh |" (y—m)| 
n=1 


nn a a 


EXAMPLE 2.12 Solve 


satisfying the BCs: 


Solution Using the variables separable method, one of the acceptable general solutions 
is given by Eq. (2.38). Hence 


u(x, y) =(qe”* +c,e ?*) (c3 COS py +cq sin py) 
Using the BC: u(x,0)=0, we get 
0=c3(qje” +ce ?*) 
implying cz =0. Therefore, 
u(x, y)=cqsin py(qe” +c,e ?*) 
Now, using the BC: w(x, b) =0, we obtain 
O=cysin pb(cye”* +cpe?*) 
cq, #0 (why?) implying sin pb=0 which gives 


pb=nx or pa, n=1,2,3,... 


Thus, 
u(x, y)=cgq sin [| (qje?* +c2e ?*) 


Renaming the constants, we have 


u(x, y)=sin [y)] ace [+] 8 ex (-= }} n=1,2,... 


If we use the BC: u(0, y)=0, we get 


o=sin( 2 y)(a+a) 
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giving A +B =0; therefore, A =-B. Thus, 
u(x, )= Asin ( exp (x) exp ms) 
— b> b b 
= 2asin(% y)sinn( “2x nn ae 
b b 


Differentiating with respect to x, we obtain 


a =A sin( » eos [=>] 
b b b 


The last BC yields 


Tsing = 24™ sin & »| cosh [=a] 
a b b b 


from which we can determine 2A. Hence, the required solution is 


u(x, y) = OP in? 2 sech a sinh [5] 
nn a b b 


The principle of superposition gives the required solution as 


— bT .. 32y (= , (= 
y= sin sech sinh | — 
ul, y) »y nt a b . b 7 


EXAMPLE 2.13 Find the potential function u(x, y,z) in a rectangular box defined 
by O<x<a, 0s y<b, 0<z<c (see Fig. 2.6), if the potential is zero on all sides and the 
bottom, while u= f(x, y) on the top of the box. 


Fig. 2.6 Rectangular box. 


ELLIPTIC DIFFERENTIAL EQUATIONS 159 
Solution The potential distribution in the rectangular box satisfies the Laplace equation. 
Thus the problem is to solve 
Vu = Uy, tly tu, =0 
subject to the BCs: 
u(0, y, z)=u(a, y, z) =0 
u(x, 0, z)=u(x, b, z) =0 
u(x, y, 0) =0 
u(x, y,c) = f(x, y) 
Following the variables separable method, let us assume the solution in the form 
u(x, y, 2) = X(x)¥(y)Z(z) 
Substituting into the Laplace equation, we get 
X"(x)¥(y)Z(z) + X (x) ¥"(y) Z(z) + X (x) ¥(y)Z(z) =0 
which can also be written as 


y"(y) Z(z)__ X"(x) _ 2 
Y(y) Z(z) = X(x) 1 


where A, is a separation constant. Thus we have 


X"(x) +A? X(x)=0 (2.105) 
After the second separation, we also have 
Z”(z) 2 Y”(y) 2 
At = =A 
Zig) Vy) 
¥”(y)+A2¥(y) =0 (2.106) 
Z"(z)—AZZ(z) =0 (2.107) 


where AS =A? +45. The general solutions of Eqs. (2.105)-(2.107) are 
X (x) =c, COS AX+c, SIN Ax 
Y(y) =c3 COS Ay +cq SiN Ay 


Z(z) =cs cosh A3z + cg Sinh A3z 
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From the BCs, 


gives c, =0 
0 gives Aa=mz_. 
Therefore, 


Similarly, 
Y(0)=0 gives c3=0 
Y(b) =0 gives A,b=nz 
Therefore, 


Also, Z(0)=0 gives cs =0. Further, we note that 


> 
Ag aA tab ax? [+ Az, (say) 
a 


=a 
m n 
AIO Balt a 


The solutions now take the form 


Then 


MIX 
X (x) =cz,,51INn —— — m=1,2,... 
a 


. Na 
Y(y)=cq, as WN: 


Z(z) = C6mn sinh Arig 


Let Cron =C2mC4nCémni then, after using the principle of superposition, the required solution is 


mn 


u(x, y= X(¥(y)Z(2)= YY Cyn $i _ sin we sinh AnnZ (2.108) 
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Using the final BC: f(x, y)=u(x, y,c), we get 


mmcx ny 


f (x, y=> > Cmn Sinh AmnC sin sin —— 
which is a double Fourier sine series. Thus, we have 
4 pa eb 
Cmn Sinh AmnC = ae J, f (x, y) sin _ sin ae dx dy (2.109) 


Therefore, Eqs. (2.108) and (2.109) constitute the required potential. 


EXAMPLE 2.14 Find the electrostatic potential w in the annular region bounded by the 
concentric spheres r =a, r=b,0 <a <b (see Fig. 2.7), if the inner and outer surfaces are kept 


at constant potentials wu, and uw, u, Up. 
Solution The electrostatic potential satisfies the Laplace equation 
V7u=0 
It is natural that we choose spherical polar coordinates. From the problem, it is evident that 


we are looking for a solution with spherical symmetry which is independent of 6 and @. 
Hence, u=u(r). 


Fig. 2.7 Annular region. 


Thus, we have to solve 


poe: 2 (1°24) =o (2.110) 
subject to 
BCs: u=u, at r=a 
u=U, at r=b 


Integrating Eq. (2.110) with respect to r, we obtain 


Ou 
r= 


; A (a constant of integration) 
r 
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Again, integrating, we get 


meet: 
r 
Now, using the BCs, we have 
reese) uy =-—+B 
a 
Solving these equations, we get 
(1/a) — (1/b)’ (1/b) — (1/a) 


Hence, using these values, the required potential is 


“wacam|"(-5)*(a-s) 
Ye) eb) ee 


EXAMPLE 2.15 A thermally conducting solid bounded by two concentric spheres of radii 
a and b as shown in Fig. 2.8, a<b, is such that the internal boundary is kept at f,(@) and 


the outer boundary at f,(0). Find the steady state temperature in the solid. 


Solution  \t is known that the steady temperature T satisfies the Laplace equation. In 
the present problem, 


T =T(r,@) 


Fig. 2.8 Region bounded by two concentric spheres. 
Thus, we have to solve 


PDE: Vr =0 
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subject to the boundary conditions 
T=f,(0) at r=a 
T= 'P) (0) at r=b 


In spherical polar coordinates, for axially symmetric case, the solution of the Laplace equation 
is given by Eq. (2.99) as follows: 


- B 
T(r, 0) = > [Ar + a P, (cos 6) 
r 


Using the BCs: 


f,(0) = >> Aa’ + 7a) pyleos 6) (2.111) 
n=0 a 
=D (abt 5 pt +n 2) P,(cos @) (2.112) 


In order to find the coefficients A, and B,, we have to express f,(@) and f5(@) in terms 
of Legendre polynomials and compare the coefficients. In this process, the following orthogonality 
relation is useful: 
0, ifméAn 
(ea (cos @)P, (cos@)sindd@=; 4 
onal, 


if m=n 


Thus, multiplying both sides of Eq. (2.111) by P,,(cos@) sin @ and integrating, we obtain 


[ f,(0) ,,(cos 8) sin 6 d@ = Be oie] p (cos A) P,, (cos @) sin 6 dO 


A ghia) 2 (2.113) 
ma 2m+1 


Similarly, Eq. (2.112) gives 


J, fo(0) P,, (cos 6) sin 8 dé = > [ae oi.) fr > (cos A) P,, (cos A) sin 6 d@ 


+1 


—{ apm 4m_\_ 2 (2.114) 
e pt) } Im+1 
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Let 


2m+1 
2 


(id f,(@)P,, (cos ) sin 6 d0 =C,, 


2m+1 
2 


in fy (@)P,, (cos @) sin 8 dé = D,, 
Then Eqs. (2.113) and (2.114) reduce to 


B 
A, a +2 =C, 


qm ~ 


B 
n mm _ 
Amb " pm ~ Dn 


Solving this pair of equations, we obtain 


7 c,a"! — p bm (2.115) 
An = qzmtl _ ,2m+l 
ioe i i (a -D,,a™) (2.116) 
m ~~ pemtl _ q2m+l 


Hence, the required steady temperature is 


co 


T(r,a)= > [Ane +a. P.,(cos 8) 


m=0 
where A,, and B,, are given by Eqs. (2.115) and (2.116). 
EXAMPLE 2.16 A thin annulus occupies the region 0<a<r<b, 0<6< 2z. The faces are 
insulated. Along the inner edge the temperature is maintained at 0°, while along the outer 


edge the temperature is held at T = K cos (6/2), where K is a constant. Determine the temperature 
distribution in the annulus. 


Solution Mathematically, the problem is to solve 
PDE: V°*T=0, as<rs<b, 0<@<22 
BCs: T (a, 0) =0 
T(b, 0) =k cos 6/2 
The required general solution is given by Eq. (2.57) in the form 


T(r, 0) =(qr" +cor_") (cz cos nO + cy sin nA) 
1 2 3 4 
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Using the first BC, we get 
0 =(cya” + ca") (cz COS nO + cq SiN nO) 


implying thereby ca" +c,a" =0, OF cy = -ca’", After adjusting the constants suitably, we have 


2n 
|tacosna+nsi no) 


r 


T(r, 0) = [- — 


The principle of superposition gives 


o0 2n 
T(r, 0) = > [ - — (A, CoS nO + B, sin n@) 
n=1 r 

Now, using the second boundary condition, we obtain 
T(b,0)=K cos 5 = b> (b" —b-"a2") (A, COS nO + B, Sin n6) 
n=1 
which is a full-range Fourier series. Hence, 


2 
A (o" ota?) => [ * «cos? cos no dO 
am 40 2 


ko p2n 1 1 
3 |, cos(n +50 +c0s [x -5)e do 


2x 
; 1 : 1 
sin( n+ J9 , sin( n—7 Jo 
on nts ee 


2 


0 


implying A, =0. Also, 


2a 6 
n —n_2n : 
B - =— —sin 
_(b" —b a2") == cos sin nd dd 
k pez], 1 : 1 
= = -~=|@|ae 
ap sin(n+ZJosin[n | 
2a 
1 1 
k cos{ n+ J0 cos n- 5 Jo 


= Oe = l 


n+ — n- > 


2 
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= re = 
ig a yee oe a 
2 4 
or 
B,(b" _ptg?n) = raid 
a (4n* —1) 


Thus the temperature distribution in the annulus is given by 


— (rla)" —(alr)" |. 
n@ 
pre sk (b/a)" ~(alb)* | - 


EXAMPLE 2.17 V is a function of r and @ satisfying the equation 


OV lw 1 ev 
+ + = 
Or? ror 00" 


within the region of the plane bounded by r=a, r=b, 0=0, @=a/2. Its value along the 
boundary r=a is @(z/2-@), along the other boundaries is zero. Prove that 


- y (r/b)4"-? — (b[r)"? ed 
nm > (alb)*"? — (ba)? | (2n-1)° 


Solution The task is to solve the PDE 


OV lw 1 ev 
+ + = 
Or? ror 30" 


subject to the following boundary conditions: 


(i) V(b, 6) =0, 0<@<z/2 
(ii) V(r, 2/2) =0, a<rs<b 
(iii) V(r, 0) =0, a<rs<b 
(iv) V(a,0)=6(z/2-6), 0<6<z/2. 
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The three possible solutions (see Section 2.8) are given as follows: 
V =(qyr? +cpr ”) (c3COS pO + cq sin pA) 
V =[c,cos (pInr) +c) sin (pin r)] (c3e?? +c4e ??) 
V =(c, INr +c) (c39+c4) 


Since the problem is not defined for  =0, °, the second and third solutions are not acceptable. 
Hence, the generally acceptable solution is the first one. The boundary condition (iii) gives 


0=c3(qr? +eQr ?) 
implying c3=0. The boundary condition (ii) implies 
O=cysin pS lar? + or?) 
Therefore, 
sin p= =0 or p=2n, n=1,2,... 


Thus, the possible solution of the given equation has the form 
V(r, 0) =cq sin (28) (cyr2" + cor") 
Now, applying the boundary condition (i), we get 
0 =cysin (20) (c1b2" +b") 
which gives c) =-cb*”. Therefore, 


Vir, 0) = cq sin (2n8)[r2” — 7-2" 4" ] 


Superposing all the solutions, we obtain 


co 


V(r, @)= > c, sin (2n@) (r2” - renpsn) 
n=1 


Satisfying boundary conditions (iv), we get 


4n _ 14n 
of =-0]-5) c, sin (2n8) [a] 


which is a Fourier sine series. Thus, we have 


2 pale (ar . a =p 
std ana 
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Integrating by parts, we obtain 


: m2 
1 2\| cos(2n@)| (xz sin (2n0) cos (2n@) _ = 
(6 | en ia ia | ra ha I a 


On simplification, we get 


4n 4 a 
Thus, 
: for n odd 
1 (a) my orno 
—c |= n 
n ae” 
0, for n even 


Hence, the required solution is 


oo . 4n-2 pon-4 _ psr-4 
V(r, 0) — sin (4n—2)0 
(r, => (2n- 1)3 ——.( ( ne ) qen4 - pon-4 


1 


which can be recast in the form given in the problem. 


EXAMPLE 2.18 Determine the potential of a grounded conducting sphere in a uniform 
field defined by 


PDE: V2u=0, O<r<a, 0<0<z, 0<¢<2z 
BCs: (i) u(a,@)=0. 


(ii) uw -Eprcos@ as r>~, 


Solution — \n spherical polar coordinates, with axial symmetry, the solution of the Laplace 
equation is given by Eq. (2.99) in the form 


co 


B 
u(r, 0) = Y [Aart +2) (cos) 
r 


n=0 
Using the boundary condition (ii), we have 


(r, 6) = 2A P, (cos @) =—Epr CoS 0 


which is true only for n=1, when A(cos@) =cos@. Also, A, =0 for n>2. Therefore, 


u(r, @) = Ayr COS 8 =—Epr CoS O 
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implying A, =—Ep. Hence, 


B, 


n+1 


u(r, 0) =—Epr cos 8+ > 


n=1 


P, (cos @) 
Now, applying the boundary condition (i), we get 


= B 
0 =—Epa cos 6 + » cata (cos 8) 
n=1 


Multiplying both sides by P,, (cos 8) sin @ and integrating between the limits 0 to z, we have 


B, 
qhtt 


1 = 1 
Eya J, cos (8) P,, (cos @)sin 6 dd = 5 i P,(cos 0) P,,(cos 9) sin @ d@ (2.117) 
n=1 


Using the orthogonality property 


0, for m#n 
oa 
i P,(cos 8) P,,(cos @)sin@d0=} 5 
0 » for m=n 
2m+1 
we obtain 
B. 2 a 
—"_——_=E 0) P 0) sin 0d0 
aml Oma oa iF cos (8) P,, (cos @) sin 
or 


oa 
B= a E,a™*? i cos (0) P,, (cos 8) sin 6 d@ 


It can be verified that the integral on the right-hand side of the Eq. (2.117) vanishes for 
all m except when m =1, in which case 


B, = Ea? 
Therefore, the required potential is given by 
E,a° 


r2 


cos 8 


u(r, 8) =—Epor cos 8 + 
EXAMPLE 2.19 Thesteady, two-dimensional, incompressible viscous fluid flow past a circular 
cylinder, when the inertial terms are neglected (Stokes flow), is governed by the biharmonic 
PDE: V4y=0, where y is the stream function. Find its solution subject to the BCs: 
(i) wr,@)=0wor=0 onr=l 
(ii) wir,A)>rsin@ as ro, 
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Solution \n view of the cylindrical geometry, we can write 
Viw=V2(V2y) =0 
where 


Using the variables separable method, let us look for a solution of the form 
yw(r, 0) = f(r) sin@ 


Therefore, 
He Fr) sin 6, Y= Flr) cos@ 
FY _ pry) sin 6 HY __ p(y) sin 6 
Or’ 06" 

Hence, 


1 1 
vy=| stds rn sin 0 
r 
which can also be written in the form 


V-y = F(r)sin@ 


where 
ar I sj 1 
F(r)= fr) += f(r) Fr) 
r r 
Therefore, 
Viy =V? (Vy) =V°LF(r) sin 6] =0 
Les 
rw st rin) -F rin] sind =0 
r r 
implying 


Fr) + 2F'(r)--L F(r)=0 
r r 
Introducing the transformation + = e*, D=d/dz, the above equation becomes 


[D(D-1)+D-1]F(r) =0 
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or 
(D? -1) F(r) =0 
Its complementary function is 


7 B 
F(r) = Ae* + Be * = Ar+— 
- 


or 


Fra fl) pH lr) = Ar 
r 


r 


f(r) + rf(r)-f(r)= Ar? + Br 


which is a homogeneous ordinary differential equation. A gain using the transformation r=e*, 
D=d/dz, We get 
[D(D-1)+D-1] f = Ae* + Be? 
or 
(D? -1) f = Ae*” + Be? 
Its complementary function is 
f(r) =Ce* + De * 
while its particular integral is 


3z z 
A B 
5 (Ae* + Be®) = EI a 
D*-1 8 2 


Therefore, 


Thus, we have 


y= (Sr Brin revere? sing 


r 


Now to satisfy the BC: y—rsin@, as roo and from physical considerations, we choose 
A =0, Therefore, 


y=(Srin rere? |sin 6 


r 
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The boundary condition y=0 on r=1 gives (C+D) sin@=0, implying C=—D. Also, the 
boundary condition dy/dr =0 on r=1 gives 


2 G2 pege? 95 
2 2 


implying B =4D. Hence, the general solution is 


y=20(rIn S45 |sin 6 


EXAMPLE 2.20 The problem of axisymmetric fluid flow in a semi-infinite or in a finite 
circular pipe of radius a is described as follows in cylindrical coordinates: 


PDE: V2u=0, O<r<a 
Ou | 


BCs: (i) —=0 atr=0 
Ss: (i) a at r 
y OU Ou 
—=0, —=V tr = 
(ii) pe oS (z) atr=a 


Show that the speed of suction is given by 


V(z)=-)) @,(A, Cosh 7,2 + B, SiNh a%,2) J (0,4) 
n=1 


Solution —_\n cylindrical coordinates (r, 0, z), 

Pu lou lu dru 
+ + + = 

or ror 7 ae az 

In axisymmetric case, the above equation becomes 


V-u = 


Ou : lou du * 


ee eo (2.118) 


Let u(r, z) = f(r) @(z) which, when substituted into Eq. (2.118), gives 


f+ oar = . = Wa (say) 
Then 
b” -a°o=0 (2.119) 


fren p sees =0 (2.120) 
r 
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The solution of Eq. (2.119) is 
@=Acoshaz+Bsinhaz 

Equation (2.120) can be rewritten as 

rf’ +rf'torr f =0 
which is a Bessel’s equation of zeroth order whose general solution is 

f =Jolar) + DY (ar) 
Here, Jg(ar) and Y)(ar) are zeroth order Bessel functions of first and second kind respectively. 
Therefore, the typical solution is 

u=(Acosh az+B sinh az) [J (ar) + D¥o(ar)] 
Now, Yo(a@r) is infinite at r=0, and hence D =0. Therefore, the possible solution is 
u=(Acosh az +B sinh az) Jo(a@r) 

The condition du/dr =0 at r=0 is automatically satisfied, since Jj(@r) =0 at r=0. Now the 


boundary condition du/Az=0 atr=agives Jy(aa) =0, implying that aa are the zeros of the 


Bessel function Jo. Let these zeros be a,a(n=0,1, 2,...). Thus the appropriate solution is 
u(r, z)= >) @, (A, Cosh a2 +B, sinh @,z) Jo(@,7) 
Using the fact that, 7g =—J,, the speed of suction is given by 


V(z)= EE = 2) a, (A, Cosh a, z+ B, sinh az) Jy(a@,a) 


EXAMPLE 2.21 Solve the following Poisson equation: 
Ou eu 
ae dy 
subject to the boundary conditions 
u(0, y)=u(5, y)=u(x, 0) =u(x, 4) =0 


Solution We assume the solution of the form 
u=Vv+@ (2.121) 


where v is a particular solution of the Poisson equation and w is the solution of the corresponding 
homogeneous Laplace equation. That is, 
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V2y=2 (2.122) 
V7a@=0 (2.123) 
It is customary to assume that v has the form 
v(x, y)=a+bx +cy + dx? +exy+ fy" 
Substituting this into Eq. (2.122), we get 
2d+2f =2 
Let f =0. Then d=1. The remaining coefficients can be chosen arbitrarily. Thus we take 
v(x, y)=—5x +x? (2.124) 


so that v reduces to zero (satisfies the boundary conditions) on the sides x =0 and x =5. 
Now, we shall find w from 


V°o=0, 0<x<5, O0<y<4 (2,125) 
satisfying 

(0, y)=-v(0, y)=0 

a(5, y)=—v(5, y) =0 

(x, 0) = -v(x, 0) =—-(-5x + x”) 

a(x, 4) =-v(x, 4) =—-(-5x + x7) 


The above conditions are obtained by using Eqs. (2.121), (2.124) and the given boundary 
conditions. By using the superposition principle (see Section 2.5), the general solution of 
Eq. (2.125) is found to be 


(Xx, y)= Sy sin (nzx/5)[a, exp (nzy/5) + b, exp (—nzy/5)] (2.126) 


n=1 


Now, applying the non-homogeneous BC: a(x, 0) =-(-5x+ x"), we get, after renaming the 
constants, the equation 


(x, 0) =-(-5x+x7) =} A, sin (nzx/5) 


Also, applying the BC: w(x, 4) =—(-5x+x7), Eq. (2.126) can be rewritten in the form 


-(-Bx+x7)= )! (a, cosh “+b, sinh a sin“ (2.127) 


n=1 
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which gives 
Sap 2, .. NX 
a= = |, (5x—x*) sin 5 dx 


Now, integrating by parts, the right-hand side yields 


2 2 5 nw 5¢ nmx 5° nw 
op 3| ts * ( aes s| (5 2 sin= Ju al cos ‘| 


_ (5?) | 1 csr 4(5)? 1 a 


aa no no n no ne 
Hence, 
2 
ue u when n is odd 
a, =4 uN (2.128) 
0, when n is even 
Also, from Eq. (2.127), we have 
5 
a,, cosh “Fb, sinh fae ; (5x — x") sin [2 Jar= An 
Therefore, 
oo f1-cos al 
b, = (2.129) 


sinh (Fan 


Substituting a, b, from Eqs. (2.128) and (2.129) into Eq. (2.126), we get 
(x, y) = x a, | cosh [Ey sinh{ En |— cosh [So sinh 
" 5 5 5 5 


sao 
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@(x, y)= > sin (Za - ») +sinh (= ”)| sin (= x| / sinh (; nz | (2.130) 


Combining Eqs. (2.124), (2.128) and (2.130), the solution of the given Poisson equation is 
u(x, y) = 


or 


ee ts is > sinh (2n—1) 4 (4— y)/5+sinh [(2n—Dzy/5] | = [(2n- yet 
n=l sinh [an 2 (2n-1) 
5 


EXAMPLE 2.22 Let IR be a region bounded by JIR. Let P(x, y,z) be any point in the 


interior of IR, as shown in Fig. 2.9. Let @ be a harmonic function in IR; also, let y=1/r, where 
r is the distance from P. Applying Green’s second identity, show that 


= 30 ES Pae)| 


y 


Fig. 2.9 Aan illustration of Example 2.22. 


Solution Since y possesses a point of discontinuity in IR at P(x, y, z), Green's second 
identity cannot be directly applied to @ and yw. However, y=1/r is bounded in IR-Z, with 
the boundary JR Udz,, where x, is a sphere of radius ¢ with centre at P. Now applying 
Green's second identity (2.19) to functions @ and w in IR-X,, we get 


{ff lov?) . *y°9|av = IT lo < (/r)- (l/r) a4 ds 
R-5, aR 
- H} o£ ras = i} amn| $2 Jas (2.131) 
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From the right-hand side of Eq. (2.131), we observe that the last two integrals depend only 
on e. But in the direction of the exterior normal to dZ,, we find that 


0 O 
(1 5-1 
5, un) = ln) 


OX~ r=E€ 


Therefore, 


An 


2 
7 9(Q) = 429 *(Q) 
é 


ii} o£ wuryas -3 IT odS = 


Xe Oe 


where @*(Q) is the average value of ¢(Q) on Jz,. Further, the third integral 
-{j tin?! ea If [Jas - tne( 22) 
on E on on 
Oe aa. 


where (dg/dn)* is an average value of the normal derivative on Jx,. Substituting these results 


and using the fact that V7(1/r)=0 in IR-=,, we obtain 


2 _ 7 ay) . og 
Jy (-1/r) V2odV = I lo pea ee Jes + 4b *(P) + ane( $ 


6). (2.132) 
n 

Now, taking the limit as e— 0, and using the fact that ¢ is harmonic in IR- ,, we arrive 
at the fundamental result 


= a oP 
o(P)=—— I Lair) Sir Ook amr fas (2.133) 


Thus, the value of a harmonic function at any point of IR can be obtained in terms of the 
values of @ and d¢/dn on the boundary JIR of the region R. 
EXAMPLE 2.23 Find the solution of the following Helmholtz equation, using separation of 
variables method: 

Veu + Ku = uy, + lig Fg + Ri =0 (2.134) 
Solution \t may be noted that the Laplacian in cartesian coordinates is a PDE with constant 


coefficients, while in cylindrical or spherical coordinates, itis a PDE with variable coefficients. 
Thus, let us assume the solution of the given Helmholtz equation in the form 


u(x, y, z) = X(x) Y(y) Z(z) 


where X(x) is a function of x alone, Y(y) is a function of y alone, Z(z) is a function of z only. 
Substituting into the given Helmholtz equation, we get 


X”(x) Y(y) Zz) + X(x) Y’(y) Zz) + X(x) Vly) Z’(z) + K°X(x) Y(y) Z(z) = 0, 
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which can be rewritten as 


This equation is satisfied iff 


X”(x) 3 Y”(y) 3 Z"(z) 3 
=~—K. , =-—K. ’ =-—K 
and K? =K? +K3+K3 


The sign of these separation constants K;, K> and K3 need not be same, of course depends 
on the physical considerations. The solution of the three ODEs in Eq. (2.135) can be written 
in the form 


X(x) = Ce" Oe OT ae 
¥(y) = Cye®” + Cye 2” (2.136) 
Z(z)= C,e'K3 +Cye 
Hence, in general, the solution of Eq. (2.134) can be written as 
u(x, y, z) = Ae’? + Bet, 
However, if K? is positive, the solution is of the form 
u(x, y, z) = A COS(Kyx + Koy + K3z) + B Sin(Kyx + Kzy + K3z), 
while, if K* is negative, the solution is found to be 
u(x, y, z) = A cosh(Kyx + Koy + K3z) + B sinh(Kyx + Koy + K3z). 


EXERCISES 
1. Solve the following boundary value problem: 
PDE: V-w=0, O<r<l0, 0<@<z 
BCs: u(10, 0) =" (x0 - 62) 
(a 


u(r, 0)=0=u/(r,z) 


u(0, @) is finite 


2. A homogeneous thermally conducting solid is bounded by the concentric spheres 
r=a,r=b, 0<a<b. There are no heat sources within the solid. The inner surface 
r =a is held at constant temperature 7;, and at the outer surface there is radiation 
into the medium r > b which is at a constant temperature 7>. Find the steady temperature 
T in the solid. 
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. A thermally conducting solid bounded by two concentric spheres of radii a and b, 
a<b, is such that the internal boundary is kept at 7, and the outer boundary 
at T>(l-cos@). Find the steady state temperature in the solid. 

. A thin annulus occupies the region 0<a<r<b, 0<@<2z, where b >a. The faces 
are insulated, and along the inner edge, the temperature is maintained at 0°, while 
along the outer edge, the temperature is held at 100°. Find the temperature distribution 
in the annulus. 


. A thermally conducting homogeneous disc with insulated faces occupies the 
region 0<r<a in the xy-plane. The temperature uw on the rim r=a, is 


C, 0<@<a 
u= 
0, a<0<2z 


where @ is a given angle 0<a@< 2z. Find the series expression for temperature at 
interior points of the disc. In particular, consider the case when C=100, w=2/2. 

. If w is aharmonic function which is zero on the cone 6 = @ and takes the value La, r” 
on the cone 6 = B, show that, whena<@< 8, 


ay e Q,,(cos a) P, (cos 8) — P,(cos @) Q,,(cos @) o 
ae "| Q,,(cos a)P, (cos B) — P,(cos a) Q,,(cos f) 


n=0 n 


. Show that 


yw=—4_, (gq is constant) 
|r—r’| 


is a solution of the Laplace equation. 
. Solve the following 
2 2 
99 19 1 Ob _ 
ore ror. ge? 
Ip 
=—=0 
or 


at r=a 


v,=U,,C0S@ at r= 


180 


10. 


11. 


INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


In the theory of elasticity, the stress function yw, in the problem of torsion of a beam 
satisfies the Poisson equation 


2 2 
EW EV 5 exe DS ei 
ax- ay? 


with the boundary conditions y=0 on sides x=0, x=1, y=O and on y=1. Find 
the stress function y. 

For an infinitely long conducting cylinder of radius a, with its axis coincident with 
its z-axis, the voltage u(r, 0) obeys the Laplace equation 


Vu =0, O<r<o, 0<@<27 


Find the voltage u(r, @) for r>a if Lt u(r,@)=0, subject to the condition 
r—oo 


ou 
or 


Ug. 
=—sin 30 
r=a a 


Hadamard’s example: 
(a) Consider the Cauchy problem for the Laplace equation 


Uy +Uyy =0 (E11.1) 


subject to u(x, 0) =0,uy(x, iH" da nx, where n is a positive integer. Show that 
n 
its solution is 


u,(X, Y) sinh ny sin nx (E11.2) 
n 


(b) Show that for large n, the absolute value of the initial data in (a) can be made 
arbitrarily small, while the solution (E11.2) takes arbitrarily large values even at the 
points (x, y) with | y| as small as we want. 


(c) Letfand g be analytic, and let u, be the solution to the Cauchy problem described 
by 


subject to 

u(x, 0) = f(x), uy (x, 0) = g(x) (E11.3) 
and let uw, be the solution of the Laplace equation (E11.1) subject to 
u(x, 0) = f(x), Uy(x, 0) = g(x) +(1/n) sin nx. Show that 


Uy(X, y) — Uy (x, y)=— sinh ny sin nx (E11.4) 
n 
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(d) Conclude that the solution to the Cauchy problem for Laplace equation does not 

depend continuously on the initial data. In other words, the initial value problem 

(Cauchy problem) for the Laplace equation is not well-posed. It may be noted that 

a problem involving a PDE is well-posed if the following three properties are satisfied: 
(i) The solution to the problem exists. 

(ii) The solution is unique. 

(iii) The solution depends continuously on the data of the problem. 
Fortunately, many a physical phenomena give rise to initial or boundary or IBVPs 
which are well-posed. 

12. Find the solution of the following PDE using separation of variables method 
Uy. - Uy tu =0. 


CHAPTER 3 


Parabolic Differential Equations 


3.1 OCCURRENCE OF THE DIFFUSION EQUATION 


The diffusion phenomena such as conduction of heat in solids and diffusion of vorticity in 
the case of viscous fluid flow past a body are governed by a partial differential equation of 
parabolic type. For example, the flow of heat in a conducting medium is governed by the 
parabolic equation 
oT .. 

Pe 5 HUENEME T,t) (3.1) 
where p is the density, C is the specific heat of the solid, 7 is the temperature at a point with 
position vector r, K is the thermal conductivity, ris the time, and H (r,7,t) is the amount of 


heat generated per unit time in the element dV situated at a point (x, y, z) whose position 
vector is r. This equation is known as diffusion equation or heat equation. We shall now 
derive the heat equation from the basic concepts. 

Let V be an arbitrary domain bounded by a closed surface S andlet V=V US. Let T(x, y, 
z,t) be the temperature at a point (x, y, z) at time +. If the temperature is not constant, heat 
flows from a region of high temperature to a region of low temperature and follows the 
Fourier law which states that heat flux q (r, t) across the surface element dS with normal 7 is 
proportional to the gradient of the temperature. Therefore, 

q(r,t) =—KVT (r,t) (3.2) 
where K is the thermal conductivity of the body. The negative sign indicates that the heat flux 


vector points in the direction of decreasing temperature. Let 7 be the outward unit normal 
vector and q be the heat flux at the surface element dS. Then the rate of heat flowing out 
through the elemental surface dS in unit time as shown in Fig. 3.1 is 


dQ =(q-n)ds (3.3) 
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Fig. 3.1 The heat flow across a surface. 


Heat can be generated due to nuclear reactions or movement of mechanical parts as in inertial 
measurement unit (IMU), or due to chemical sources which may be a function of position, 


temperature and time and may be denoted by H(r,T, t). We also define the specific heat of 


a substance as the amount of heat needed to raise the temperature of a unit mass by a unit 
temperature. Then the amount of heat dQ needed to raise the temperature of the elemental 


mass dm= p dV to the value T is given by dQ=CpT dV. Therefore, 


Q= SN CpT dv 


dQ OT 
== Cpo—dv 
dt SI ’ ot 
The energy balance equation for a small control volume V is: The rate of energy storage in 


V is equal to the sum of rate of heat entering V through its bounding surfaces and the rate 
of heat generation in V. Thus, 


Sf cp FED ay =-[f q-nas +[{[ #@T,0av (3.4) 
V 3 u 


Using the divergence theorem, we get 


{ff oe. t) + div q(r, t)—H(sr,T, nav =o (3.5) 
: t 
Since the volume is arbitrary, we have 
cA) --divaer t)+H(r,T,t) (3.6) 
Substituting Eq. (3.2) into Eq. (3.6), we obtain 
pC Ee) =V-[KVT(r,t)]+H(r,T,t) (3.7) 


ot 
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If we define thermal diffusivity of the medium as 


K 
a=— 
pc 
then the differential equation of heat conduction with heat source is 
1 OT (r,t) _ Vr(r,t)+ H\r, 7,2) (3.8) 
a dt K 
In the absence of heat sources, Eq. (3.8) reduces to 
PEND org rad (3.9) 
ot 


This is called Fourier heat conduction equation or diffusion equation. The fundamental problem 
of heat conduction is to obtain the solution of Eq. (3.8) subject to the initial and boundary 
conditions which are called initial boundary value problems, hereafter referred to as IBV Ps. 


3.2 BOUNDARY CONDITIONS 


The heat conduction equation may have numerous solutions unless a set of initial and boundary 
conditions are specified. The boundary conditions are mainly of three types, which we now 
briefly explain. 


Boundary Condition I: The temperature is prescribed all over the boundary surface. That 
is, the temperature 7(r, z) is a function of both position and time. In other words, T = G(r, t) which 
is some prescribed function on the boundary. This type of boundary condition is called the 
Dirichlet condition. Specification of boundary conditions depends on the problem under 
investigation. Sometimes the temperature on the boundary surface is a function of position 
only or is a function of time only or a constant. A special case includes 7(r, t) =0 on the 
surface of the boundary, which is called a homogeneous boundary condition. 


Boundary Condition II: = The flux of heat, i.e., the normal derivative of the temperature OT/On, 


is prescribed on the surface of the boundary. \t may be a function of both position and time, 
ley 


This is called the Neumann condition. Sometimes, the normal derivatives of temperature may 
be a function of position only or a function of time only. A special case includes 


I _9 on the boundary 


n 


This homogeneous boundary condition is also called insulated boundary condition which 
states that the heat flow is zero. 
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Boundary Condition III: A linear combination of the temperature and its normal derivative 
is prescribed on the boundary, i.€., 


peeien hT = G(r, t) 
on 
where K and / are constants. This type of boundary condition is called Robin’s condition. \t 
means that the boundary surface dissipates heat by convection. Following Newton's law of 
cooling, which states that the rate at which heat is transferred from the body to the surroundings 
is proportional to the difference in temperature between the body and the surroundings, we 
have 


oT 
-K— =h(T -T, 
Sahl —T,) 


AS a Special case, we may also have 


ean hT =0 
on 
which is a homogeneous boundary condition. This means that heat is convected by 
dissipation from the boundary surface into a surrounding maintained at zero temperature. 
The other boundary conditions such as the heat transfer due to radiation obeying the 
fourth power temperature law and those associated with change of phase, like melting, ablation, 
etc. give rise to non-linear boundary conditions. 


3.3. ELEMENTARY SOLUTIONS OF THE DIFFUSION EQUATION 


Consider the one-dimensional diffusion equation 


2 
OT _1OT —o<x<o, t>0 (3.10) 
Ox? a at 
The function 
T(x, t) = ae [-(x - €)7/(4art)] 


where € is an arbitrary real constant, is a solution of Eq. (3.10). It can be verified easily as 
follows: 


2 
TN DD oe - 2 5y(Aa0)) 


ot f4zat dat? 2t 


OT 1 -%x-8 ee pe 
Ox 4nat  4at epee) 
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Therefore, 


Jot g 5)*l4cr)] == 


axe .f4nat ea dat? 
which shows that the function (3.11) is a solution of Eq. (3.10). The function (3.11), known 
as Kernel, is the elementary solution or the fundamental solution of the heat equation for the 
infinite interval. For >0, the Kernel 7(x, t) is an analytic function of x and r and it can also 
be noted that 7(x, t) is positive for every x. Therefore, the region of influence for the diffusion 
equation includes the entire x-axis. It can be observed that as |x|—> oe, the amount of heat 
transported decreases exponentially. 
In order to have an idea about the nature of the solution to the heat equation, consider 
a one-dimensional infinite region which is initially at temperature f(x). Thus the problem is 
described by 


YT 1 -3 (x-E)? 


2 
ppb ag aeeees 250 (3.12) 
ot ax? 
CrP 4 0p SF (x), -o<x<oo, t=0 (3.13) 
Following the method of variables separable, we write 
T(x, t) = X (x) Ble) (3.14) 
Substituting into Eq. (3.12), we arrive at 
i eee | (3.15) 
xX ap 


where 4 is a separation constant. The separated solution for # gives 


B=Co™ (3,16) 
If A>0, wehave # and, therefore, T growing exponentially with time. From realistic physical 
considerations, it is reasonable to assume that f(x) 0 as |x|, while |7(x,1t)|<M as 
|x|. But, for T(x, t) to remain bounded, 2 should be negative and thus we 
take A=—y?. Now from Eq. (3.15) we have 

Gar ae Ga 
Its solution is found to be 
X =c, COS Ux+c7 Sin wx 

Hence 


2 
T (x,t, L) =(Acos ux+Bsin wx)e (3.17) 
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is a solution of Eq. (3.12), where A and B are arbitrary constants. Since f(x) is in general not 
periodic, itis natural to use Fourier integral instead of Fourier series in the present case. Also, 
since A and B are arbitrary, we may consider them as functions of wand take 


A=A(u), B=B(y). In this particular problem, since we do not have any boundary conditions 
which limit our choice of 44, we should consider all possible values. From the principles of 


superposition, this summation of all the product solutions will give us the relation 
Txt) =f TU 0, wd = f° LACH) cos pox + B(x) sin pxle tau 
which is the solution of Eq. (3.12). From the initial condition (3.13), we have 
T(x, 0) = f(x) =f [A(u) cos sux-+ Bu) sin sex] du 


In addition, if we recall the Fourier integral theorem, we have 


fi) =2 ft | ia f(x) cosolt—s)dr| do 


Thus, we may write 


fa) =2 JP] J 00) c05 whe yh | a 
KS fly) (0s ux cos jy + sin gx sin sy) dy | 
140 | Jc 


1 pe eo ; eo ; 
==| cos ux | f(y)cos wy dy +sin ux] f(y) sin wy ay au 
0 —oo —oo 
Let 


A(u) =-[" fly) cos wy dy 
Il J -<0 


l re ‘ 
B(u)=— | f(y) sin sry dy 
TW ¢-00 
Then Eq. (3.21) can be written in the form 
f(x) =|, [A(u) cos wx + B(u)sin wx] du 


Comparing Eqs. (3.19) and (3.22), we shall write relation (3.19) as 


1 se] es 
T(x, = fl=— I, i fly) cos lx yhdy | a 


(3.18) 


(3.19) 


(3.20) 


(3.21) 


(3.22) 


(3.23) 
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Thus, from Eq. (3.18), we obtain 
1 co co 2 
T(x, ==] J fly) cos u(x y) exp (-ayi2t) dy | du (3.24) 
1 40 | J-c0 


Assuming that the conditions for the formal interchange of orders of integration are satisfied, 
we get 


1 co fo) 
T(x, N= |. 0] f exp (—ow*t) cos u(x - y) an dy (3.25) 


Using the standard known integral 


ie exp (—s*) cos (2bs) ds = ve exp (-b?) (3.26) 
Setting s=uVJat, and choosing 
b=22 
2Jat 
Equation (3.26) becomes 
ae ee eee ee 3.27 
Jy © 1008 wx ~ y) due = exp [Cx - y)?(4ae) (3.27) 
Substituting Eq. (3.27) into Eq. (3.25), we obtain 
Txt) = pee f>) expl-(x= yd] dy (3.28) 


Hence, if f(y) is bounded for all real values of y, Eq. (3.28) is the solution of the problem 
described by Eqs. (3.12) and (3.13). 


EXAMPLE 3.1 \|n a one-dimensional infinite solid, -co<x<oo, the surface a<x<b is 
initially maintained at temperature 7) and at zero temperature everywhere outside the surface. 


Show that 
To b-x a-x 
T(x, t)= rf rf 
ne) 2 fe (a) : [ =) 


where erf is an error function. 


Solution The problem is described as follows: 
PDE: 7, =a. 


xx! 


IC: T=, a<x<b 


-ceocxX<oo 


=0 outside the above region 
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The general solution of PDE is found to be 


T(x,1)=—— | F(E) exp[-(x-€)/(4art)] aé 
Anat /-» 

Substituting the IC, we obtain 

b 

T(x,t) = al, exp [—(x-€)2/(4an)] dé 

Introducing the new independent variable 7 defined by 

__ 326 

? 4at 
and hence 
dé =.) 4at dn 


the above equation becomes 


Ty plo-x)N(4ar) 2 Ty [2 plo-a)NGor) _,2 2 pla-sNar) _,2 
Me lsnaay el ee ah : 7 


Now we introduce the error function defined by 


erf (z) -=I, exp (-77) dn 


Therefore, the required solution is 
T(x,t) =| erf (ae) erf (Fe) 
2 4at 4at 


3.4 DIRAC DELTA FUNCTION 


According to the notion in mechanics, we come across a very large force (ideally infinite) 
acting for a short duration (ideally zero time) known as impulsive force. Thus we have a 
function which is non-zero in a very short interval. The Dirac delta function may be thought 
of as a generalization of this concept. This Dirac delta function and its derivative play a useful 
role in the solution of initial boundary value problem (IBV P). 

Consider the function having the following property: 


1/2e, |It|<e 
6,(t) = 


0, |t|>e 


(3.29) 
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Thus, 


iZ Se(t)dr =f s-dt=l 


(3.30) 


Let f(t) be any function which is integrable in the interval (—e, €). Then using the M ean- 


value theorem of integral calculus, we have 


f- fl 8, (0) dr= =f" fii)dt=flé),  -e<é<e 
0° E#-é 


Thus, we may regard d(r) as a limiting function approached by 6,(t) as e— 0, i.e. 


d(t)= Lt 6,(t) 


e>0 


As €-0, we have, from Eqs. (3.29) and (3.30), the relations 


(in the sense of being very large) 
d= Lt 6.4)s. if r=0 
0, if #0 


[ 6(t) dt=1 


(3.31) 


(3.32) 


(3.33) 


(3.34) 


This limiting function d(t) defined by Eqs. (3.33) and (3.34) is known as Dirac delta function 


or the unit impulse function. Its profile is depicted in Fig. 3.2. Dirac originally called it an 
improper function as there is no proper function with these properties. In fact, we can observe 


that 
1=[" S(t) ar= Lt 6,(t)dt= Lt 0=0 
—oo £304 |t\|>e é>0 
6. 
1/2e 
-e0 € ' 


Fig. 3.2 Profile of Dirac delta function. 


Obviously, this contradiction implies that d(t) cannot be a function in the ordinary sense. 


Some important properties of Dirac delta function are presented now: 
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PROPERTY |: [- O(t)dt=1 


PROPERTY II: For any continuous function f(t), 


F(t) 5(t) dt = f(0) 


—co 


Proof Consider the equation 


Lt [- fdelt)dr= Lt fG)  -e<E<e 


e>0 


As €-0, we have é + 0. Therefore, 


[i Flats) ar= f(0) 
PROPERTY lll: Let f(t) be any continuous function. Then 


f= 8 (-a) Fle) d= F(a) 
Proof Consider the function 
lle, a<t<ate 
6,(t—a) = 
0, elsewhere 


Using the mean-value theorem of integral calculus, we have 


[7 bcte-a) rl a==f fldt=flatee),  0<0<1 


Now, taking the limit as ¢ 0, we obtain 


[ 5le-a) Fle)ar= fla) 
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Thus, the operation of multiplying f(z) by 6(t—a) and integrating over all ¢ is equivalent to 


substituting a for ¢ in the original function. 


PROPERTY IV: 6(-t)=6(t) 


PROPERTY V: Sih, a>0 
a 
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PROPERTY VI: If d(t) is a continuously differentiable. Dirac delta function vanishing for large 
t, then 


[. f@ea=-7'O 
Proof Using the rule of integration by parts, we get 
J_. fos Ma=[fOsOI=.-[- frOswma 
Using Eq. (3.33) and property (III), the above equations becomes 


[. f©s@a=-f'O 


PROPERTY VII: [- 6’(t—a) f(t)dt =-f’(a) 
Having discussed the one-dimensional Dirac delta function, we can extend the definition to 
two dimensions. Thus, for every f which is continuous over the region S containing the 
point (¢,77), we define 6(x-—é, y—7) in such a way that 
[J 6@-Ey-m fa ydo= FEM (3.35) 
Ss 
Note that 6(x-€, y—7) is a formal limit of a sequence of ordinary functions, i.e., 


0(x-€,y-)= Lt de(r) (3.36) 


where r? =(x—&)* +(y—7)*. Also observe that 


[f 6e-950-m fe Waedy= FEM (3.37) 
Now, comparing Eqs. (3.35) and (3.37), we see that 
6(x-¢, y-) = 6(x-¢) 6(y-7) (3.38) 


Thus, a two-dimensional Dirac delta function can be expressed as the product of two one- 
dimensional delta functions. Similarly, the definition can be extended to higher dimensions. 
EXAMPLE 3.2 A one-dimensional infinite region —0o<x<oo is initially kept at zero 
temperature. A heat source of strength g, units, situated at x = releases its heat instantaneously 
at time t=7. Determine the temperature in the region for t>z. 
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Solution Initially, the region —2o < x <oo is at zero temperature. Since the heat source 
is situated at x= and releases heat instantaneously at r=7, the released temperature 


at x=&€ and t=T isa 6- function type. Thus, the given problem is a boundary value problem 
described by 


PT , g(xt) _1loar 


PDE: = ' 
De k a ot 


o<x<oo,t>0 


IC: T(x,t) = F(x) =0, -o<x<0,t=0 


g(x,t)=g,0(x-€) d(t-T) 


The general solution to this problem as given in Example 7.25, after using the initial condition 
F(x) =0, is 


T(x, t) 


=< 1) i ea — g(x’, t’) exp[-(x—x’)*/{4a(t-1’)}] dx’ (3.39) 
Since the heat source term is of the Dirac delta function type, substituting 
g(x, t)= g,6(x—€) d(t-T) 


into Eq. (3.39), and integrating we get, with the help of properties of delta function, the 
relation 


a g, pt expl(x—€)*/{4a(t—1’)}] 
k V4aa 40 t—-t’ 


Therefore, the required temperature is 


T(x, t)= 


ag, expl-(x-€)"/{4elt-7)H for pyr 
k Anat —T) 


T(x, t)= 


EXAMPLE 3.3 An infinite one-dimensional solid defined by —co<x<co is maintained at 


zero temperature initially. There is a heat source of strength g,(r) units, situated at x =€, which 


releases constant heat continuously for t > 0. Find an expression for the temperature distribution 
in the solid for r>0. 


Solution — This problem is similar to Example 3.2, except that g(x, r) = g,(t) d(x-€) is 
a Dirac delta function type. The solution to this IBVP is 


Tae 


x—-€)*{4o(t—1’)} dt’ (3.40) 


r’ ——, pore 


194 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


It is given as g,(r) = constant = g, (say). Let us introduce a new variable 7 defined by 


= _ ¢)2 
n= = : or ees 5 $) 
a(t—t’) n° 4a 
Therefore, 
1 (x-€)? 
dt’ = d 
ne 2a 1 
Thus, Eq. (3.40) becomes 
2 
5 ea ae exp (—77° ) 
T(x,t)=g,-— td 
eee KGa he curt a 
However, 
2 2 
—n a] 
2 ig ae 5 +2e7 
dn n n 
Hence, 


a co 


x-€ -1P 
T(x,t)= - 2 id 
(x, t)= 29, 2K It | 7 | ie lapaar 
x- at 


Recalling the definitions of error function and its complement 


2 
erf (x) = Mee erf (co) =1 


2 x 

Tele’ 
2 oo x 

efe(x) =1~ert (x) = ef exp(-17)dy— J exp(-n? dn 


= a exp(—1) dn 


the temperature distribution can be expressed as 


_ &8, t 2 le=e a= eG 
T(x, t) = - | Feet (x-€)*/(4at)] = [1 erf =| 


Alternatively, the required temperature is 


den eee | et (x- €)?/(4a)] ee ete ee 


K 2a 4at 
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3.5 SEPARATION OF VARIABLES METHOD 
Consider the equation 
2 
aE ge (3.41) 
Ot ax? 
Among the many methods that are available for the solution of the above parabolic partial 


differential equation, the method of separation of variables is very effective and straightforward. 
We separate the space and time variables of 7(x, rt) as follows: Let 


T(x, t) = X (x) Blt) (3.42) 
be a solution of the differential Eq. (3.41). Substituting Eq. (3.42) into (3.41), we obtain 
a ane ae a separation constant 
xX ap 


Then we have 


2 
a KX =0 (3.43) 
d 
“P-akp=0 (3.44) 


In solving Eqs. (3.43) and (3.44), three distinct cases arise: 


Case I When K is positive, say A’, the solution of Eqs. (3.43) and (3.44) will have the form 


a 2 
X= qe +c2e Ax B = c3e4 (3.45) 


Case II When K is negative, say —A2, then the solution of Eqs. (3.43) and (3.44) will have 
the form 
X =c,COSAx+c, Sin Ax, B= cet (3.46) 
Case III When K is zero, the solution of Eqs. (3.43) and (3.44) can have the form 
X =qx+c7, B=c3 (3.47) 
Thus, various possible solutions of the heat conduction equation (3.41) could be the following: 


A “Ax ot 


T(x, t) =(cfe* +ce 
, to ~od*t 
T(x, t) =(cp cos Ax+c5 SiN Ax)e (3.48) 


T(x, t)=cjxt+c} 
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where 
CL = C3, C4 = C7C3 
EXAMPLE 3.4 Solve the one-dimensional diffusion equation in the region 0< x<z,r=>0, 
subject to the conditions 
(i) 7 remains finite as to 
(ii) 7 =0, if x=0 and a for all ¢ 


x, O0<x<a2/2 
(iii) Atr=0, T= 1 
H-X, a 


Solution Since T should satisfy the diffusion equation, the three possible solutions are: 


2 
T(x, t) = (cye** He “he t 


2 
T(x, t) =(c, COS Ax +c 7 Sin Ax) eet 
T(x, t) =(cyx+c>) 


The first condition demands that T should remain finite as t — oo, We therefore reject the first 
solution. In view of BC (ii), the third solution gives 
0=c,:0+c, 0=c,-4+Cc 


implying thereby that both c; and cz are zero and hence 7 =0 for all ¢. This is a trivial 
solution. Since we are looking for a non-trivial solution, we reject the third solution also. 
Thus, the only possible solution satisfying the first condition is 
: ot 
T(x, t) =(c, COS Ax +c, SIN Ax)e 
Using the BC (ii), we have 

0 =(c, CoS Ax +c) SiN Ax) es 
implying c;=0. Therefore, the possible solution is 


2 
T(x, t)= oe ‘sin Ax 
Applying the BC: 7=0 when x=z, we get 
sin Az =0> An =na 
where n is an integer. Therefore, 
A=n 
Hence the solution is found to be of the form 


2% 
T(x, th=ce™ ‘sin nx 
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Noting that the heat conduction equation is linear, its most general solution is obtained by 
applying the principle of superposition. Thus, 


co 2 ; 
T(x, t)= y Ger ‘sin nx 
n=1 


Using the third condition, we get 


co 


T{x,0)= > c, SIN nx 
n=1 


which is a half-range Fourier-sine series and, therefore, 


2% ‘ 2) pzl2. a . 
==], r(x, 0) sin nx d= 2) f xsin nx dx+ | (n= x)sin nd 


Integrating by parts, we obtain 


2 
2 cosnx sinnx)™ cosnx sinnx|” 
C= x 5 +4—(7 — x) i 
1 n n 0 n n 


m/2 


or 


Asin (nz/2) 
Bees 


nen 


Thus, the required solution is 


2 
n 


aes ~an't 
T(x,t)= ‘i » . zd mel) ie nx 
oe n=1 
EXAMPLE 3.5 A uniform rod of length ZL whose surface is thermally insulated is initially 
at temperature 6 = 6. At time ¢+=0, one end is suddenly cooled to 6 = 0 and subsequently 
maintained at this temperature; the other end remains thermally insulated. Find the temperature 
distribution @x, 2). 


Solution The initial boundary value problem IBVP of heat conduction is given by 


2 
eee O<x<L,t>0 
Ot Ax? 
BCs: @(0,t) =0, t>0 
00 
—(L,t) =0, 0 
7x! t) t> 
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From Section 3.5, it can be noted that the physically meaningful and non-trivial solution is 
2 
6(x,th=e "(A cos Ax+Bsin Ax) 


Using the first boundary condition, we obtain A=0. Thus the acceptable solution is 


2 
6 = Be ™'' sin Ax 


2 
98 _ a Be cos Ax 
Ox 


Using the second boundary condition, we have 
2 
0=ABe™" cos AL 


implying cos AL=0. Therefore, 
The eigenvalues and the corresponding eigenfunctions are 


pe (2n+1)z 
2L 
Thus, the acceptable solution is of the form 


' n=0,1,2,... 


6 = Bexp[-a{(2n+1)/2L}° 274] sin (5+) mx 


Using the principle of superposition, we obtain 


Cae SB, expla (2n+/2L)x°e}sin( 22x] 
n=0 


Finally, using the initial condition, we have 


— . (2n+1 
O = bs B, sin ( 7 ns] 
n=0 
which is a half-range Fourier-sine series and, thus, 


2 rl . (2n+1 
B, =>), 6ysin( OL nds 


_2|_, 22 cos Eee} 
~L| ? (2n+1)a 2L ; 


Eons —— 
7 pa m/2}—cos 0] = 


40, 
(2n+1)x 
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Thus, the required temperature distribution is 


= — 40 = 2 24-: 2n+1 
A(x)= yg a{(2n+1)/2L}x Asin{ 7 ns] 


EXAMPLE 3.6 A conducting bar of uniform cross-section lies along the x-axis with ends 
at x=0 and x=L, Itis keptinitially at temperature 0° and its lateral surface is insulated. There 
are no heat sources in the bar. The end x =0 is kept at 0°, and heat is suddenly applied at 
the end x=L, so that there is a constant flux go at x =L. Find the temperature distribution 
in the bar for + >0. 


Solution The given initial boundary value problem can be described as follows: 


OT PT 
PDE: 2 =g2~ 
Ot rw 
BCs: T(0, t) =0, t>0 
oT 
—(L,t)=q, 0 
an! t)=4o t> 
IC: T(x, 0)=0, O<x<L 


Prior to applying heat suddenly to the end x =L, when r=0, the heat flow in the bar is 
independent of time (steady state condition). Let 


T(x, t) = Ts) (x) + T(x, ¢) 


where 7(,) is a steady part and 7; is the transient part of the solution. Therefore, 


2 
d Ts) =i 
= 
Ox 
whose general solution is 
Tis) = Ax+B 
when x=0,7,) =0, implying B=0. Therefore, 
T\,) = Ax 


OT, 
Using the other BC: SS = 40 we get A=qo. Hence, the steady state solution is 
Xx 


Ts) = qox 
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For the transient part, the BCs and IC are redefined as 
(i) 7,(0, 1) =7(0, 1) -7,) (0) =0-0=0 
(ii) A%(L, t)/Ox = OT(L, t)/Ox - OT, (L, t)|Ax = qq - 99 =0 
(iii) 4 (x, 0) =7(x, 0) —),) (x) =-ggx, 0<x<L. 
Thus, for the transient part, we have to solve the given PDE subject to these conditions. The 
acceptable solution is given by Eq. (3.48), i.e 
F(x, 1) = "(A cos Ax+ Bsin Ax) 


Applying the BC (i), we get A=0. Therefore, 


T, (x,t) = Bet sin Ax 
and using the BC (ii), we obtain 
a, 


- = Ble" cos AL=0 
XxX 


xeL 


implying AL=(2n-1)5,n=1, 2,... Using the superposition principle, we have 


R(x. 0) =) B, exp [-orf(2n -1)/2LF x°]sin (Ao ax] 
n=l 


Now, applying the IC (iii), we obtain 


0) =—qox = ¥ B, sin (a= 
n=l 


and integrating between 0 to LZ and noting that 


Multiplying both sides by sin [Petes 


{, B sine *) xxsin[ 2 
2L 
we get at once, after integrating by parts, the equation 


-q Au sin( 220) |=2 =a 
(2m 1) x? 2 aa?) 
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or 
2 


2m-1)2 7? 


40 ( 
which gives 
(-1)"8Lqo 
(2m—1)?x? 


Hence, the required temperature distribution is 


m 


8Lag W | (-1)" I Fae | ena 
T(x, t) = qx +——— exp [—a@{(2m —1)/L}*2*t] sin IX 
Oe > (2m —1) ye 

EXAMPLE 3.7 The ends A and B of a rod, 10 cm in length, are kept at temperatures 0°C 
and 100°C until the steady state condition prevails. Suddenly the temperature at the end A is 
increased to 20°C, and the end B is decreased to 60°C. Find the temperature distribution in 
the rod at times. 


Solution The problem is described by 


2 
poe: 2 = ge 0<x<10 
Ot ax? 
BCs: T(0, t) =0, T(10, t) =100 


Prior to change in temperature at the ends of the rod, the heat flow in the rod is independent 
of time as steady state condition prevails. For steady state, 


dT 
—=0 
dx 
whose solution is 
Tis) = Ax+B 
When x=0, 7 =0, implying B=0. Therefore, 
T\,) = Ax 


When x=10, 7 =100, implying A=10. Thus, the initial steady temperature distribution in 
the rod is 


Ts) (x) =10x 


Similarly, when the temperature at the ends A and B are changed to 20 and 60, the final steady 
temperature in the rod is 


Tis) (x) = 4x + 20 
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which will be attained after a long time. To get the temperature distribution T(x, t) in the 


intermediate period, counting time from the moment the end temperatures were changed, we 
assume that 


T(x, t) = T(x t) + 1.) (x) 
where T,(x, t) is the transient temperature distribution which tends to zero as too. Now, 
T,(x, t) satisfies the given PDE. Hence, its general solution is of the form 
T(x, t) = (4x +20) +e°""(B cos Ax +esin Ax) 
Using the BC: T =20 when x =0, we obtain 


20 = 20+ Be 
implying B =0. Using the BC: T=60 when x =10, we get 
sin 102 = 0, implying A=. Wet, Dyce. 


The principle of superposition yields 


T(x, t)=(4x+ 20+ D6, exp [-@(nz/10) *rsin( “x js 


Now using the IC: 7=10x, when t=0, we obtain 


10x= 4x +20+ 5° c, sin [=x] 


or 


6x-20= 9 c, sin (=) 


where 


nw nw 


2 10 nv 1[ 
=— 6x — 20) sin] —x |dx= 1" 
ae ( ) (2 5 {9 


nw . (nw 
a t |}sin}| —x |]. 
oS) | & 


800 ad 


Thus, the required solution is 


na 


T(x, t)= 4x +20 > oe 7 800 no 20 ex 
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EXAMPLE 3.8 Assuming the surface of the earth to be flat, which is initially at zero 
temperature and for times tr >0, the boundary surface is being subjected to a periodic heat 
flux go cos wf. Investigate the penetration of these temperature variations into the earth’s 


surface and show that at a depth x, the temperature fluctuates and the amplitude of the steady 
temperature is given by 


8 [2a 


Vo exp [—./(@/ 2a) x] 


Solution The given IBVP is described by 


2 
PDE: = a2 (3.49) 
Ot Ox 
BC: 2 = gy coset at x=0, 1>0 (3.50) 
Ox 
IC: T(x, 0)=0 (3.51) 


We shall introduce an auxiliary function 7 satisfying Eqs. (3.49)-(3.51) and then define the 
complex function Z such that 


Z=T+iT 
We can easily verify that Z satisfies 
2 
PDE: awe (3.52) 
Ot Ox? 


Beie™ 2g, ef at x=0, t>0 
Ox 


IC:Z =0 in the region, t=0 


Let us assume the solution of Eq. (3.52) in the form 


Z= f(x) 
where f(x) satisfies 
2 
sa Ea ove (3.53) 
dx a 
Aa (3.54) 


dx 
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Also, 
f(x) is finite for large x. (3.55) 
The solution of Eq. (3.53), satisfying the BC (3.55), is 


f (x)= A exp[-./(ia/a) x] 


The constant A can be determined by using the BC (3.54). Therefore, 


f (x) - te |% exp[—./ (i@/ ar) x] 


Thus, 
Z= |= = -exp [iat —./(ia/a) x] (3.56) 
It can be shown for convenience that 
- ti 1 t-% 
Wicog ae 


Thus, Eq. (3.56) can be written in the form 


z= 2 e9| (Ea Hero} (or 2] 
- 20 op (Z-Jo ileos(or- [2x}sidn[or-[2s]| 


Its real part gives the fluctuation in temperature is 


_ 80 [2 me 2 me ee 
T(x, t)= iy exo | 2) cos Sin | 
el! (ee exp| —j x |cos! or — |x -2 
2Voa 2a 2a =4 


EXAMPLE 3.9 Find the solution of the one-dimensional diffusion equation satisfying the 
following BCs: 


(i) T is bounded as t— 0 
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(i) Z =o, for all 
AX|,-0 
oT 
iii) —j| =0, for all 
(iii) Filles or all ¢ 


(iv) T(x,0)=x(a-x), O<x<a. 


Solution This is an example with insulated boundary conditions. From Section 3.5, it 


can be seen that a physically acceptable general solution of the diffusion equation is 
T(x, t) = exp (—aA*1) (A cos Ax +B sin Ax) 
Thus, 


a = exp (at) (—AA sin Ax + BA cos Ax) 
x 


Using BC (ii), Eq. (3.57), gives B =0. Since we are looking for a non-trivial solution, the use 


of BC (iii) into Eq. (3.57) at once gives 
sin Aa =0 implying Aa =nz, n=0,1,2.... 
Using the principle of superposition, we get 
co 2 
T(x, t) = exp (-aA*t) cos Ax = SA, exp| — m) cos “= 
(x,t)= )) A, exp (-aA’t) =3 se0| a) va 


The boundary condition (iv) gives 


<2 2 
T(x, 0) =x(a—x)= Ag +) A, exp -+(*2] ] cos{ “x 
n=1 a a 


where 
a 2 
Ag ==) (ax—x?) de = 
2 4 2 nn 
A, = =| (ax — x) cos| —x | dx 
a0 a 
7 2a? 1 7 a’ 1 1" 
ee as oe +(-1) ] 
Therefore, 
4a? 
r oe for n even 
= n 


0, for n odd 
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Hence, the required solution is 
2 2 co 2 
T(x, t) 22 > 7, c0s{ | xexp -+(] | 
6 x n=2,4,...even 7 7 7 


EXAMPLE 3.10 The boundaries of the rectangle 0< x<a, 0< y<b are maintained at zero 
temperature. If at t=0 the temperature 7 has the prescribed value f(x, y), show that for 
t>0,the temperature at a point within the rectangle is given by 


4a 2 . MIX ny 
Tx: Kit )=—y pei m, n) exp (-a/A 7, t) sin a 


ab a 


m=1 n=1 


where 
f? f? . MX. nay 
flm,n)=f J, f (x, y) sin— — sin = dx dy 


and 


Solution The problem is to solve the diffusion equation described by 


poe: au +27 O0<x<a,0<y<b,t>0 
ot ax’ doy 
BCs: T(0, y,t)=T(a, y, t)=0, 0<y<b, t>0 
T(x, 0,4) =T(2,0,.4)=0, 0<x<a,t>0 
IC: T(x, y,0)= f(x, y), 0<x<a,0<y<b 


Let the separable solution be 
T = X(x)Y(y) Blt) 

Substituting into PDE, we get 
xX re _18 


Then B’+0d7B=0 
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Hence, 
X" + p?X =0 


=-1? + p* =-q° (say) 


Therefore, 
Y’"4q°¥ =0 
Thus, the general solution of the given PDE is 
T(x, y, t)=(ACOS px+ Bsin px) (c cos gy + Dsin qe Ht 
where 
2 =p +¢ 
Using the BC: 7(0, y,r)=0, we get A =0. Then, the solution is of the form 


2 
T(x, y,t)=Bsin px(c cos gy+ Dsin qye é 


Applying the BC: T(x, 0,t)=0, we get c =0. Thus, the solution is given by 
T(x, y,t)= BD sin pxsin gye"" 
Application of the BC: T(a, y,t)=0 gives 

sin pa=0, implying pa =nz 


or 


Using the principle of superposition, the solution can be written in the form 


co : a ; [ 2 
T(x, y,t)= >) A, sin (=) sin gye *" 


n=1 


Using the last BC: T(x, b, t) =0, we obtain 


Thus, the solution is found to be 


T(x, y,t =) ya sin( x sin( ; y)e ~ant 


m=1 n=1 
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where 


Finally, using the IC, we get 
,0 A, sin | —x |sin| — 
rsa) BA ss 
which is a double Fourier series, where 
a pb 
Amn =2.2 f° J, f (x, y)sin[ x )sin( % y] aray 


Hence, the required general solution is 


T(x yt =) sim et sn + sin y] 


m=ln 


where 


4 pa eb . (mar . (nw 
f(m n)=— | J, f(x, y) sin( SE x in Fy Jaa 


and 


3.6 SOLUTION OF DIFFUSION EQUATION IN CYLINDRICAL 


COORDINATES 
Consider a three-dimensional diffusion equation 
oT 2 
—=aV°T 
Ot . 


In cylindrical coordinates (7,0, z), it becomes 


1 of setae. a 
a ot ore r or r 2 0@2 az 


where T=T(r, @, z,t). 
Let us assume separation of variables in the form 


T(r, 6, z,t) = R(r) H(A)Z(z) Blt) 


(3.58) 
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Substituting into Eq. (3.58), it becomes 


1 1 j 
R”HZB+—R'HZB + H'RZB + ZRH B = PB uz 
r r a 


or 
Rk” 1 PR’ 1 Ht” Z” 1 - 
+ + +—= z Sag" 
R rR fp H Z ap 
where —A2 is a separation constant. Then 
B’+ad" B=0 
Rk” 1 Rr’ 1 H” Z” 
+ i +A? = =—" (say) 
R rR *-H Z 
Thus, the equations determining Z, R and H become 
Z" -wZ=0 
R” 1 R’ 1 HH” 
~—— +A? +47 =0 
R rR A 
or 
> R” , 7 7 eo. " _ 2 
a +r—+(Aot+u*)re =-—=vV* (Say) 
Therefore, 
H’+v*H =0 


2 
etal eed =0 
r r 
Equations (3.59)-(3.61) have particular solutions of the form 
B = et 
H =c cos v@+ Dsin vO 


Z = Ae“ + Be 
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(3.59) 


(3.60) 


(3.61) 


(3.62) 


The differential equation (3.62) is called Bessel’s equation of order v and its general solution 


iS known as 


R(r) = oJ, (YA? + ur) + EY, (VA? + u?r) 
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where J,,(r) and Y,(r) are Bessel functions of order v of the first and second kind, respectively. 
Of course, Eq. (3.62) is singular when + = 0. The physically meaningful solutions must be twice 
continuously differentiable in 0<r<a. Hence, Eq. (3.62) has only one bounded solution, i.e. 


R(r) = J, (Ja? + ur) 


Finally, the general solution of Eq. (3.58) is given by 
T(r, 0, 2,1) =e" [Ac + Be=][C cos v8 + D sin vA] Jy (x22 + wer) 


EXAMPLE 3.11 Determine the temperature 7(r,t) in the infinite cylinder 0<r<a when 
the initial temperature is T(r, 0) = f(r), and the surface r =a is maintained at 0° temperature. 


Solution The governing PDE from the data of the problem is 
OT 2 
—=av'T 
Ot 


where T is a function of r and ¢ only. Therefore, 


oT 1 OT _ 1 oT (3.63) 
ore ror adat 


The corresponding boundary and initial conditions are given by 
BC: T(a,t) =0 (3.64) 
IC: T(r, 0) = f(r) 
The general solution of Eq. (3.63) is 
T(r, t) = A exp (-aA7t) Jg(Ar) 
Using the BC (3.64), we obtain 
Jo(Aa) =0 
which has an infinite number of roots, €,a(n=1, 2,...,c0). Thus, we get from the superposition 


principle the equation 


fo} 


T(r,t)= A, exp (-a€ jt) Jg(E,1) 


n=1 


Now using the IC: 7(r, 0)= f(r), we get 


fey Ando(Snr) 
n=1 
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To compute A,,, we multiply both sides of the above equation by rJ)(&,,r) and integrate with 
respect to r to get 


[Pl Jo(Enr) dr = p3 An J, ro(En?) Jo(Eur) dr 


0 forn zm 


= 2 
An [S| (é,a)  forn=m 


which gives 


“uf (a) (Eu) du 


2 
A. =—— 
a’ J} (Ena) J 


m 


Hence, the final solution of the problem is given by 


; exp (-a€ 21) i uf (u)Jg(Enu) au] 


3.7 SOLUTION OF DIFFUSION EQUATION IN SPHERICAL 
COORDINATES 


In this section, we shall examine the solution of diffusion or heat conduction equation in the 
spherical coordinate system. Let us consider the three-dimensional diffusion Eq. (3.9), and let 


T =T(r,6,@,t). In the spherical coordinate system, Eq. (3.9) can be written as 


(3.65) 


OT 20T 1 Od(. oT 1 #T loa 
arr dr rsin@ 00 [sing eer ap a at 
This equation is separated by assuming the temperature function 7 in the form 
T = R(r) H(8) ®(9) Bit) (3.66) 
Substituting Eq. (3.66) into Eq. (3.65), we get 


RO 2 1 1d(...dH 1 doe 1p, 
+ +- eS >= =-A* (say) 
R rR_ *¢-*sing H dé @r’ sin’ @ d@ a B 

where 4? is a separation constant. Thus, 


4B y ag =0 
dt 
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whose solution is 


Also, 


2 2 
anal? [CE 2), Bia [snot |--2e¢ 


2 
B = ne t 


R\ dr? rdrj Hr*sing de dé 


which gives 


whose solution is 


© (@) = cei? sf: coe i? 


Now, the other separated equation is 


P dg? 


2 


1({d*R 24dR 1 d(..,dH\ .»  m 
ad aaa ae sin@ +A => 5 
R\ dr r dr Hr‘ sin@ dé do r° sin’ @ 
or 
r? 2 22 m- 1 d dH 
ars’ |e = —_— [sing 
R r sint?@ Hsine de do 
=n(n+1) (say) 
On re-arrangement, this equation can be written as 
nretarel ae Aer gag 
r r 
and 
1 _ .d°H dH) m° 
- sin@— + cos @ a a (n +1) 
Hsing do d@} sin‘@ 
or 


2 
oF tos n(n+1)-— 
do dé 


Let R=(Ar)/?y(r); then Eq. (3.69) becomes 


(Ary? ww tyr) a = hy 
r 


(3.68) 


(3.69) 


(3.70) 
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Since (Ar) #0, we have 
1 1/2)? 
yirstytenel ee : |e =0 
r 
which is Bessel’s differential equation of order (7+1/2), whose solution is 
y(r) _ AJ 41/2 (Ar) + BY n+l/2 (Ar) 
Therefore, 
R(r) = (Ary? [AS, 4/9 (Ar) + BY 41/2 (Ar) (3.71) 


where J,, and Y,, are Bessel functions of first and second kind, respectively. Now, Eq. (3.70) 
can be put in a more convenient form by introducing a new independent variable 


uM=Ccos@ 
so that 


cot @ = wh{l— wi" 


dH __ fa 
do Yau 
GH _q_ aj _ dt 
do? due dl 
Thus, Eq. (3.70) becomes 
2 2 
(1 Pa ay SE | nina) = rie (3.72) 
du du l-u 


which is an associated Legendre differential equation whose solution is 
H(0) = A’Py'(u) + BON (ua) (3.73) 


where P?’(u) and Q’’() are associated Legendre functions of degree n and of order m, of 


first and second kind, respectively. Hence the physically meaningful general solution of the 
diffusion equation in spherical geometry is of the form 


, 2 
(7,0,6,0)= SY Agim (Ary? Ingaya(Ar) PR (cos 8) eto" (3.74) 


A,m,n 


In this general solution, the functions Q(z) and (Ary YAY, lA) are excluded because 


these functions have poles at 4=+1 and r=0 respectively. 
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EXAMPLE 3.12 Find the temperature in a sphere of radius a, when its surface is kept at 
zero temperature and its initial temperature is f(r, 6). 


Solution Here, the temperature is governed by the three-dimensional heat equation in 
spherical polar coordinates independent of ¢. Therefore, the task is to find the solution of 
PDE 


2 
gat ga te ar Fan 36"? a8) a 
Subject to 

BC:T(a,0,t)=0 (3.76) 
IC: T(r, 8, 0) = f(r, 8) (3.77) 

The general solution of Eq. (3.75), with the help of Eq. (3.74), can be written as 
T(r, 8,1) = ¥ Agy Arye? Jaya Ar) P, (cos @)e- (3.78) 

An 


Applying the BC (3.76), we get 
Jnay2 (Aa) = 0 


This equation has infinitely many positive roots. Denoting them by é,, we have 


T(r, 0, t) = >> >> Ani (Er)? Insta (Er) P, (Cos 8) exp (—a?1) (3.79) 


—s a 2 
-» » Ani (Gr)? Inayia (Gr) [4] 
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or 


1 . 
Gar Pree) flr evel aes 2 AWléry ? Inan(Gr) for n=0,1,2,3,... 


Now, to evaluate the constants A,;, we multiply both sides of the above equation 
by 7? F,42(€;r) and integrate with respect to r between the limits 0 to a and use the 
orthogonality property of Bessel functions to get 


gn  2att) 


. 1 
2 J Spal al J Pala Fr cosa) a 


0 


oe. a 
= >; Ani I, J nay (ir) Insy2($ jr) a 


“7 [Fi atya (6; Er)’, n=0,1,2,3... (3.80) 
Thus, Eqs. (3.79) and (3.80) together constitutes the solution for the given problem. 


3.8 MAXIMUM-MINIMUM PRINCIPLE AND CONSEQUENCES 


Theorem 3.1 (Maximum-minimum principle). 
Let u(x,t) be a continuous function and a solution of 


U, = OU, (3.81) 


for 0<x<Jl, O<t<T, where T>0 is a fixed time. Then the maximum and minimum values 
of u are attained either at time ¢ =0 or at the end points x =0 and x =/ at some time in the 
interval O<?¢<T. 

Proof To start with, let us assume that the assertion is false. Let the maximum value 
of u(x,t) for t=0(0<x</) orforx =0 or x =1(0<t<T) be denoted by M. We shall assume 
that the function u(x, rt) attains its maximum at some interior point (xo, fo), in the rectangle 


defined by 0< x9 </, O<t) <T, and then arrive at a contradiction. This means that 
u(x9,t9) =M +E (3.82) 

Now, we shall compare the signs in Eq. (3.81) at the point (xo, 7). It is well Known from 

calculus that the necessary condition for the function u(x, t) to possess maximum at (x9, fo) is 


Ou a 
5, (201 fo) =0, 52 (0:19) $0 (3.83) 
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In addition, w(xg, fg) attains maximum for t =o, implying 
SE (apy) 20 (3.84) 


Thus, with the help of Eqs. (3.83) and (3.84) we observe that the signs on the left- and right- 
hand sides of Eq. (3.81) are different. However, we cannot claim that we have reached a 
contradiction, since the left- and right-hand sides can simultaneously be zero. 


To complete the proof, let us consider another point (x3, 7) at which d2u/dx2 <0 and 
Ouldt > 0. 
Now, we construct an auxiliary function 
v(x, t) =u(x,t)+A(to -t) (3.85) 


where 4 is a constant. Obviously, v(x9, to) =u(x9,to) =M +e and A(t) —t) < AT. Suppose 
we choose A>0, such that A<e/2T; then the maximum of v(x,t) for ¢=0 or 
for x=0, x=/ cannot exceed the value M +eé/2. But v(x,t) is a continuous function and, 
therefore, a point (x,,4) exists at which it assumes its maximum. It implies 
M +€/2sv(%,4) 2V(%9,t9) =M +e 
This pair of inequalities is inconsistent and therefore contradicts the assumption that v 
takes on its maximum at (x, #9). Therefore, the assertion that w attains its maximum either 


at t=0 or at the end points is true. 

We can establish a similar result for minimum values of u(x, ¢). If u satisfies Eq. (3.81), 
-u also satisfies Eq. (3.81). Hence, both maximum and minimum values are attained either 
initially or at the end points. Thus the proof is complete. We shall give some of the consequences 
of the maximum-minimum principle in the following theorems. 


Theorem 3.2 (Uniqueness theorem). Given a rectangular region defined by O< x</, O<r<T, 


and a continuous function u(x, t) defined on the boundary of the rectangle satisfying the heat 
equation 


Uu, = OU), 
This equation possesses one and only one solution satisfying the initial and boundary conditions 
u(x, 0) = f(x) 
u(0,t) = g(t), u(Z, t) = go(t) 
where f(x), 21(t), go(t) are continuous on their domains of definition. 


Proof Suppose there are two solutions u(x,t), u2(x,t) satisfying the heat equation as 
well as the same initial and boundary conditions. Now let us consider the difference 
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V(x, t) =Uy(x, t) — uy (Xx, 6) 
It is also a solution of the heat conduction equation for 0< x<I1, O<t<T and is continuous 
inx and zt. Also, v(x, t)=0, O< x<I and v(0,t)=v(l,t)=0, O<t<T. Hence, v(x, t) satisfies 
the conditions required for the application of maximum-minimum principle. Thus, v(x, t)=0 in 


the rectangular region defined by O< x<I1, O<t<T. It follows therefore that u,(x, t) =up(x, £). 


Another important consequence of the maximum-minimum principle is the stability property 
which is stated in the following theorem without proof. 


Theorem 3.3 (Stability theorem). The solution u(x,t) of the Dirichlet problem 


U, = yy, O<x<l, OSt<T 
u(x, 0) = f(x), O<x<l 
u(0, t) = g(t), u(l,t)=h(t), O<t <T 


depends continuously on the initial and boundary conditions. 


3.9 NON-LINEAR EQUATIONS (MODELS) 


Today various studies of fluid behaviour are available which encompass virtually any type of 
phenomena of practical importance. However, there are many unresolved important problems 
in fluid dynamics due to the non-linear nature of the governing PDEs and due to difficulties 
encountered in many of the conventional, analytical and numerical techniques in solving 
them. In the following, we shall present few non-linear model equations to have a feel for this 
vast field of study. 


3.9.1 Semilinear Equations 


Reaction-diffusion equations that appear in the literature are frequently semilinear and are of 
the form u, = Vu + flu, x, t). 

Typically, they appear as models in population dynamics, with inhomogeneous term 
depending on the density of local population. In chemical engineering, f varies with temperature 
and/or chemical concentration in a reaction like flu) = Aw. 


3.9.2 Quasi-linear Equations 


Many problems in fluid mechanics, when formulated mathematically, give rise to quasi-linear 
parabolic PDEs. A simple example concerns the flow of compressible fluid through a porous 
medium. Let p denotes fluid density. Following Darcy’s law, which relates the velocity V to 


the pressure p as 
Ll 
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Then, the equation of conservation of mass is given by 


2? 4. ¥.(pv)=0 
ot 


and the equation of state p = p(p) can be combined to get 


op 
a V -[K(p)Vp] 


where K(p) is proportional to pe. The model can then be written as the porous medium 
p 


equation in the form 


op 
—+V-(p"V 
ay (p"Vp) 
where n is a positive constant. 


3.9.3. Burger’s Equation 


The well-known Burger’s equation is non-linear and finding its solution has been the subject 
of active research for many years. For simplicity, let us consider one-dimensional Burger’s 
equation in the form 

Uz, + UUy = VUyy 


1 4 
be hy —| Vy 5 =0 (3.85a) 


which is actually the non-linear momentum equation in fluid mechanics without the pressure 
term. v is the physical viscosity. Here vu,, measures dissipative term and wu, measures 
convective term, while uw, is the unsteady term. Hopf (1950) and Cole (1951) gave independently 
the analytical solution for a model problem using a two-step Hopf-Cole transformation described 
by 


u(x, t) = WY 
yw = -2v log lx, t) 
That is, 
pee (3.85b) 
y 
Thus, 
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3 
Ux --2o( =) + 6 Be). wf 
? ~ 9 


Inserting, these derivative expressions into Eq. (3.85a) and on simplification, we arrive at 


(0 - §) - (vbx - Gy = 0. (3.85¢) 


Therefore, we have to solve Eq. (3.85c) to find @x, rt), and using this result in Eq. (3.85b), 
we obtain an expression for u(x, t) which of course satisfies Eq. (3.85a). Thus, if Ax, 2) 
satisfies heat conduction equation 


%, = VPxx (3.85d) 


which also means solving trivially Eq. (3.85c). This is also called dinearised Burger’s equation. 
Equivalently, we may introduce the transformation: 


VW. =U, 
ue (3.85e) 
VY, = Vu, — 


2 
in such a way, satisfying that yw, = w,,. Then, the above transformation can be rewritten as 


Vi = VV - (3.85f) 


Also, Eq. (3.85b) can be recast in the form 
Ax, t) = eb Vu M20] (3.859) 


Thus, knowing dx, t), we can find u(x, t) from Eq. (3.85b). It may also be observed that 
Eqs. (3.85d) and (3.85f) are equivalent. 

Hence, the transformation of non-linear Burger’s equation into heat conduction equation, 
made life easy to get analytical solution to the Burger’s equation. 


3.9.4 Initial Value Problem for Burger’s Equation 


The IVP for Burger’s equation can be stated as follows. Solve 
PDE: u, + uu, = Vy, -0 <x <0, t >0 
IC: u(x, 0) = Ax) (3.85h) 


Under the transformation defined by Eq. (3.85b) and using (3.85g), the given IVP can be 
restated as a Cauchy problem, described by 


PDE: 4, = vb 


220 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


= 
IC: Ax, 0) = 5x) =e ay (3.85i) 


Using, the standard, separation of variables, method of solution, as given in Eq. (3.28), the 
solution to Eq. (3.85i) is found to be 


fj rtavan] 


_ 1 ears _(x-€é 3.85) 
dot) = pe fate] 7 Jes (3.85)) 


Substituting the expression for @(x), the above equation can be rewritten as 


_ 1 of | flo 2) 
alsil= = |” evo] 5 Jeg 


where, 


2 
Aéx=[" plaldas Bo 


Finally, using Eq. (3.85b), the exact solution of the IVP for Burger’s equation as stated 


in Eq. (3.85h) is found to be 
= (p= 6) Fe eb) 
[iene 


cxp| - 18 lag 


Vv 


(3.85k) 


Here, the function f(é, x, t) is known as Hopf-Cole function. 


3.10 MISCELLANEOUS EXAMPLES 


EXAMPLE 3.13 A homogeneous solid sphere of radius R has the initial temperature distribution 
f(r), 0<r<R, where r is the distance measured from the centre. The surface temperature 


is maintained at 0°. Show that the temperature T(r, rt) in the sphere is the solution of 


2 2 
1, =e ee 
r 


where c? is a constant. Show also that the temperature in the sphere for r>0 is given by 


le . (na 2 
T(r,t)=— YB sin] —r |exp (-A<2), ig BME 
(nF asin Fr Jewe-a a, 
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Solution The temperature distribution in a solid sphere is governed by the parabolic 
heat equation 


T, =¢°V°T 


From the data given, T is a function of r and ¢ alone. In view of the symmetry of the sphere, 
the above equation with the help of Eq. (3.65) reduces to 


T=0 [7 +27) (3.86) 
r 


Setting v=r7T, the given BC gives 
v(R,t)=7T (Rt) =0 
while the IC gives 
wAD=H=rT ir, O=7A lr) 
Since T must be bounded at r=0, we require 


v(0, t)=0 
Now, 


Similarly, finding 7,,. and substituting into Eq. (3.86), we obtain 
yy =c’v,, 
Using the variables separable method, we may write v(r, t)=R(r) z(t) and get 
R(r)=AcosSkr+Bsin kr 
T(t) = exp (-c2k21) 
Thus, using the principle of superposition, we get 
v(r, t) = > (A, cos kr + B, Sin kr) exp (—c?k?1) 
n=l 
Also, using v(0,z)=0, we have 
(A, cos kr + B,, sin kr) |,.9=0 
implying A, =0. Also, v(R,t)=0 gives B, sin kR =0, implying sin kR =0, as B, #0. Therefore, 


kR =nq, ka, HE 2 ao. 
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Thus, the possible solution is 
oo 22,2 
» { NA cn ant 
it)= > B, sin) —r |exp| — 
v(r,t) py (=, | 
Finally, applying the IC: v(r, 0) =7f(r), we get 
se sin | 


which is a half-range Fourier series. Therefore, 


= =I" rf (r)sin (,) dr 


But v(r,t)=rT(r,t). Hence, the temperature in the sphere is given by 


2 


lc . (nx c2n wt 
T(r,t)=— >, B,sin| —r |exp| - 
(r,t) a2 (=) | 2 


EXAMPLE 3.14 A circular cylinder of radius a has its surface kept at a constant temperature 
Ty. If the initial temperature is zero throughout the cylinder, prove that for r>0. 


_ 20. Jolé,a) 
room 7 Entel exp (-&7 | 


where +6,+€&,...,+¢, are the roots of Jg(€a)=0, and k is the thermal conductivity which 
is a constant. 


Solution \t is evident that T is a function of r and ¢ alone and, therefore, the PDE to 
be solved is 


OT 1 OT 2 1 OT (3.87) 
ore ror k ot 
subject to 
IC: T(r, 0) =0, O<r<a 
BC: T(a,:t)=Tp; t2=0 
Let 


T(r, t)=T) + G(r, t) 
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so that 
T,(r, 0) =-Tp (3.88) 
T,(a,t) =0 (3.89) 


where 7; is the solution of Eq. (3.87). By the variables separable method we have (see 
Example 3.11), 


T(r, t) = AJg(Ar) exp (-Akt) 
Using the BC: 7;(a,r)=0, we get 
AJ (Aa) exp(-A7kt) = 0 


which gives Jo(Aa) =0 as A#0. Let &, &,...,€,, be the roots of Jy(Aa)=0. Then the 
possible solution using the superposition principle is 


T(r, t) = x A, Jo(E,r) exp (-€2kt) (3.90) 


n=1 
Using the IC: 7%(7,0) =—7Zp into Eq. (3.90), we obtain 
by Ato ef) = =lh 
n=l 


Multiplying both sides by rJo(&,,r) and integrating, we get 


-Ty if tI (Snr) dr = > A, i ro (Emr) Jo(€,r) dr 
n=1 


= Ay I. rJ5(E,r) if m=n; otherwise 0 


But, 
a Smt xX dx 
~Ty i, rJq (Snr) dr=—Ty | gO (¥= Sm?) 
T, gma d 
Ee qeailla 
= = 20 f(x) 5" = mel Jy (ona) 


m m 
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Therefore, 
2 
T 
Ay sul (Sn) -= a0 Jy (En) 
or 
_ 2h 1 
" ag, J(¢,,a) 


Hence, Eq. (3.90) becomes 


2S IylE,r) exp (EA kt) 
r,t)= 1 
T(r) n{ ay 7(E,a) a 


EXAMPLE 3.15 Determine the temperature in a sphere of radius a, when its surface is 
maintained at zero temperature while its initial temperature is f(r, 0). 


Solution Here the temperature is governed by the three-dimensional heat equation in 
polar coordinates independent of @, which is given by 


lou du 20u 1 Of... .eu 
_ gee (3.91) 
k ot ar ae ae een Ob [sin x) 


Let 
u(r, @,t) =R(r) (0) T(t) 


By the variables separable method (see Section 3.7), the general solution of Eq. (3.91) is 
found to be 


u(r,0,t)= SY Ag, (Ary? Jy41j2(Ar) P, (cos @) exp (-kA2) (3.92) 
Aon 


In the present problem, the boundary and initial conditions are 
BC: u(a,6,t) =0 (3.93) 
IC: u(r, 6,0) = f(r, 8) (3.94) 
Substituting the BC (3.93) into Eq. (3.92), we get 
Jn41j2(Aa) = 0 (3.95) 
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Let a, &a,...,&a,... be the roots of Eq. (3.95). Then the general solution can be put in the form 


u(r, 6, t)= Dy YS Airy’? Ins Gir) P,(cos @)exp (-kgFt) (3.96) 
n=1 i=1 
Now using the IC, we obtain 


f(r, 0) = ps YS AiG"? Instr (Gir) Py (cos 8) 
i=1 


Multiplying both sides by P,(cos @)d (cos @) and integrating, we have 


J, Pi(cos 6) f(r, 8)d (cos 6) = YY AG Inva2lEir) |, P? (cos 6) (cos 8) 


n=1 j=1 
Using the orthogonality property of Legendre polynomials, we get 


1 ~ ih 2 
J, Palcos6) f(r, 8)d(cos 6) = p> > Ani (Gir) Inwva (Sir (x75 | 


Rearranging and multiplying both sides of the above equation by r*/7J,,44,9(&r) and integrating 
between the limits 0 to a with respect to r, we get 


ae 2 Sasuo(Gir) def P,(cos 8) f(r, @)d (00s 8)= Ay [1d 2 eG Star 
a’ 2 
= Ani > ns2(Si} 
Therefore, 
(2n+1é/? 7 
Ani = [2 dnsun(Gir) dr P,(cos 6) f(r, @)d (cos) (3.97) 


a {Fn o(Gay¥ 


Hence, we obtain the solution to the given problem from Eq. (3.96), where A,,; is given by 
Eq. (3.97). 


EXAMPLE 3.16 Theheat conduction in a thin round insulated rod with heat sources present 
is described by the PDE 


U, — QU, = F(x, t)/pc, 0<x<l,t>0 (3.98) 
subject to 
BCs: u(0, t) =u(I, t)=0 
IC: u(x,0)= f(x), O<x<l (3.99) 


where p andc are constants and F is a continuous function of x and ¢. Find u(x, f). 
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Solution — \|t can be noted that the boundary conditions are of homogeneous type. Let 
us consider the homogeneous equation 
u, — u,, =0 (3.100) 
Setting u(x, t)= X(x)T(t), we get 
T’ Xx” 


Se ey 3.101 
iT x (say) ( ) 


which gives X” +42xX =0. The corresponding BCs are 
X(0) = X(/) =0 


The solution of Eq. (3.101) gives the desired eigenfunctions and eigenvalues, which are 
2 
X,(x)=sind,x, a2 -(7) , nz (3.102) 
For the non-homogeneous problem (3.98), let us propose a solution of the form 


u(x, t)= 7, (t) X,(x) (3.103) 


It is clear that Eq. (3.103) satisfies the BCs (3.99). From the orthogonality of eigenfunctions, 
it follows that 


However, 
2 fl _ (mn 
T,(0)=— f(x) sin +a (3.104) 


which is an IC for 7,,(t). Introducing Eq. (3.103) into the governing equation (3.98), we get 
> hp -a) T,X = 
n=1 n=1 


Now, we shall expand F(x,t)/oc, so that it is represented by a convergent series 


F(x, t) (3.105) 
p 


Cc 


on 0<x<iJ, t>0 in the form 


fo} 


= = alt) X, (2) (3.106) 
Po sa) 
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where 


1 
an(t) == f F (x,t) sin xa 
140 pc l 


Thus, g,(t) is known. Now, Eq. (3.105), with the help of Eq. (3.101), becomes 
YS) X, (Ti + AAT, - q,) =0 
n=1 


Therefore, it follows that 
Td) + A2 af, (t) = q,(t) 
Its solution with the help of IC (3.104) is 


T(t) =, (0) exp (—A2ar) + f, exp[A2a(r-1)]q,(z) dr 


From Eqs. (3.103) and (3.109), the complete solution is found to be 


fore} 


u(x,t)= 7, (0 exp (-A2at) + f, exp[A2a(z-1) q,(z) az] x4) 
n=1 


In the expanded form, it becomes 


ul=> {2 Jy MEX n16)ag} ex (A 


n=l 


2 ¢! 2 UF; ) 
‘, exp {Azar ot Xy(6)46 dr |X 
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(3.107) 


(3.108) 


(3.109) 


(3.110) 


It can be verified that the series in Eq. (3.110) converges uniformly for +>0. By changing 


the order of integration and summation in Eq. (3.110), we get 
= exp (—A*art) X,,(x)X,,( 


l n(S) 
u(x,t)=f » 7p |resas 


n=l 


) eat 
pe 


mi j = exp {-Aia(t—7)}X,(x) X,(E) | e(E 
0/0) 1/2 


which can also be written in the form 


1 I pl 
u(x, t) =|, G(x, €; f(E)dg + | I, G(x, €; eas dt 


(3,011) 
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where 


exp ( at X,, (x) X, (€) 


D>) 


is called Green’s function. More details on Green’s function are given in Chapter 5. 


EXAMPLE 3.17 The temperature distribution of a homogeneous thin rod, whose surface is 
insulated is described by the following IBVP: 


PDE: v,- vy, =0,0<x<L,0<t<o (3.112) 
BCS: v(0, t) = v(L, t) = 0 (3.113) 
IC: v(x, 0) =flx), OS x SL (3.114) 


Find its formal solution. 
Solution Let us assume the solution in the form 
v(x, t) = X(x)T(t) 
Eq. (3.112) gives 


XT =X’T 
x T’ 2 
or =—=-a' (sa 
ae (say) 
where @ is a positive constant. Then, we have 
X” + @X =0 
and T +a@T=0 


From the BCS 
v(0, t) = X(0)7(r) = 0, 


and v(L, t) = X(L)T(t) = 0, 
we obtain, X(0) = X(L) = 0 for arbitrary t. Thus, we have to solve the eigenvalue problem 
Xx” + o&°X =0 


subject to X(0) = X(L) = 0. 
The solution of the differential equation is 
X(x) =A cos ax + B SIN ax. 
Since X(0) = 0, A = 0. The second condition yields 
X(L) = B sin aL = 0 
For non-trivial solution, B # 0 and therefore we have 
sin aL = 0, implying @ = nL, for n = 1, 2, 3, ... 
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Thus, the solution is obtained as 


X,(x) = B, sin 22% 
L 


Next, we consider the equation 


T + ofT =0 
whose solution can be written as 
2 
T(t)=Ce*' 
or Pj=cer 


Hence, the non-trivial solution of the given heat equation satisfying both the boundary 
conditions is found to be 


v, (x,t) = a,e ae) sin( "2 (3.115) 


where a, = b,c, (arbitrary constant). 
To satisfy the IC, we should have 


v(x, 0) = f(x) = >, sin( 2") 


which holds good, if f(x) is representable as Fourier Sine series with Fourier coefficients 


2 rl . ( nax 
a, =>), f(x)sin( Jas, 


Hence, the required formal solution is 
a} 2 ch . NAT twat (=) 
n= >|— t)sin——dt | e '"™"" ‘ sin| — |. 
v(x, t) Sire = Je _ 


EXERCISES 
1. A conducting bar of uniform cross-section lies along the x-axis, with its ends at x =0 
and x =/. The lateral surface is insulated. There are no heat sources within the body. 
The ends are also insulated. The initial temperature is Ix—x*,0<x<l. Find the 
temperature distribution in the bar for r>0. 
2. The faces x=0, x=a of a finite slab are maintained at zero temperature. The initial 


distribution of temperature in the slab is given by T(x, 0)= f(x),0<x<a. Determine 
the temperature at subsequent times. 
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3. Show that the solution of the equation 
ar_@r 
at ax? 

satisfying the conditions: 
(i) T30 ast 
(ii) 7 =0 for x =0 and x =a for all r>0 
(iii) T=x when t=0 and 0<x<a 
is 


co 7 _qyn-l 
T(x, t)= a > (=I) sin, exp[-(nz/a)?1] 
a nal n a 


2 
4. Solve the equation Aa a satisfying the conditions: 


ot ax 
(i) T=0 when x=0 and 1 for all ¢ 


2x, O0<x<l/2 


(ii) T= 
2(1-x), ; 


5. Solve the diffusion equation 


0o (30 100 
=v + 
ot ore ror 


<x<l1 when r=0. 


subject to 


r=0, @ is finite, t>0 


r=a,0=0, t>0 
paige |, t=0 
4u 


Here, P, uz and v are constants. 
6. A homogeneous solid sphere of radius R has the initial temperature 


distribution f(r),0<r<R, where r is the distance measured from the centre. The 
surface temperature is maintained at 0°. Show that the temperature 7(r, t) in the 


sphere is the solution of 7, = c? (7, +27, Show that the temperature in the sphere 
r 


for t>0 is given by 


10. 
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ee ye. sin (=, exp (-21) 


where 4, =cna/R and c? is a constant. 
If @(x) is bounded for all real values of x, show that 


T(x, t)= — E)?/(Akt) dé 


1 co 
al. (5) exp [—(x 
is a solution of 7, =AT,,. such that 7(x, 0) = @(x). 


An infinite homogeneous solid circular cylinder of radius a is thermally insulated to 
prevent heat escape. At any time ¢, the temperature 7(r, tr) at a distance r from the 
axis of symmetry is given by the heat conduction equation with axial symmetry. At 
time ¢ =0, the initial temperature distribution at a distance r from the axis is known 
to be a function of r. Find the temperature distribution at any subsequent time. 


Let r =(x, y, z) represent a point in three-dimensional Euclidean space R3. Find a 
formal solution u(7,t) which satisfies the diffusion equation 


=aV7u, t>0 
and the BC: u(7,0)= f(r), where Fe R3. 


Solve — a _ 76 : , 0<x<a,t>0 subject to the conditions 
Ot Ox 


6(0, t)=0(a,t)=0 and A(x, 0) = @ (constant). 
(GATE-Maths, 1996) 


CHaPTER 4 


Hyperbolic Differential Equations 


4.1 OCCURRENCE OF THE WAVE EQUATION 


One of the most important and typical homogeneous hyperbolic differential equations is the 
wave equation. It is of the form 


= V*u (4.1) 
ot 
where c is the wave speed. This differential equation is used in many branches of Physics and 
Engineering and is seen in many situations such as transverse vibrations of a string or 
membrane, longitudinal vibrations in a bar, propagation of sound waves, electromagnetic 
waves, sea waves, elastic waves in solids, and surface waves as in earthquakes. The solution 
of a wave equation is called a wave function. 
An example for inhomogeneous wave equation is 


OV HF (4.2) 


where F is a given function of spatial variables and time. In physical problems F represents 
an external driving force such as gravity force. Another related equation is 


Vy = F (4.3) 


where y is a real positive constant. This equation is called a wave equation with damping 
term, the amplitude of which decreases exponentially as t increases. In Section 4.2, we shall 
derive the partial differential equation describing the transverse vibration of a string. 
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4.2. DERIVATION OF ONE-DIMENSIONAL WAVE EQUATION 


Suppose a flexible string is stretched under tension z between two points at a distance L 
apart as shown in Fig. 4.1. We assume the following: 
1. The motion takes place in one plane only and in this plane each particle moves in 
a direction perpendicular to the equilibrium position of the string. 
2. The tension z in the string is constant. 


Fig. 4.1 Flexible string. 


3. The gravitational force is neglected as compared with tension z of the string. 
4. The slope of the deflection curve is small. 


Let the two fixed ends of the string be at the origin O and A(L, 0) which lies along the 
x-axis in its equilibrium position. Consider an infinitesimal segment PQ of the string. Let p be 
the mass per unit length of the string. If the string is set vibrating in the xy-plane, the 
subsequent displacement, y from the equilibrium position of a point P of the string will be 
a function of x and time r, while an element of length dx is stretched into an element of length 


ds given by 
oy : 1( dy ; 
2 ia] a al ee) ee 
ds (2) dx {2 dx 


The elementary elongation is given by 


2 

1( dy 
dL=ds—dx==| | d. 
— (32) * 


Xx 


while the work done by this element against the tension z is 


1 (ody : 
(2) dx 


Therefore, the total work done, W, for the whole string is 


_1fe ayy 
w=s], [2] dx 
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If U is the potential energy of the string, then 


Also, the total kinetic energy T of the string is given by 
_1ft (oy : 
T=5I, (2) dx 
Using Hamilton’s principle (See— Sankara Rao, 2005), we have 


ah (T —U)dt=0 
to 


aT 
i} (T -U) dt 
i) 
is stationary. In other words, 
1 pt cl oy % dy i‘ 
= —| —c|— | |dxadt 
2 Ii iF (2) (z ° 
is stationary, and is of the form 


{J F(x, t, Y,; Vys Y-) ax dt 


Noting that x and ¢ are independent variables, from the Euler-Ostrogradsky equation, we have 


OF O|( OF O| OF _, 
Oy odt\dy,)} Ox\ dy, 


O( oy oO (oy 
=0 
AG 2 $ (eZ) 
If the string is homogeneous, then p and 7 are constants, in which case the governing equation 
representing the transverse vibration of a string is given by 


which gives 


Oy »0°y 
——=c* — 44 
Ot? Ox? a) 
where 


c? =t/p (4.5) 
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EXAMPLE 4.1 Consider M axwell’s equations of electromagnetic theory given by 
V-E=479 
V-H=0 


1 OH 
VxE=-—-— 
c Ot 


4ni 10K 
= — + — — 


VxXH 
c cat 


where E is an electric field, e is electric charge density, H is the magnetic field, i is the 
current density, and c is the velocity of light. Show that in the absence of charges, i.e., 


when p=i=0, E and H satisfy the wave equations. 


Solution Given 


1 
neve 
c Ot 


Taking its curl again, we get 


Vx(VxB)=Vx{ ~2 Ht) --(2vxu] 
c Ot ote 


c Ot 


1 g(1 ae) 1 °E 
c Ot ce Ot 
Moreover, using the identity 
Vx(V XE) =V(V-E)-V’E=-V°E 
it follows directly that 


2 
E 
vE=-— 2" 

Cc Ot 


Similarly, we can observe that the magnetic field H also satisfies 


2 
H 
v= 2H 

c’ Oot 


which is also a wave equation. 
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4.3 SOLUTION OF ONE-DIMENSIONAL WAVE EQUATION BY 


CANONICAL REDUCTION 
The one-dimensional wave equation is 
Uy — CU, = 0 
Choosing the characteristic lines 
€=x-ct, n=x+t+ct 
the chain rule of partial differentiation gives 
Uy =UgGy +Upl, =Ug +Uy 
U, = Usd, + Unt, = C(Uy — Ue) 
In the operator notation we have 


d_9 0 A_(a a 
dx dE om a \am 2 


Thus, we get 


d.ay : 
oot a U=Uge + Ugy + Uny 


ru 2 

a (ugg — ugh + Uny) 

Substituting Eqs. (4.8) and (4.9) into Eq. (4.6), we obtain 
Aug, =0 

Integrating, we get 


u(€,n) =o(€) +n), 


(4.6) 


(4.7) 


(4.10) 


where @ and yw are arbitrary functions. Replacing € and 7 as defined in Eq. (4.7), we have 


the general solution of the wave equation (4.6) in the form 
u(x, t) =o(x-ct)+w(x+ct) 


(4.11) 


The two terms in Eq. (4.11) can be interpreted as waves travelling to the right and left, 


respectively. Consider 


uy (x,t) = o(x-ct) 
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This represents a wave travelling to the right with speed c whose shape does not change as 
it travels, the initial shape being given by a known function @(x). In fact, by setting t=0 


in the argument of ¢, it can be observed that the initial wave profile is given by 
Uy (x, 0) = O(x) 
At time t=1/c, 
u, (x, 1/c) = (x -1) 

Let x’=x-1. Then ¢(x-1) = @(x’). That is, the same shape is retained even if the origin 
is shifted by one unit along the x-axis. In other words, the graph of u,(x,1/c) is the same as 
the graph of the original wave profile translated one unit to the right. At t=2/c, the graph 
Of u,(x, 2/c) is the graph of the wave profile translated two units to the right. Thus, in 


particular, at t=1, we have u,(x,1)=@(x-c). Hence in one unit of time, the profile has 
moved c units to the right. Therefore, c is the wave speed or speed of propagation. Using 
similar argument, we can conclude that the equation u,(x, t)=y(x+ct) is also a wave profile 


travelling to the left with speed c along the x-axis. Hence the general solution (4.11) of one 
dimensional wave equation represents the superposition of two arbitrary wave profiles, both 
of which are travelling with a common speed but in the opposite directions along the x-axis, 
while their forms remain unaltered as they travel. This situation is described in Fig. 4.2. 


u(x, 0) = (x) 
u, (x, 1/c) 


(1, 1/c) (c, 1) 


Fig. 4.2 Travelling wave profile. 


Let & be an arbitrary real parameter. Consider then 
u(x, t) = @[k(x—ct)]+ wik(x + ct)] (4.12) 
This is also a solution of the one-dimensional wave equation. Further, let w=kc, Then 


u(x, t) = @kx — at] + yikx + at] (4.13) 
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A function of the type given in Eq. (4.13) is a solution of one-dimensional wave equation iff 
w=kc. Therefore, waves travelling with speeds which are not the same as c cannot be 
described by the solution of the wave equation (4.6). Here, (kx+qat) is called the phase for 


the left travelling wave. We have already noted that x+ct are the characteristics of the one- 
dimensional wave equation. 


EXAMPLE 4.2 Obtain the periodic solution of the wave equation in the form 
u(x, t) = Aei(kxtar) 
where i=J-1,k=+aI/c, A is constant; and hence define various terms involved in wave 
propagation. 
Solution Let u(x,t)= f(xje™™ be a solution of the wave equation 
Ug = C7U yy 
Then 
Uy. = f’"(x~ye", Un = —f (x)o’er" 


Substituting into the wave equation, we get 


roe f(x) =0 
Its general solution is found to be 
f (x) =c, exp [i(@/c)x]+ cy exp [-i(@/c)x] 
Therefore, the required solution of the wave equation is 
u(x, t) =[c, exp {i(@wic)x} + cy exp {-i(aic)x} Je"! 
Since k=+a@/c, the time-dependent wave functions are of the form 


u(x, t) = age”) 


Hence, u(x, t)= Ae** is a solution of the wave equation, and is called a wave function. 


It is also called a plane harmonic wave or monochromatic wave. Here, A is called the 
amplitude, @ the angular or circular frequency, and k is the wave number, defined as the 
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number of waves per unit distance. By taking the real and imaginary parts of the solution, 
we find the linear combination of terms of the form 


Acos(kxtqat), Asin (kx + at) 


representing periodic plane waves. For instance, consider the function u(x, t) = Asin (kx — at). 
This is a sinusoidal wave profile moving towards the right along the x-axis with speed c., 
Defining the wave length 2 as the length over which one full cycle is completed, we 
have A2=2z/k, thereby implying that k =2z/A. 


Suppose an observer is stationed at a fixed point xg; then, 


uf aott]=Asin i -at-04| 
c c 


= Asin (kxg — at — 277) = Asin (kxp — at) 
Thus, we have 
u(Xp,t + Alc) = u(Xg, t) 
Hence, exactly one complete wave passes the observer in time T =A/c, which is called the 
period of the wave. The reciprocal of the period is called frequency and is denoted by 
f =UT 
The function, u=Acos (kx —q@t)= Asin (7/2+kx-— at), also represents a wave train except 


that it differs in phase by z/2 from the sinusoidal wave. Now consider the superposition of 


the sinusoidal waves having the same amplitude, speed, frequency, but moving in opposite 
directions. Thus, we have 


u(x, t) = Asin [k(x —ct)]+ Asin [k(x+ct)] 
= 2Asin kx cos (kct) = 2A cos (ket) sin kx 


Its amplitude factor [2A cos(kct)] varies sinusoidally with frequency w. This situation is 


described as a standing wave. The points x, =na/k, n=0,+1,+2,... are called nodes. No 
displacement takes place at a node. Therefore, 


u(x,,t)=0 forall t 


The nth standing wave profile will have (n—1) equally spaced nodes in a given interval 
as shown in Fig. 4.3. 
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aN 
LF 
yea 


n=3 
n=2 


n=1 


Fig. 4.3 Standing wave profiles. 


4.4 THE INITIAL VALUE PROBLEM; D’ALEMBERT’S SOLUTION 
Consider the initial value problem of Cauchy type described as 
PDE: uy, —C*Uyy =0, <x <0, t20 (4.14) 
ICs: u(x,0)=7(x), uu, (x, 0) = v(x) (4.15) 


where the curve on which the initial data 77(x) and v(x) are prescribed is the x-axis. 7(x) and v(x) 
are assumed to be twice continuously differentiable. Here, the string considered is of an 
infinite extent. Let u(x, t) denote the displacement for any x and z. At t=0, let the displacement 


and velocity of the string be prescribed. We have already noted in Section 4.3 that the general 
solution of the wave equation is given by 


u(x,t) = @(x+ ct) + w(x -ct) (4.16) 
where @ and w are arbitrary functions. Substituting the ICs (4.15) into Eq. (4.16), we obtain 
O(x) + W(x) = (x) 
c1p’(x) — w(x) = v(x) 
Integrating the second equation of (4.17), we have 


(4.17) 


1x 
ox)-vX=—[, vedé 
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Addition and substraction of this equation with the first relation of Eqs. (4.17) yield 


de RL 


w(x) = 2 ae 


respectively. Substituting these relations for @(x) andy(x) into Eq. (4.16), we at once have 


ee) = Flax ter) +l er)] +5 v(E)dé (4.18) 


C 4x-ct 


This is known as the D’Alembert’s solution of the one-dimensional wave equation. If y =0, i.e., 
if the string is released from rest, the required solution is 


1 
u(x, t)=sInla+et) +nlx—er)] (4.19) 
The D’Alembert’s solution has an interesting interpretation as given in Fig. 4.4. 


P(X) to) 


(x9 - Cty, 0) (xq + Cfo, 0) 
Fig. 4.4 Characteristic triangle. 


Consider the xt-plane and a point P(x, ¢). Draw two characteristics through p backwards, 
until they intersect the initial line, i.e, the x-axis at Aand B. The equation of these two 
characteristics are 


xtct=xXxo + cto 


Equation (4.18) reveals that the solution u(x,t) at P(xg,t9) can be obtained by averaging the 


value of 7 at Aand B and integrating v along the x-axis between A and B. Thus, to find the 
solution of the wave equation at a given point P in the xt-plane, we should know the initial 
data on the segment AB of the initial line which is obtained by drawing the characteristics 
backward from P to the initial line. Here the segment AB of the initial line, on which the value 
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of u(x,t) at P depends, is called the domain of dependence of P, and the triangle PAB is 


called the characteristic triangle (see Fig. 4.4), which is also called the domain of determinancy 
of the interval. 


EXAMPLE 4.3 A stretched string of finite length LZ is held fixed at its ends and is subjected 
to an initial displacement u(x, 0) =wo sin (zx/L). The string is released from this position with 
zero initial velocity. Find the resultant time dependent motion of the string. 

Solution Oneof the practical applications of the theory of wave motion is the vibration 
of a stretched string, say, that of a musical instrument. In the present problem, let us consider 


a stretched string of finite length Z, which is subjected to an initial disturbance. The governing 
equation of motion is 


PDE: u,—c’u,, =0,0Sx<L,t>0 (1) 
BCs: u(0, t) =u(ZL, t) =0 (2) 
ICs: u(x, 0) =u sin (zx/L), (3) 
Ou 
—(x, 0) =0 
a (x, 0) (4) 


In Section 4.3, we have shown the solution of the one-dimensional wave equation by canonical 
reduction as 


u(x, t)=o(x-—ct) +w(x+ct) (5) 


One of the known methods for solving this problem is based on trial function approach. Let 
us choose a trial function of the form 


u(x, f= alsin (1+ o1)+sin (xen) (6) 
where A is an arbitrary constant. Now, we rewrite Eq. (6) as 


u(x, f =2asin( Jeos( S| (7) 


obviously, Eq. (7) satisfies the initial condition (3) with A=wo/2, while the second initial 
condition (4) is satisfied identically. In fact Eq. (7) also satisfies the boundary condition (2). 
Therefore, the final solution is found to be 


u(x,t) =ug sin F* \cos = (8) 
L L 
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It may be noted that the trial function approach is easily adoptable if the initial condition is 
specified as a sin function. However, it is difficult if the initial conditions are specified as a 


general function such as f(x). In such case, it is better to follow variables separable method 
as explained in Section 4.5. 


EXAMPLE 4.4 Solve the following initial value problem of the wave equation (Cauchy 
problem), described by the inhomogeneous wave equation 


PDE: u, —c7Uy, = f (x,t) 
subject to the initial conditions 
u(x,0)=7(x), u,(x, 0) =v(x) 
Solution To make the task easy, we shall set w= +u , SO that m is a solution of 


the homogeneous wave equation subject to the general initial conditions given above. Then 
uz Will be a solution of 


Ou 2 Ou 
or? Ox? 


= f (x,t) (4.20) 
subject to the homogeneous ICs 


uz(x, 0) =0, “2, 0)=0 (4.21) 


To obtain the value of w at P(x9,%9), we integrate the partial differential equation (4.20) over 
the region IR as shown in Fig. 4.4, to obtain 


IJ [Fe-e3 2 Gen a I dt = JJ faa t) dx dt 


Using Green’s theorem in a plane to the left-hand side of the above equation to replace the 
surface integral over IR by aline integral around the boundary oIR of IR, the above equation 
reduces to 


Ils {« ak AG Joo fh flx,t) dxdt 


and finally to 


Ou 2 uy = 
is & dx+c Teale Jf x,t) dxdt (4.22) 
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Now, the boundary JIR comprises three segments BP, PAand AB. Along BP, dx/dt =-—c; 
along PB, dx/dt =c. Using these results, Eq. (4.22) becomes 


i Cc D2 iy 4 22 ay =| Cc DD, 5 a 
BP \ ot ox PA \ ot ax 
-| [Gare Sea |e f (x, t) dx dt 
AB IR 


ot Ox 


The integrands of the first two integrals are simply the total differentials, while in the third 
integral, the first term vanishes on AB in view of the second IC in Eq. (4.21), and the second 


term also vanishes because AB is directed along the x-axis on which dt/dx=0. Then we arrive 
at the result 


ee du a du “| f (x, t) dx dt 
which can be rewritten as 


cuty(P) ~ cuz (B) + cup (P) ~cuy(A) = ff f(x t)dx at (4.23) 
IR 


Using the first IC of Eq. (4.21), we get u»(A)=uz(B)=0, and hence Eq. (4.23) becomes 


P)= ral t) dx dt 


with the help of Fig. 4.4, we deduce 


i) ee 
4,24 
P=s-[, J x0 gia a) ame ( ) 
Now, using the fact that w=u,+wu, as also using Eq. (4.24) and D'Alembert’s solution 


(4.18), the required solution of the inhomogeneous wave equation subject to the given ICs is 
given by 


es 1) =Sinlx+ct) +mlx-ct) += J vie) dg 


c 


frp rt f (x,t) dx dt (4.25) 


XQ —ctg tect 


This solution is known as the Riemann-Volterra solution. 


HYPERBOLIC DIFFERENTIAL EQUATIONS 245 


4.5 VIBRATING STRING—VARIABLES SEPARABLE SOLUTION 


Following Tychonov and Samarski, it is known that transverse vibration of a string is normally 
generated in musical instruments. We distinguish the string instruments depending on whether 
the string is plucked as in the case of guitar or struck as in the case of harmonium or piano. 
In the case of strings which are struck we give a fixed initial velocity but does not undergo 
any initial displacement. In the case of plucked instruments, the strings vibrate from a fixed 
initial displacement without any initial velocity. The vibrations of stretched strings of musical 
instruments, vocal cards, power transmission cables, guy wires for antennae structures, etc. 
can be examined by considering the basic form of wave equations as discussed in Sections 4.3 
and 4.4. 

Let a thin homogeneous string which is perfectly flexible under uniform tension lie in its 


equilibrium position along the x-axis. The ends of the string are fixed at x=0 and x=L. The 
string is pulled aside a short distance and released. If no external forces are present which 
correspond to the case of free vibrations, the subsequent motion of the string is described by 


the solution u(x,t) of the following problem: 
PDE: Uy —CUg, =0, O<x<L, t>0 (4.26) 


BCs u(0,t)=0, t>0 


u(L,t)=0, t>0 (4.27) 
ICs: u(x, 0) = f(x), u,(x, 0) = g(x) (4.28) 

To obtain the variables separable solution, we assume 
u(x,t) =X(x)T(t) (4.29) 


and substituting into Eq. (4.26), we obtain 


d’X|dx*’ — d°Tldt’ 


> =k (a separation constant) 
Xx CT 


Case I When k>0, we have k=A?. Then 


2 
sey a 
dx 
2 
oF car =0 


dt 
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Their solution can be put in the form 


X=aqe"+o0e" (4.30) 
Pane eae (4.31) 
Therefore, 
u(x, t)=(cqe** +.0,e°**) (ce + eye) (4.32) 
Now, use the BCs: 
u (0,1) =0=(q +e) (36° +eye™) (4.33) 


which imply that cj +c) =0. Also, u(Z,t)=0 gives 

een toe =0 (4.34) 
Equations (4.33) and (4.34) possess a non-trivial solution iff 
1 1 


or 


2AL 


1-74 =0 implying e744 =1 or AL=0 


This implies that 7 =0, since L cannot be zero, which is against the assumption as in Case 
|. Hence, this solution is not acceptable. 


Case IT Let k=0. Then we have 


Their solutions are found to be 
X =Ax+B, T=ct+D 
Therefore, the rquired solution of the PDE (4.26) is 
u (x, t)=(Ax+B) (ct+D) 
Using the BCs, we have 
u(0, t)=O0=B(ct+D), implying B=0 


u(L, t)=0=AL(ct+D), implying A=0 


Hence, only a trivial solution is possible. Since we are looking for a non-trivial solution, 
consider the following case. 
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Case IIT When k <0, say k=—A?, the differential equations are 


2 2 
PF xh, SS ay Peo 
dx dt 
Their general solutions give 
u(x, t) =(cy COSAX +c SINAX) (cz COSCAT + cg SIN CAL) (4.35) 


Using the BC: u(0,t)=0 we obtain c, =0.Also, using the BC: w(L,r)=0, we get sinAL =0, 
implying that A,, =nz/L, n=1,2,..., which are the eigenvalues. Hence the possible solution is 


Ad, Asin 7 maa, cos Z 7p, sin), n=1,2,... (4.36) 


Using the superposition principle, we have 


ey sin™( 4, : : ina) (4.37) 


n=1 


The initial conditions give 


nx 
u ( rp) A, sin—— 
n=1 


which is a half-range Fourier sine series, where 
2 Ll nx 
==], f(x) sin => dx (4.38) 


Also, 


u,(2,0)= oy B, in|" ) 


which is also a half-range sine series, whee 


L 
oS g(x) sin ax (4,39) 


" natc4 0 
Hence the required physically meaningful solution is obtained from Eq. (4.37), where A, and 
B,, are given by Eqs. (4.38) and (4.39). w,,(x, t) given by Eq. (4.36) are called normal modes 


of vibration and nac/L=a,,n=1,2,... are called normal frequencies. 
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The following comments may be noted: 


(i) 
(ii) 


(ili) 


(iv) 


u(x, t) 


First mode, n= 1, frequency = 


The displaced form of the stretched string defined by Eq. (4.36) is referred to 
as the nth eigenfunction or the nth normal mode of vibration. 


The period of the nth normal mode is 2L/nC, which means nC/2L cycles per 
second, called its frequency. 


The frequency can be expressed as 


ALE y2 
ro3(3) 


Thus, the frequency can be increased either by reducing L or by increasing the 
tension t. 


For a given L, t and p, the first normal mode n = 1, vibrates with the lowest 


frequency 
T C 
lg \ 41’ p ake 


is called the fundamental frequency. 


If the stretched string can be made to vibrate in a higher normal mode, the 
frequency is increased by an integer multiple. The deflected configuration of the 
stretched string corresponding to the given normal mode at a specified time 
t =f*, can be obtained from Eq. (4.36). The deflected shapes corresponding to 
the first three normal modes and the associated frequencies are depicted in 
Fig. 4.4. 


Stretched string u(x, t) 


Cc Second mode, n = 2, frequency = c 
2L acai aca 3 


u, (x, t) = sin) {4 sin(J") + B, cos ()} u(x, t) = sin(=*) {A, sin(*7"") +B, cos( “S| 


u(x, t) 


Third mode, n = 3, frequency = 36 


wasn E) (sn) 


Fig. 4.4(a) Normal modes of a vibrating stretched string. 
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EXAMPLE 4.5 Obtain the solution of the wave equation 


_ 2 
Uy =C Uy, 


under the following conditions: 
(i) w(0,t)=u(2, r)=0 
(ii) u(x, 0) =sin? xx/2 
(iii) u,(x, 0) =0. 


Solution We have noted in Example 4.4 that the physically acceptable solution of the 
wave equation is given by Eq. (4.35), and is of the form 


u(x, t) = (cy COSAX + cz SiN Ax) [c3 COS (cAt) + cq SiN (cAt)] 


Using the condition u(0, t)=0, we obtain c, =0. Also, condition (iii) implies cy =0. The 
condition u(2,t)=0 gives 
sin2A =0, 
implying that 
A=nal2, n=1,2,... 
Thus, the possible solution is 


>) A, sin“cos an (4.40) 


Finally, using condition (ii), we obtain 


5 Asin 5" =sin? Te at be 
7 2°4° 2 4° 2 


which gives A, = 3/4, A; =—1/4, while all other A,’s are zero. Hence, the required solution is 


3.. ax. act 1. 30x 32ct 
u(x, t) =—sin—cos ——sin cos 
4 2 2 4 2 2 


EXAMPLE 4.6 Prove that the total energy of astring, which is fixed at the points x=0,x=L 
and executing small transverse vibrations, is given by 


lL pll(ay¥ 1(dayyY 
ay Bee peel ees 
2 jo) (3) a 
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where c? =T/p, p is the uniform linear density and T is the tension. Show also that if 


y= f(x—-ct),0<x<L,then the energy of the wave is equally divided between potential 
energy and kinetic energy. 


Solution Thekinetic energy (KE) of an element dx of the string executing small transverse 


2 
se dx) (3 


vibrations is given by (see Fig. 4.5) 


ot 


x=L 
Fig. 4.5 Vibrating string. 


Therefore, 


2 
T rl l(dy 
Total KE =— | = 4.41 
= ae alae i 


However, ds* =dx* + dy’, which gives 


Hence, the stretch in the string is given by 


2 
ete ay dx 
2\ ox 


Now, the potential energy (PE) of this element is given by 


Therefore, 


2 
Total PE “7h ae (4.42) 
2Jo 


HYPERBOLIC DIFFERENTIAL EQUATIONS 251 


When added, Eqs. (4.41) and (4.42) will yield the required total energy of the string. If 
y= f(x-ct), then 


oP of (x0, oy f'(x-ct) 
oy ee re 
(2) =r 


From Eq. (4.41), 
set aa 
Total KE=—T | (f') dx 
From Eq. (4.42), 
af pas 
Total PE=—T | (f’)2ax 
which clearly demonstrates that the total KE = total PE. 


EXAMPLE 4.7 A string of length LZ is released from rest in the position y= f(x). Show 
that the total energy of the string is 


where 
Pel 
k= | f(x) sin (sax/L) dx 
T-tension in the string 
If the mid-point of a string is pulled aside through a small distance and then released, 
show that in the subsequent motion the fundamental mode contributes 8/z of the total 


energy. 


Solution \f f(x) can be expressed in Fourier series, then 


f (X) = (dp/2) + y (a, cosnx + b, sinnx) 
n=1 
Here, (a,cosx+b,sinx) is called the fundamental mode. Following the variables separable 
method and using the superposition principle, the general solution of the wave equation is 
cnt 


y(x, j=) k, sin cos (4.43) 
n=1 
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where 


2th NIX 
k,=— in —d 
n ar f (x)sin 7 Ix 


and the total energy is obtained from 


=F). (2) +2 


{2 Jo 


From Eq. (4.43), 


cos 


pas L L L 
oy - cnt . nx . cnat 
nn » k, sin 


Using the standard integrals 


2m . 0, m#n 
| sin mxsin nx dx = 
0 Z, m=n 


2a 0, m#n 
} cosmx cos nx dx = 
0 


Z, m=n 
We have 
L ngx cnat 
f.(2 =I > kn? cos* = cos* ———dx 
0 L 
1 cnat 
crs kon cos? —_— 
Also, 


2 


L : 2 
| ae x=oy> kn? sin? om = 
0 C2 ot 2 L 


cnat 
zy kn? si? = 


(4.44) 


(4.45) 


(4.46) 
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Substituting Eqs. (4.45) and (4.46) into Eq. (4.44), we obtain 


Now, the transverse motion of the string is described by the equation 


— . nx naq«ct 
y(x.t)=}" k, sin——cos 
| L L 


where 
2 Ll . NX 


But the equation of the line OP is (see Fig. 4.6) 


en O0<x<L/2 
L 


(L, 0) 
Fig. 4.6 Aan illustration of Example 4.7. 


while the equation for the line of PA is 


y=-£(x-1), L/2<x<L 


Therefore, 


L[2 L 2 
ee i 2 sin ae f — (y— 1) sin ax 
0 L L L238 L 


Integration by parts yields 


2\2e LV 2e V nn 
k= a >> sin 
L| Lanta’ Lon‘n 2 
a for n odd 
nn 2 


253 


(4.47) 


(4.48) 
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Substituting this value of k,, into Eq. (4.47), we obtain 


nT ~64e" 1  16Te’ 1 
Ee a es ee 


nodd n 


nodd 


but we know that 


Hence, 


27.2 
Total energy, E = ee 
Lx’ | 8 


while the total energy due to the fundamental mode is 167¢7/L*. Hence the result. 


4.6 FORCED VIBRATIONS—SOLUTION OF NON-HOMOGENEOUS 
EQUATION 


Consider the problems of forced vibrations of a finite string due to an external driving force. 
If we assume that the string is released from rest, from its equilibrium position, the resulting 
motion of the string is governed by 


PDE: Uy CU, = F(x, t) O0<x<L, t>0 (4.49) 
BCs: u(0, t) =u(L, t) =0, t>0 (4.50) 
ICs: u(x, 0)=u,(x, 0) =0, O<x<L (4.51) 


Here, F(x, t) is the external driving force. To obtain the solution of the above problem, we 


proceed as follows: Taking the solution of vibrating string in the absence of applied external 
forces as a guideline, we assume the solution to this case to be 


u(x, t)= x 6, (1)sin (4.52) 
n=1 


It can be seen easily that the BCs are satisfied. The function u(x, t) defined by Eq. (4.52) 
also satisfies the ICs (4.51), provided. 

¢,(0)=¢7(0)=0, n=1,2,... (4.53) 
Substituting the assumed solution (4.52) into the governing PDE (4.49), we obtain 


o0 2_2 
» ine 24 in =P t) 
L L 


n=1 
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or 
y [ Gale) + 0% 9, (1) [sin = F(x, 0 (4.54) 
where ™ 
0, = (4.55) 


and the dots over @ denote differentiation with respect to 4. Multiplying Eq. (4.54) by 


sin kax/L and integrating with respect to x from x=0tox=Z and interchanging the order 
of summation and integration, we get 


ae 2 de WANs KAM, fh _KAX = 
> (dnl) + off sin “sin d= J | Flx, t)sin— dx =F, (1) 


From the orthogonality property of the function sin (mzx/L), we have 


[d; (t) + oF @ (2)] Je sin? at a = F(t) 
or 
(dele) + ofa (N=4 FC), k=12,.. (4.56) 


This is a linear second order ODE which, for instance, can be solved by using the method 
of variation of parameters. Thus, we solve 
dy, (t) + @7 @, (t) = Fe (t) (4.57) 
subject to 
@, (0) = ¢, (0) =0 


where 


= 2h . kx 
Fl=— I, F(x, t)sin*de 


The complementary function for the homogeneous part is Acos@,t+ Bsina@,t. Taking A and 
B as functinos of ¢, let 


o, (t) = A(t) CoS @,t + B(t) SiN @gt 


o, (t) = A COS wt + BSin w,t — Aa, SiN @,t + Ba, COSa,t 


256 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


We choose A and B such that 
ACOS @,t+ Bsin @,t =0 (4.58) 
Therefore, 
@, (t) = Aw? coS@,t — Ba? sina, t — Aa, Sin, t + Ba, COS, t 
Substituting these expressions into Eq. (4.57), we get 
o,(Bcosa@,t — Asin@,t) = F;, (t) (4.59) 
Solving Eqs. (4.58) and (4.59) for A andB, we obtain 


F,,(t)sin @,t 
D, 


A(t) = 


F, (t) COS @yt 
QD, 


B(t)= 


Integrating, we get 


A= ['R(E)sin o,€ dé 
@, 0 


1 rte 
B=— J Fel(é) cos w,€ dé 
Thus, 
p= [FR (6)sinlay (rE) aé (4.60) 
a, 0 


It can be verified easily that zero ICs are also satisfied. Hence the formal solution to the 
problem described by Eqs. (4.49) to (4.51), using the superposition principle, is 


u(x, ft) 25) | 


— fF, (esin ols 0ag} sin" (4.61) 
n=1 


n 


Thus, if uw, is a solution of the problem defined by Eqs. (4.26) to (4.28) and if wu» is a solution 


of the problem described by Eqs. (4.49)-(4.51), then (u,+u) is a solution of the IBVP 
described by 


PDE:u, —c?u,, = F(x, t), 0<x<Lt20 (4.62) 
BCs:u(0,t) =u(L, t) =0, t>0 (4.63) 
ICs: u(x, 0) = f(x), u,(x,0) = g(x) (4.64) 
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Hence, the solution of this nonhomogeneous problem is found to be 


— NIX 
u(x, )=)) (A, CoS@,t + B, Sin @,t) Sin —— 


n=1 
— 1 pte F . NIX 
p> [2 fr tesinto,te—enag sin (4.65) 


This solution may be termed as formal solution, because it has not been proved that the series 
actually converages and represents a function which satisfies all the conditions of the given 
physical problem. 


4.7 BOUNDARY AND INITIAL VALUE PROBLEMS FOR 
TWO-DIMENSIONAL WAVE EQUATIONS—METHOD 
OF EIGENFUNCTION 


Let IR bea region in the xy-plane bounded by a simple closed curve JIR. Let IR=IR UOIR. 
Consider the problem described by 


PDE: Uy —C°V2u = F(x, y,t), x, yelR, t=0 (4.66) 
BCs: B(u)=0 on OIR, t>0 (4.67) 


ICs: u(x, y,0)=f(x, y) in IR 


u,(x, y,0)=g(x,y) in IR (4.68) 
where B(u)=0 stands for any one of the following boundary conditions: 
(i) w=0 on @IR (Dirichlet condition) 
(ii) a =0 on aIR (Neumann condition) 


(iii) w= = on JIR —_(Robin/Mixed condition) 
n 

Before we discuss the method of eigenfunctions, it is appropriate to introduce Helmholtz 
equation or the space form of the wave equation. The wave equation in three dimensions may 
be written in vectorial form as 

Uy = Vu 
By the variables separable method, we assume the solution in the form 
u(x, y,zt)=@(x, y, z) T(t) 
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Substituting into the above wave equation, we obtain 
OT’ =TV'¢ 
which gives 


=——=-~A (a separation constant) 


thereby implying 
T’+Ac?T =0 (4.69) 


V°6+Ap =0 (4.70) 
Equation (4.70) is the space form of the wave equation or Helmholtz equation. Of course, 
 =Ois the trivial solution Eq. (4.70). But a nontrivial solution @ exists only for certain 


values of {A,,}, called eigenvalues and the corresponding solution {@,}, are the eigenfunctions. 
Corresponding to each eigenvalue 4,,, there exists at least one real-valued twice continuously 


differentiable function @, such that 


V"¢, + 4,0, =0 in IR 
¢, =0 on AIR 


It may be noted that the sequence of eigenfunctions (@,) satisfies the orthogonality property 
J 0,0, dA=0 forall n#m 
IR 


As in the case of one-dimensional wave equation, each continuously differentiable function 
in IR, which vanishes on @IR, can have a Fourier series expansion relative to the orthogonal 
set {@,}. Thus the solution to the proposed problem can be written as 


foo} 


u(x, yt)= >) C(t) by (x, y) (4.71) 


n=1 


where C,,(t) has to be found out. Substitution of the Fourier series into the PDE (4.66) yields 


» [C(t d,(x, y) CC, (V7, (x, y= Flax, y, 0) 


But 
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Therefore, 
x [C,,(t) +. @2C, (1)]¢, = F(x, y,t) (4.72) 
n=l 


where 
o2=C*A,, n=1,2,... (4.73) 


Multiplying both sides of Eq. (4.72) by @,, and integrating over the ragion IR and interchaning 
the order of integration and summation, we obtain 


3 Gil) +a; C(O FP G(x vals v)dA= ff Fo, dA 
n=l IR IR 


Using the orthogonality property, this equation can be reduced to 


C,,(t) + @°C,, (t) = F,,(t) (4.74) 
where 
i (t) (x; yt ) bn ( x, y)dA (4.75) 
gral 
and 
lon IP= [J Ibn PaA (4.76) 
IR 


The series (4.71) satisfies the ICs (4.68) is 
s C,,(0) @, (x, y) = f (x, y) 


DY Cn(0), (x, y) = 8x y) 


In order to determine C,,(0) and C,(0), we multiply both sides of the above two equations by 
@,, and integrate over IR and use the orthogonality property to get 


a irre deka alias — 


ve el nee 
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Using the method of variation of parameters, the general solution of Eq. (4.74) is given by 
C,,(t) =A, COS@,,t + B,, SiN@, pt I Ba é)sina,,(t—¢) dé 


Using Eq. (4.77), we obtain 


An = 7 ral ff FO: Onl y (4.78) 


By =———> (x, y) G(x, y)dA, m=1,2,. 
Om ink! Ife 


Hence, the formal series solution of the general problem represented by Eqs. (4.66)-(4.68) is 


co 


uly t= >. (A, COs ot + B, sin 0,1) 9, (x94 malas ) sin {a, (1 = 0d Oy y ) 


n=l n=l n 


(4.79) 


4.8 PERIODIC SOLUTION OF ONE-DIMENSIONAL WAVE EQUATION 
IN CYLINDRICAL COORDINATES 


In cylindrical coordinates with u depending only on r, the one-dimensional wave equation 
assumes the following form: 


2 
ld gu 1 Ou (4.80) 
ror oi ae Or 
If we are looking for a periodic solution in time, we set 
u=F(r) (4.81) 
Then 
Ot _ pp), ce ~o* F(r) 
or ot 
Inserting these expressions, Eq. (4.80) reduces to 
2 
2? UF (ret) =— 2 P(r 


ror Cc 
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or 


F'(r) wo 7 (4.82) 


which has the form of Bessel’s equation and hence its solution can at once be written as 


F= A( So “}rane( | (4.83) 


In complex form, we can write this equation as 


rolepa(eheoLe poe] om 


It can be rewritten as 


F=QH! (sh C,H) (e) (4.85) 
Cc Cc 


@ r @ 

Hl = Jol Jei[ 2") (4.86) 
Cc Cc 

H(?) = Jal Sao (4.87) 
Cc Cc 


which behave like damped trigonometric functions for large r. Thus the solution of one- 
dimensinoal wave equation becomes 


ee “|e cm ug "| (4.88) 
Cc c 
Using asymptotic expressions, for Ht ) and Ay (2) defined by 


(1) = i(x—/4) 
Hy (x) =,/—e 
V ax (4.89) 


H?)(x) = \ 2 -ilxall) Foy large x 
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the general periodic solution to the given wave equation in cylindrical coordinates is 


. [Ze -in|4 eXP Li (@lc)(r + ct) in|4 XP [i (@/c) (r — ct) 4.90 
u(r, d= [ae ar + Ce ae ( ) 


4.9 PERIODIC SOLUTION OF ONE-DIMENSIONAL WAVE EQUATION 
IN SPHERICAL POLAR COORDINATES 


In spherical polar coordinates, with w depending only on r, the source distance, the wave 
equation assumes the following form: 


2 
1 0 2 ou oie r>0 (4.91) 
rar\ ar) ¢ ar 

We look for a periodic solution in time in the form 

u=F(r)e™ (4.92) 

Then 

a ) int OU _ 2 E(p) i 
or Or 
Substituting these derivatives into Eq. (4.91), we obtain 
1 0 2 nr iot a it 
—_ —( F’e'@ ) — Fir) 10 
r2 Or ce 
i.e. 
Sel rr + 2rF’|=-< cir 
r c 
Therefore, 
2 
Fre 42 RF =0 (4,93) 
r c 
Let 
-1/2 
r-(2r] y(r) 
Then 


HYPERBOLIC DIFFERENTIAL EQUATIONS 263 


Substituting into Eq. (4.93), we obtain 


Since [Pr }eo we have 


Cc 
2 2 
ron (ao 
r Cc 2r 


which is a form of Bessel’s equation, whose solution is given by 


, @ , (a) 
y(r) = ASy2 [Or ea (2) 


where A’ and B’ are constants. Therefore, 


—1/2 
F(r) -(2°] [4 [2° }s B’I_y (2*) (4.94) 
c Cc Cc 


Lan{2r] (4.95) 


or 


S| 


A 
Poy al Or fs 


J12(x) = [2 sin x 
HX 

J_4j2(x) = ies cos x 
HX 


But, we know that 


Therefore, 
ne [2c E sin(@r/c) + pester | (4.96) 
TO r r 
In complex form, 
Fin)=q exp (i@r/c) +O exp (—i@ric) (4.97) 


r r 
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Thus, the required solution of the wave equation is 


exp (ia/c)(r + ct) 
1 


nen 1) -C +Cy exp (—i@/c)(r — ct) (4.98) 


r r 


4.10 VIBRATION OF A CIRCULAR MEMBRANE 


To find the solution of the wave equation representing the vibration of a circular membrane, 
itis natural that we introduce polar coordinates (r, @),0<r<a,0<@< 2z. Thus, the governing 
two-dimensional wave equation is given by 


1 J?u_d?u du, 1 7u (4.99) 
2 Or ar rar 06 
and the boundary and initial conditions are given by 

BCs: u(a, 6, t)=0, +120 (4.100) 
i.e. the boundary is held fixed, and 


PDE: 


ICs: u(r, 0,0) = flr, 8), Mn, 8, 0) = flr, 8) (4,101) 
Let us look for a solution of Eq. (4.99) in the following variables separable form: 
u=R(r) H(@) T(t) (4.102) 
Substituting into Eq. (4.99), we obtain 


RHT” * dl 235 1 
5 =RHAT+—RHT+—RH1 
r r 


Cc 


Dividing throughout by RHT/c*, we get 


T”  2/R” 1R 1H” 2 
_ " ai =-u‘(sa 
T E rR fe a 
Then 
T’+u’T =0 ane) 
y ; 2 ” 
R Rg 
i.e, 


2 
rR" + w(t = Jee (4.104) 
fe 
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H’+k*H=0 (4.105) 


Here, iu and k2 are arbitrary separation constants. The general solutions of Eqs. (4.103)- 
(4.105) respectively are 
T = AcoSut+ Bsin ut 


nari (H}ron (A) (4.106) 


Cc 


H = Ecosk@ + Fsink@ 
where J,,¥, are Bessel functions of first and second kind respectively of order k. Thus, the 
general solution of the wave equation (4.99) is 


u(r, 6, t)=(A cos ut + B sin pt) \Ph (“*) + OY; (“)} (Ecosk@+Fsink@) (4.107) 
c 


Cc 


Since the deflection is a single-valued periodic functionin @ of period 27, k must be integral, 
say k=n. Also, since Y, (uric) >-co aS r—0, we can avoid infinite deflections at the 
centre (r=0) by taking @=0. Again noting that the BC: (4.100) implies that the deflection u 


is zero on the boundary of the circular membrane, we obtain 


1,( = J=o (4.108) 


Cc 


which has an inifinte number of positive zeros. These zeros (roots) are tabulated for several 
values of nm in many handbooks. Their representation requires two indices. The first one 
indicates the order of the Bessel function, and the second, the solution. Thus denoting the 


roots by w,,,.,(n=0,1, 2,...;m=1, 2, 3,...), we have, after using the principle of superposition, 
the solution of the circular membrane in the form 


u(r, 6, >> >» Pi; [Hm ) cos r+ sin (Ecosné@ + Fsinn@) 


m=l n=l 


Alternatively, 


u(r,6,t) = >, y J, [He Vay cos nO +b,,, SinnO]cos ut +[c,,, CosnO +d,,, sinnO]sin ut} 


m=1 n=l 


(4.109) 
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Now, to determine the constants, we shall use the prescribed ICs which yield 


co co : r 
fh(r,a= > > (Quy £0510 +Byy sin) “2” (4.110) 


m=1 n=1 


a ; liga? 
fo(r, A= > > Hnm(Cnm COSNO + dinm Sinn O) J, [Aa | 


m=1 n=1 


Hence, the solution of the circular membrance is given by Eq. (4.109), where 


2 


a =—* ["[" he 0) J [1 " Jeosndr ar 0 
ae atmo 20 Ae 


2 


-— | rT" hee 0) J © sin n6r dr do 
nm a°[ I’ (Ly IP 0 0 1V'> n nm . 


2 


C= a AG 0) J C  \cosn@r dr do 
ROT Lam) o 07 Ee 


2 


= sinn@r dr d@ 
mm a?’ (Lam 


27 pa r 
Jo Jy 2D In| fam = 
4.11 UNIQUENESS OF THE SOLUTION FOR THE WAVE EQUATION 


In Section 4.5, we have developed the variables separable method to find solutions to the 
wave equation with certain initial and boundary conditions. A formal solution for the non- 
homogeneous equation is also given in Section 4.6. In this section, we shall show that the 
solution to the wave equation is unique. 


Uniqueness Theorem The solution to the wave equation 
Uy =C*Uy, O<x<L, t>0 (4.111) 
satisfying the ICs: 
u(x, 0)= f(x), OSxX<L 
u,(x,0)= g(x), OSXSL 
and the BCs: 
u(0, t)=u(L, t) =0 


where u(x, t)is twice continuously differentiable function with respect to x and ¢, is unique. 
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Proof Suppose uw, andu, are two solutions of the given wave equation (4.111) and let 
V=u,—Uuy. Obviously v(x, t) is the solution of the following problem: 
Ve =v, O<x<L, 1>0 (4.112) 
viz 0)=0, v(240)=0, UsxeL 
and 
v(0, t)=v(L, t)=0 
It is required to prove that v(x, rt) is identically zero, implying wu, =u,. For, let us consider 


the function 


E(t) ==] (cv? +,?) de (4.113) 


which, in fact, represents the total energy of the vibrating string at time +¢, It may be noted 
that E(t) is differentiable with respect to t, as v(x, t) is twice continuously differentiable. Thus, 


ae A ae Vy Jax (4.114) 


Integrating by parts, the right-hand side of the above equation gives us 
x" xt 0 


L 4 3 L pl > 
[3 VxV dx=|c vv] J CVV yy AX 


But, v(0, t)=0 implies v,(0, t)=0 for r>0 and v(L, t)=0 implying v,(L, tr) =0 for +=0. Hence, 
Eq. (4.114) reduces to 


dE L 
a = i, V,(Vy_ — cv.) dx =0 


In other words, £(t)=constant=c (say). Since v(x, 0)=0 implies v(x, 0)=0, and 
v,(x, 0) =0, we can evaluate c and find that 


E(0) =c=[ [ere +v; | 


dx =0 
=0 


t= 
which gives E(t)=0, which is possible if and only if v. =0 and vy, =0 forall t>0,0<x<L 
which is possible only if v(x, t)=constant. However, since v(x, 0)=0, we find v(x, t)=0. 


Hence, u(x, t)=uz(x, t). This means that the solution u(x, t) of the given wave equation 
is unique. 
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4.12 DUHAMEL’S PRINCIPLE 


With the help of Duhamel’s principle, one can find the solution of an inhomogeneous equation, 
in terms of the general solution of the homogeneous equation. We shall illustrate this principle 


for wave equation. Let the Euclidean three-dimensional space be denoted by R3, and a point 
in R3; be represented by X =(x, x), x3). If v(X,t,7) satisfies for each fixed + the PDE 
v,(X, t)-c?V*v(X, t)=0, X in R;, 
with the conditions 
v(X,0,7)=0, —-v,(X, 0,7) = F(X, 7) 


where F(X,t) denotes a continuous function defined for X in R;, and if wu satisfies 
t 
u(X, ‘=| v(X, t-T, t) dt 
0 
then u(X, t) satisfies 


Uy, —c’ V-u= F(x, t), Xin R3, t>0 
u(X, 0)=u,(X, 0)=0 
Proof Consider the equation 
Uy —C’V-u = F(X, t) (4.115) 
with 
u(X, 0) =u,(X, 0) =0 
Let us assume the solution of the problem (4.115) in the form 


u(x, oe v(X, t—7, t) dt (4.116) 


where v(X, t—7, T) is a one-parameter family solution of 


v, -CV7v=0 forall (4.117) 
Further, we assume that at r=, 
v(X, 0, t)=0 forall values of 7 (4.118) 
Now, differentiating with respect to ¢ under integral sign and using the Liebnitz rule, from 
Eq. (4.116), we have 


u, =v(X, 0, +f v(X, 1-4, 2) dz 


HYPERBOLIC DIFFERENTIAL EQUATIONS 269 
Using Eq. (4.118), we get 
u, =e v,(X, t-7, tT) dt 
Differentiating this result once again with respect to r, we obtain 
ty =V(X, 0, t) +f) vy(X, 1-4, edz (4.119) 


Noting that uw satisfies Eq. (4.115), v satisfies Eq. (4.117), and after using Eq. (4.117), the 
above equation reduces to 


ty =v, (X, 0, t) +f c°V?v de 


Finally, using Eq. (4.116), the above equation reduces to 


Uy —CV-u =v,(X, 0, t) (4.120) 
Comparing Eqs. (4.115) and (4.120), we obtain 
v,(X, 0, t)=F(X, t) (4.121) 


Therefore, if v satisfies the equation 
V_n C7 V*y =0 
with the conditions 
v(X,0, 7) =0,v,(X,0,7)=F(X,7) atr=rt 
then, u defined by Eq. (4.116) satisfies the given inhomogeneous equation (4.115) and the 


specified conditions. Here, the function v(X, r) is called the pulse function or the force 
function. 


EXAMPLE 4.8 Use Duhamel’s principle to solve the heat equation problem described by 
u,(x, t) = ku,,(x, t)+ f(x, t), -2<x<0, t>0 (4.122) 
u(x, 0)=0, —0 < KX <0 
Solution We have obtained, in Section 3.3, the unique solution of the problem 
v,(x, t)=ky,,(x, t), -o<x<oo, t>0 
vie = 7 Gee) 


in the form 


v(x, 2) ~E)* (Akt) f (E) dé 


1 
= Tag) 
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Hence, using Duhamel’s principle, the solution of the corresponding inhomogeneous problem 
described by Eq. (4.122) is given by 


u(x,t, m=|, v(x, t—T, T) dt 


or 


i aay 
u(x,t, n=] I rete ee| S| f (6) dé dr (4.123) 


4.13 MISCELLANEOUS EXAMPLES 


EXAMPLE 4.9 A uniform string of line density is stretched to tension pc* and executes 
a small transverse vibtration in a plane through the undisturbed line of string. The ends 
x=0,L of the string are fixed. The string is at rest, with the point x=p drawn aside through 
a small distance ¢ and released at time ¢=o0. Find an expression for the displacement 


y(x, t). 
Solution The transverse vibration of the string is described by 
PDE: Yu =e (4.124) 
Cc 
The boundary and initial conditions are 
BCs: y(0,t)= y(L, t)=0 


IC: y,(x, 0) =0 
Using the variables separable method, let 
y (x, t) = X(x) TO) 
then, we have from Eq. (4.124), 


The equation of the string is given by (see Fig. 4.7) 


EX 
—, O<x<b 


y(x,0) = 
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The solution to the given problem is discussed now for various values of A. 


y 


Fig. 4.7 Illustration of Example 4.9. 


Case I. Taking the constant 7=0, we have 
X*=T" =0 
whose general solution is 
X =Ax+B, T=Ct+D 
Therefore, 
y(x,t) = (Ax+ B) (Ct+ D) 


Using the BCs at x=0, ZL, we can observe that A=B=0, implies a trivial solution. 


Case II Taking the constant as +47, we have 
X’-WVX =0=7T’- AT 
Thus, the general solution is 
y(x, t)=(Acoshax+B sinh Ax) (C cosh cAt + D sinh cAr) 
Now the BCs: 
y(0, t)=0 gives A=0 

and 

y(L, t)=0 gives Bsinh AL=0 


which is possible only if B =0. Thus we are again getting only a trivial solution. 


Case III \f the constant is i then we have 


XY eA X SA0ST" ve AT =O 
In this case, the general solution is 
y(x,t)=(A cos Ax + B sin Ax) (P coScAt+Q sin cArt) 
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using the BCs: 

y(0,t)=0 gives A=0 

y(L,t)=0 gives BsinAL=0 
For a non-trivial solution, B40 =>AL=nz. Therefore, A=nz/L,n=1,2,... Also, using the 
IC: y,(x,0)=0, we can notice that Q=0. Hence, the acceptable non-trivial solution is 


nT. ian 
y(x, t)= prsin cos 
L L 


n=1,2,... 


Using the principle of superposition, we have 


NIX cnit 
y(x, t) -y b, sin —— cos 
n=1 


which gives 


> b, sin 2% 


n=1 
This is half-range sine series, where 
b =2)" (x, 0) sin ax 
Ppa L 
wel? S 3in 2 * det “Io (x- L) sin ax 
L?0 b 0 7 L L 


_2e[_cos(nmxit) ] _2e[_sin (nit) x] 
Lb ntlL |, Lb wel lly 


2e [ cos(nxiL) * ae) OT sin(aaxit) 
+ - = ee : 

L(b-L) not|L » Lb-L)L iP |, 
or 


2eL ._ nab 
0 = =a5 sin 
na’ b(L—b) L 


Hence the subsequent motion of the string is given by 


fos} 


2eL? . ; t 
ene ee es nab. nx - cnTt 
oa On 2a b(L—-b) L L L 
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EXAMPLE 4.10 Find a particular solution of the problem described by 
PDE: y, —c’y,, = g(x) Cos at, O<x<L, t>0 
BCs: y(0, t)= y(L, t)=0, t>0 
where g(x) is a piecewise smooth function and @ is a positive constant. 


Solution Taking the clue from Example 4.9, we assume the solution in the form 


>) A, (t) sin 


n=1 


To determine A,(t), we consider the Fourier sine expansion of g(x) in the form 


rp) Bin 


and substitute into the given PDE which yields 
co 2 
NITC NIX 
An(t)+| — | A, sin = cos wr B,, sin — 
 [at-() | i oy - 


Choosing A,(r) as the solution of the ODE 


2 
ana+( 5] A, (t) = B,, COS wrt 
we have for any n, the particular solution 
NIC 


A,(t)=A,cosat if oF a 


Therefore, 


Hence, the required particular solution is given by 


B, sin( nz. Zl 
y(x, t )=cosar S AnSinwexih) Beil): 
Az=L (naclL)? 


274 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


EXAMPLE 4.11 A rectangular membrane with fastened edges makes free transverse 
vibrations. Explain how a formal series solution can be found. 


Solution Mathematically, the problem can be posed as follows: 
Solve 
PDE: Uy — C7 (yy +Uyy) =0, O<xsa,0<ysb 
subject to the BCs: 
(i 
(ii 
(iil 


(i 
and ICs: 


) u(0, y,t 

) ula, y, t 
bale Opt 
v) u( 


u(x, b, th= 


sey = flay wv le ¥, 0) = 2 (x, y) 
We look for a separable solution of the form 
u(x, y, t)=X(x) Y(y) T(t) 
Substituting into the given PDE, we obtain 


Saad 5 
> =—+—=-N* (sa 
Dee a (say) 
Then 
T’+0 HT =0 
a a ore 
—+A*% =-—= sa 
X Y Hw’ (say) 
thus yielding 


Y’+p’Y=0, X7+(A?-’?) xX =0 
Let A°-w? =p, w?=q’.Then 42 = p? +9? =r’. Therefore, we have 
X’+p’X=0, Y"+q’¥=0, T’+r’c’T=0 
The possible separable solution is 
u(x, y,t)=(ACOS px+ BsSin px) (C cos gy+Dsin qy) (E cos (rct) + F sin (rct)) 


Using the BCs: u(0, y, t)=Ogives A=0 
u(x, 0, t)=Ogivesc =0 
u(a, y, t)=Ogivesp=mala, m=1,2,... 


u(x, b, t)=Ogives g=nz/b, n=1,2,... 
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Using the principle of superposition, we get 


u(x, y, =) > [Ann COS (rct) + B,,, sin (rct)] sin MEX gin MAY (4.125) 
m=1 n=1 a b 
where 
r Arden ) 
a b 
Applying the initial condition: u(x, y,0)= f(x, y), Eq. (4.125) gives 
=-y ¥ Ayn Sin sin EY 
m=1 n=l b 
where 
Ann = — an J. fle ysin ™ gi sin a dy (4.126) 


Finally, applying the initial condition: u,(x, y, 0)= g(x, y), Eq. (4.125) gives 


MIX nw 
g(x, y =D DB», sin sin 
m=1 n=1 


where 


_ my de dy (4.127) 


Bim =e Jos 


Hence, the required series solution is given by Eq. (4.125), where A,,, and B,,, are given by 
Eqs. (4.126) and (4.127). 


EXAMPLE 4.12 Solve the IVP described by 
PDE: u, —C7uy, =F(x,t), —oo<x<0o,t>0 
with the data 
(i) F(x, t)=4x4+¢, (ii) u(x, 0)=0, (iii) u,(x, 0) =cosh bx. 


Solution \|n Example 4.4, we have obtained the Riemann-Volterra solution for the 
inhomogeneous wave equation in the following form: 


Xx-ct 


ule = Fleet) tlt cles f VE fds+5 JF (x, t)dxdt (4.128) 
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Since u(x, 0)=7(x)=0, the first term on the right-hand side of Eq. (4.128) vanishes. Also, 


1 pxter 


es 


v(E)dé => [cosh bé dé 


b 2bc 


X—ct 


+ () - tsinho(x+ct)—sinhb(x—ct)] 
c 


=(cosh bx sinh (bct)) /bc 
and 


ral (x, t javar= 5 (4x +1) dx dt 


From Fig. 4.4, we can write the equation of the line PA in the form 
_ xX + Clo 
c 
or 
X= Xq +ct—Cly 
Similarly, the equation of the line PB is 
X=Xq +Cty —ct 
Thus 
mala x,t) dt= ie 7 (4x+1) dx dt 


Xg tct—cig 
= (4xqto -4 2) dt=2 3/6 
= 0 Xolo = 1X + tt —t t= Xot@ + to 


The required solution at any point (x, rt) is, therefore, given by 


3 
cosh bx sinh (bct) or +e 


u(x, t)= = 


EXAMPLE 4.13 Derive the wave equation representing the transverse vibration of a string 


in the form 
-2 
Ou > ouy| du 
—_=C 1+ os 
Or? Ox Ox? 
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Solution Consider the motion of an element PQ =6s of the string as shown in Fig. 4.8. 


In equilibrium position, let the string lie along the x-axis, such that PQ is originally at P’Q’. 
Let the displacement of PQ from the x-axis, be denoted by wu. Let T be the tension in the string 
and p be the density of the string. Writing down the equation of motion of the element PO 
of the string in the u-direction, we have 


Fig. 4.8 Aan Illustration of Example 4.13. 


2 
T sin (w+ d6y)-T siny = pd, > 
t 


Neglecting squares of small quantities, we get 


2 
T cos yoy = ae (4.129) 
Ot 
by noting that 
2 2u 
tanw=—, sec YOU == oF 
Equation (4.129) becomes 
2 2 2 
poz aToosty 5S =7 cost yo 5 (4.130) 
L x 


but 


2 -1 
ory f(4] (4.131) 
1+ tan’ y Ox 
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Using Eq. (4.131) into Eq. (4.130), we get 


4 
ou T du | du 

y= ylt 2 
Ot p Ox Ox 


If we define c? =T/p, the required wave equation is 


Fu _ 2), (I) “Pu (4.132) 
Or Ox Ox 


This is a non-linear second order partial differential equation. 


EXAMPLE 4.14 Using Duhamel’s principle solve the following IBVP: 
PDE: u, - uy, =flx, t), O<x<L,0<t< 
BCS: u(0, t) = u(L, t) = 0 
IC: u(x, 0) =0,0<x<L. 
Solution Using Duhamel’s principle, the required solution is given by 


t 
u(x,t) = ( v(x,t—T, T)dt 


where v(x, t, 7) is the solution of the homogeneous problem described as 
Vi- Vy = 0,0<x<L,0<t<o 
v(0, t, 7) =v(L, t, 0 =0 
and u(x, 0, 2 =flx, A 
Now, recalling Example 3.17, the solution to this homogeneous problem is obtained as 


- oon? 
v(x, t, tT) ‘sin 
“La [= L *) 


Observe that, the Fourier coefficients a, depends on the parameter z, so that 


a, =a aan flee )sin( "= “Ya 


Hence, the solution to the gives IBVP is found to be 


=) IL)? NIX 
u(x, t) =i Yau an a von sin [Jae 
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EXERCISES 


. A homogeneous string is stretched and its ends are at x=0 and x=J. Motion is 
started by displacing the string into the form f(x) =wugsin(zx/l), from which it is 
released at time r=0. Find the displacement at any point x and time t. 

. Solve the boundary value problem described by 


PDE: u, —c’u,, =0, O<x</,t20 

BCs: u(0, t)=u (I, t)=0, t>0 

ICs: u(x,0)=10sin (zx/1), OS 7sI 
#(x, 0)=0 


. Solve the one-dimensional wave equation 
2 


ipoctt,, USxsa,t120 
subject to 
u=0 when x=0 and x=z 
u,=0 when t=0 and u(x, 0) =x, O<x<a 
. Solve 
Uy =C Urge 0<x<i,r2>0 
subject to 


u(0,t)=0, w(U, t)=0 for allr 
u(x, 0)=0, — wu, (x, 0) =bsin? (zx/l) 
. Solve the vibrating string problem described by 
PDE: u,, —c7u,, =0, O<x<l, t>0 
BCs: u(0, t)=x (1, t)=0, t>0 
Csi a(x, 0)= fF (a), O<x<l 
ulxy 0)=0, O<x<l 


. In spherical coordinates, if uw is a spherical wave, i.e. w=u(r,t), then the wave 
equation becomes 


1 9(2du)_1 Fu 
roar\ or) & oF 


which is called the Euler-Poisson-Darboux equation. Find its general solution. 
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10. 


11. 


12. 
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Solve the initial value problem described by 
PDE:u, —c’u,, =e 
with the given data 
u(x,0)=5, — u,(x,0) =x" 
Sovle the initial value problem described by 
PDE: u, —c’u,, = xe! 
with the data 
u(x, 0)=sinx, u,(x, 0)=0 
Solve the initial boundary value problem described by 
PDE: u,=c7u,,, x>0, t>0 
with the data: 
u(x, 0) =0, u(x, 0) =0,24>0 
u(0, t)=sint, +t>0 


Determine the solution of the one-dimensional wave equation 
—-——+=0, 0<x<a,t>0 


with c as a constant, under the following initial and boundary conditions: 


x/b, O<x<b 
(a—x)|(a—b), b<x<a 


(i) o(x, 0) = f(x) = 


iy 2 He0 Geseu 
ot 


(iii) (0, 1)=0(a, t)=0, 120. 


A piano string of length Z is fixed at both ends. The string has a linear density p 
and is under tension zt. At timer =0, the string is pulled a distance s from equilibrium 
position at its mid-point so that it forms an isosceles triangle and is then released 


(s<ZL). Find the subsequent motion of the string. 


Obtain the normal frequencies and normal modes for the vibrating string of Problem 11. 
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13. A flexible stretched string is constrained to move with zero slope at one end x=0, while 


the other end x=L is held fixed against any movement. Find an expression for the 
time-dependent motion of the string if it is subjected to the initial displacement given 
by 


HX 
, 0)=y_, cos | — 
y(x, 0)= yo (=) 
and is released from this position with zero velocity. 
14. Show that if f and g are arbitrary functions, then 
u= f(x-—vt+iay)+g (x—vt—iay) 


is a solution of the equation 


provided a =1-v7/c*. 
Choose the correct answer in the following questions (15 and 16): 
15. The solution of the initial value problem 


Uy =4U,,, t>0, cr 


satisfying the conditions u(x, 0)=x, —_u,(x, 0)=0 is 
(A) x (B) x?/2 (C2 (D) 2r (GATE-Maths, 2001) 
16. Let u=w(x, t) be the solution to the initial value problem 
Urt = Uy for -o<x<~,t>0 
with u(x, 0)=sinx, u,(x, 0)=cosx, then the value of w(z/2, 2/6) is 
(A) 3/2 (B) 1/2 (C) 1/2 (D) 1 (GATE-M aths, 2003) 
17. Solve the following IBVP 
PDE: u, = uy, + f(x, t),O<x<2,0<t<© 
BCS: u(0, tf) = u(z, t) = 0 
IC: u(x, 0) =0,0<x<a2 
Using Duhamel’s principle. 
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Green’s Function 


5.1 INTRODUCTION 
Consider the differential equation 

Lu (x)= f(x) (5.1) 
where L is an ordinary linear differential operator, f(x) is a known function, while u(x) is 
an unknown function. To solve the above differential equation, one method is to find the 
operator z-! in the form of an integral operator with a kernel G(x, €) such that 


y=L1 f(x) )=| G(x,é (5.2) 


The kernel of this integral operator is called Green’s function for the differential operator. 
Thus the solution to the non-homogeneous differential equation (5.1) can be written down, 
once the Green's function for the problem is known. Applying the differential operator L to 
both sides of Eq. (5.2), we get 


flx)=LE* f(x) =] LG (x, &) flE) dé (5.3) 
This equation is satisfied if we chooseG(x, &) such that (see propety Ill of Section 3.4) 
LG (x, €)=6(x-€) (5.4) 


where 6 (x—&) is a Dirac d6-function. The solution of Eq. (5.4) is called a singularity 


solution of Eq. (5.1). In Section 3.4, we have already introduced the concept of Dirac d6-function 


and studied its various properties. Now, they become handy to understand more about Green's 
function. 
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Definition 5.1 Letus consider an auxiliary function @ (x) of areal variable x which possesses 


derivatives of all orders and vanishes outside a finite interval. Such functions are called test 
functions. 


Now we shall introduce the concept of the derivative of a d-function in terms of the 
derivative of a test function. We say that 6’(x) is the derivative of 6 (x) if 


[= 8) 9 (x) de=-9' (0) (5.5) 
for every test function @ (x). Similarly, we define @”(x) by 
J 5”(2) 9 (x) de= 9" (0) (5.6) 


With this definition of a derivative, we can show that the d-function is the derivative of 
a Heaviside unit step function H(x) defined by 
Hix) = 1 forx>0 
“0 forx<0 (5.7) 


To see this result, we consider 


[= ') 0 (x) de=—f" (a) 6! (x) dv=—[ “9 (x) de =0 (0) 


—co 


By comparing the above result with property III of Section 3.4, i.e, with 
[9 (x) 6 (x) de=9 (0) 


we obtain 

A(x) =6 (x) (5.8) 
Similarly, the notion of d6-function and its derivative enables us to give a meaning to the 
derivative of a function that has a Jump discontinuity at x=€ of magnitude unity. Let 


1, x2é 


Then, for any test function @(x), we have 


co 


[Ae -2) 6 (x) de=f 5 (x- 2) 9 (x) de = 9 (6) (5.9) 


—oo 
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It can also be noted that 
d , 
a aes! H (x-€))=(x-€) H'(x—-€) +H (x-€) 


Integrating both sides with respect to x between the limits —so to oo, we get 


co fo} 


(x—€) H(x—-€)=| (x—€) H’(x—&) dx+ | H (x-€) dx 


—oo —oo 


=[- A(x-é) de (5.10) 


We now consider an example to illustrate the inversion of a differential operator by 
considering the BVP: 


d?u 
ae u (0) =u (1) =0 
In this case, Eq. (5.4) becomes 
2 
1G =£F =8(x-€) (5.11) 
dx 


Noting that the 6-function is the derivative of the Heaviside unit step function and integrating 
Eq. (5.11), we get 


4 (G(x, é)=H (x-€)+ GE) 
dx 


where C,(&) is an arbitrary function. Integrating the above result once again with respect to 
x, we get 


G(x, €) = [H(x-€) dx +C,(E) x+y (E) 
=(4=8)8 (x=2)40, (2) 24656 


where C,(&) and C, (&) can be determined from the boundary conditions. Thus, from Eq. (5.2) we 
have 


w(x) =f (x) (x-€) fleas + xf GE) fle) as+ J old) fle) dé 
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Now, using the boundary condition: u(0)=0, we get 
0=040+/ Calg) Fe) ag 
implying that C2(§)=0. Using the second boundary condition: wu (1)=0, we have 
1 a 
0=f a-) flaé+ ale r(e)aé 


implying that C,(€)=-(1-€),0<€<1, and zero for all other values of €. Hence, 


x 1 
w(x)=J (x6) W(x) f(E) ag—x] (1-2) f(6) dé (5.12) 


Comparing this result with Eq. (5.2), we have the kernel of the integral operator, which is 
known as Green’s function or source function given by 


G(x, €) =(x-&) H(x-€)-x(1-€), 0<&<1 (5.13) 


satisfying the boundary conditions: G(0, €)=G (1, €)=0. 
This concept can be extended to partial differential equations also. To make the ideas clearer, 
let us consider 

Lu (X)]= f(X) (5.14) 
where L is some linear partial differential operator in three independent variables x, y, z and 
X is a vector in three-dimensional space. Then the Green's function may be denoted 
by G(X; X’) which satisfies the equation 


L[G (X; X’)]=6(X- X’) (5.15) 
On expansion, this equation becomes 
L[G (x,y, zx, y, 2) =6(x—x’) b(y—y’) b(z-z’) (5.16) 


Here the expression 6(X—X’) is the generalization of the concept of delta function in three- 
dimensional space IR and G(X; X’) represents the effect at the point X due to a source 
function or delta function input applied at X’. Equation (5.15) has the following interpretation 
in heat conduction or electrostatics: G (XX; X’) can be viewed as the temperature (the electrostatc 


potential) at any point X in IR due to a unit source (due to a unit charge) located at x’, 
Multiplying Eq. (5.15) on both sides by f(X’) and integrating over the volume V with 


respect to X’, we get 


1 J, X’) f(X’) avy |= J, f (X’) 6(X —X’) dVy- = f(X) 
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Comparing with Eq. (5.14), we arrive at 
u(X)=[ G(X; X’) F(X’) dV (5.17) 
Vy’ 


which is the solution of Eq. (5.14). This leads to the simple definition that a function 
u(x, y, zi x’, yz) is a fundamental solution of the equation, for example, V2u =0, if wis a 
solution of the non-homogeneous equation 
Vu =6 (x,y, ax, 2) 
This idea can be easily extended to higher dimensions. Thus the Green’s function technique 
can be applied, in principle, to find the solution of any linear non-homogeneous partial 
differential equation. Although a neat formula (5.17) has been given for solution of non- 
homogeneous PDE, in practice, it is not an easy task to construct the Green’s function. We 
shall now present a few singularity solutions, also called fundamental solutions to the well- 
known operators. These will guide us to construct Green’s function for the solutions of partial 
differential equations which occur most frequently in mathematical physics. 
To start with, the fundamental solution for a three-dimensional potential problem satisfies 
V-u =6(X) (5.18) 
or 
div grad u = 6(X) 
where u can be interpreted, for example, as the electrostatic potential. We seek a solution 
which depends only on the source distance r=|X|; thus, for r>0, u(r) satisfies 


On integration, we get 


Using the fact that the potential vanishes at infinity, we have 
u=A/r 


Integrating Eq. (5.18) over a small sphere R, of radius €, we have 
|, {div grad wjav =1 
Re 
Using the divergence theorem, we obtain 


fe a dS =1 


r=E 
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where o, is the surface of R,. Hence, 


-A | a dS = 4 x Ane? =—-4rA=1 
Therefore, 
A=-1/4z 
Thus, the singularity solution or the fundamental solution of V2w=0 is 
cere (5.19) 
4nr 


The two-dimensional case of Eq. (5.18) is 


On integration, we get 
u=Alnr+B 


Integrating Eq. (5.18) over a disc R, of small radius €, whose surface is o,, we get 
Jn. grad u=1 


Hence 


A 


ds =| A dS =—x2ne =1 


r=E 


i ais 
Og or 
Therefore, A=1/2z. The constant B remains arbitrary and can be set equal to zero for 
convenience. Thus, the fundamental solution is 


u(r) ==In r (5.20) 


If r(x, y,z) and r’(x’, y’, z’) are two distinct points in three-dimensional space IR, then the 
singularity solution of Laplace equation is 


1 


Similarly, the singularity solution for the diffusion equation 
Uy -~kV7u=0 
in three-space variables assumes the form 


1 pet 522 
8[rk(t — 2) P!? me 4k(t — 7) on 


288 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


For Helmholtz equation in three space variables, viz. 
Veutku=0 
the singularity solution is 


elke" 


(5.23) 


|r—r"| 
Before we attempt to solve Eq. (5.17), we shall examine the form of three-dimensional 
o-function in general curvilinear coordinates as a preparation to study the solution of partial 
differential equations in polar coordinates, spherical polar coordinates etc. Suppose we are 
looking for a transformation from Cartesian coordinates, x, y to curvilinear coordinates ¢, 7 
through the relations 


x=f(é.n), y=glE.n) (5.24) 
where f and g are single-valued, continuously differentiable functions of their arguments. 
Suppose that under this transformation, € = 2, and 7= f correspond to x=a@ and y=a, 


respectively. Also, 
n te fy A(f, g) (“) () 
dy 8é 8n)\dn A(E,n)\dn dn 


If we transform the coordinates following Eq. (5.24), the relation 
{I (x, y) 6 (x-a) 6 (y—@y) dx dy = (@%, a) 

becomes 

[four 9) SUPE, m) - a) 61 e(E,m) ap llJ dg dn = (ay, a) (5.25) 
where J is the J acobian of the transformation. Equation (5.25) states that the Dirac 6-function 
Of (€,n)-a@] 6[2(,n)-az]|J | assigns to any test function @ (f, g) the value of that test 
function at the points where f =04, g =Qp, i.e. at the poins € = B,,7n = B,. Thus we may write 

Ol f(S,7) — 04) 6[ g(E, 7) — a4] | J |=6(x-a&) 6(y— a) |J |=6(F- ) 6 (n- f) 

Hence, 


O(S — B,) 6(n- By) (5.26) 
lJ | 
In the next few sections, we shall duscuss the Green's function method for solving partial 


differential equations with particular emphasis on elliptic equations. The discussion on wave 
equation and heat equation is also included in Sections 5.5 and 5.6 respectively. 


6(x—a) 6(y-ay) = 
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5.2 GREEN’S FUNCTION FOR LAPLACE EQUATION 


To find analytical solution of the boundary value problems, the Green's function method is 
one of the convenient techniques. In this section, we shall give the definition of Green's 
function for the Laplace equation and study its basic properties. To begin with, we shall 


define Green's function for the Dirichlet problem, i.e., we shall find « such that V2u =0 is 
valid inside some finitely bounded region IR, enclosed by JiR, a sufficiently smooth surface, 
when u=f is prescribed on the boundary JIR (see Fig. 5.1). 


as.) 


SE 


Fig. 5.1 Region and boundary surface. 


6 


Suppose that w is known at every point of the boundary JiR and that it satisfies the relation 
V-u=0 in 
The task is to find u(P) when Pe IR. Let OP =r, and let C be a sphere with centre at P 


and radius ¢. Also, let & be the new region exterior to C and interior to IR. Further, let the 
boundary of = be denoted by o>, and 


1 


u eer! (5.27) 


where r’ is another point O either in = or on the boundary gy, If wand w’ are twice continuously 
differentiable functions in IR and have first order derivatives on JIR, then by Green's theorem in 
the region IR we have, from Eq. (2.19), the relation 


{If (u V2u’ —u’ V2u) dV = II (e Oey Mas 


Here, n is the unit vector normal to dS drawn outwards from IR and o/dn denotes differentiation 


in that direction. Since Vu =V7u’ =0 within JX, we have, in the region &, the relation 


js ae eas “I (us rd ou as = 0 (5.28) 
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Inserting uv’ from relation (5.27), the above equation reduces to 
Ij 1 ou (r’) las’ 
Vs |r — 7] ror |On 
(5.29) 
+ fff Ds Py a 
1s r’| ror | On 


AIR 
1 1 af 1)21 
lr-r’| €  On\|r-r'|} ¢? 


Also, dS’, the surface element on C, is e*sin@ de d@. Andonc, 


When @ is on C, we have 


u(r’) =u (r)+ du 


u(r’) =u e+ <5 ig? Gt eu u(r re( sin acoso sin @ sin 0G rcos0 


Ox “dy az doy Zz 
Therefore, 
u (r’) (r)+O(e) onc 
or) a (r) + Ole) 
Now, 


n9( 1 r_ aoe 
Jurca) = [J ute)+0 (exe sin 6. do do 


P) {jf sin @ d@ do+O (e) 
Cc 


2x pa, 
P) ies Me sin@ d@ d@+O (e) 


=4zu(r) +O (e) 


lies [r—r al 4s'=2 ff [Men +0(e) fe’ sin @ dé d@+0(e) 
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Employing these results and taking the limit as ¢ 40, Eq. (5.29) becomes 


1 oO ; = 
Anu (r )+ ff fut te r al igen lr) |as=0 


alr 


implying thereby 


1 r) Oo 1 
~ Ot -all fear r “pa tan eral atl 


Therefore, the value of w at an interior point of the region IR is determined, if wand Qu/dn are 
known on the boundary, @IR . This leads to the conclusion that both the values of wu and Qu/dn are 
required to obtain the solution of Dirichlet’s problem. But this is not so, as can be seen from 
the concept of the Green's function defined as follows: Let H (r,r’) be a function harmonic 


in IR. Then the Green’s function for the Dirichlet problem involving the Laplace operator is 
defined by G, the two point function of position, as 


G(r,r’)= 


—+H (r,r’) (5.31) 
aa | 


where H (r,r’) satifies the following 


2 2 2 
d 5 d : d ; H (r,r’)=0 (5.32) 
ax® dy” az 
(il) 
G=— +H (rr)=0 ond (5.33) 
jr-r 


Thus the Green’s function for the Dirichlet problem involving the Laplace operator is a 
function G(r,r’) which satisfies the following properties: 


(i) V’G(r,r)=d(r—-r’) in IR (5.34) 
(ii) G(r,r’)=0 ondiR (5.35) 
(iii) G is symmetric, i.e., 

G(r,r’)=G(r’,r) (5.36) 
(iv) Gis continuous, but AG/dn has a discontinuity at the point r, which is given by the 


equation 


uy) 2a san 
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Following the procedure adopted in the derivation of Eq. (5.30), replacing u’ by G(r,r’), 
we can show that 


u (r) =—-— iH} [a (r, ry (r’) -u (Fr, r] dS (5.38) 


From Eqs. (5.31) and (5.33) we can see that G=O0ona IR. Thus the solution uw at an interior 
point is given by the relation 


ieee ff u(r’) (x, r’) ds (5.39) 


and, therefore, the solution of the interior Dirichlet’s problem is reduced to the determination 
of Green's function G(r,r’). 


Green's function can be interpreted physically as follows: Let JIR bea grounded electrical 
conductor (boundary potential zero) and if a unit charge is located at the source point r, then 


G is the sum of the potential at the point r’ due to the charge at the source point r in free 
space and the potential due to the charges induced on @ IR. Thus, 


G(r,r’)= : 


“poe (5.40) 


Hence, property (i), viz, Eg. (5.34), essentially means that V2G =0 everywhere except at the 
source point (r). 


EXAMPLE 5.1 Consider a sphere with centre at the origin and radius ‘a’. Apply the divergence 
theorem to the sphere and show that 
vy" [ }--#n (r) 


: 
where 6 (r) is a Dirac delta function. 


Solution Applying the divergence theorem to 


r2}C) 


we get 
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where n is an outward drawn normal. If w=u(r,0,@), then 


grad wae 24 ae 24 +6, sin ida 
or r 00 r 0) 


Hence, 
| aaa} 6, as = I Se as= [J pe jprte 


Thus, we observe that V?(1/r) has the following properties: 


(i) It is undefined at the origin. 
(ii) It vanishes if ++ 0, 
( 
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iii) Its integral over any sphere with centre at the origin is —4z. Hence, we conclude 


that 


Ih [Fav =48 0) 


Now we shall prove the symmetric property through the following theorem. 


Theorem 5.1 Show that the Green’s function G(r,r’) has the symmetric property. In other 


words, if P, and P, are two points within afininte region IR bounded by the surface JIR, then 


the value at P, of the Green’s function for the point A and the surface AIR is equal to the 


value at A of the Green's function for the point P, and the surface JIR. 


Proof We have seen in Example 5.1 that V°(1/r) =—4z6(r). If we define 


where H is harmonic, then 


vow" : 7 PVH = and +0 
r-r 


Recalling Green’s theorem 


ee oud 
II (uV2u -u Vu) am) ("Soom se as 


(5.41) 
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and taking u=G (rn, r’) =(1/|r—r’|)+ H (where r’ is a position vector of Q, a variable point, 
and G is a Green’s function for the point P, (see Fig. 5.2), we have 


Fig. 5.2. An illustration of Theorem 5.1. 


G(n,r’)=0 ondIR whenr’e IR 
Also, 


Similarly, taking u’=G(r,,r’), such that r’e IR, we get 
G(r),r’)=0 on AIR 
V°Glry,r’) =—476 (r),r’) 
Substituting these results into Eq. (5.41), we obtain 


iH} [G(r 1’) V2G(ry, 2’) — Gry, r’) V2G(n, r’)] dV = J jon Steyn) 
R aR on 


-G(r, Ze ty. | dS 
on 
implying thereby 


=ate i [G(r 2’) (ry 4’) - Glry, 2’) d(y -r’)] dV =0 
IR 


Using the property of Dirac 6-function, we get immediately the relation 


G(r, 1%) =G(r2,4,) (5.42) 
Property (iv) of the Green’s function is proved in the following theorem. 
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Theorem 5.2 If G is continuous and dG/dn has discontinuity at r, in particular we can 
show that 


OG 
L —— dS = 
a {J on as 
aC 
Proof Let C bea sphere with radius ¢ bounded by oC (see Fig. 5.1). We have already 
noted that G satisfies 


V°G =6(r-r’) 
Integrating both sides over the sphere C, we get 


i} VG dV =1 


which can also be written as 
2 _ 
Lt III v Gav=i 


Applying the divergence theorem, we get at once the result 
OG 
L — dS =1 
BS 549) 


Now, we Shall present two well-known methods: 


1. The method of images in Section 5.3. 
2. The eigenfunction method in Section 5.4 for constructing Green's function for boundary 
value problems. 


5.3 THE METHODS OF IMAGES 

The method of images has been extensively used in the development of Electrostatics. It 
requires that we examine the effect of a certain source type of singularity at some point P of 
a given region IR, together with the influence of another source type of singularity located 


at a point P’ outside the region of interest. Here, P’ is the optical image of P in the boundary 
of the given region. This approach will work only for very simple geometries. We shall 
illustrate its application through the following examples for the construction of Green’s function. 


EXAMPLE 5.2 Use Green’s function technique to solve the Dirichlet’s problem for a semi- 
infinite space. 
Solution Let the semi-infinite space be defined by x20, 1.e., OS x<m,-coo< y<on, 


—co<z<oo, We have to find a function u such that Vu=0 on x20, and u=u(y, z) on 
x=0; also u—0 as r>~. 
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The Green's function G(r, r’) for the present problem must satisfy the following relations: 


(iii) G(r,r’)=0 on the plane x=0. 
Let P’(p) be the image of the point P(r) in x=0. If condition (ii) is satisfied 
H(r, : 
|p-r'| 
Since PO=P’Q whenever Q lies on x=0, we get (see Fig. 5.3) 


-r |=|r-r’ 
|e-r |=| 


Fig. 5.3 An illustration of Example 5.2. 


Then the required Green’s function by the method of images is given by the equation 


a (5.44) 
Ir-r'| |p-r'| 
which satisfies condition (iii). But from Eq. (5.39), we have 


u(r) == {J u(r’) (r, x’) dS (5.45) 
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where dS is the surface element of IR. Also, 


OG ee 0 1 1 
on Ox’ 


a) 6 2x 
Ox fig [x? +(y-y'? 4(2-z)? PH? 
Substituting this result and noting that u(r’) = f(y’, z’), Eq. (5.45) reduces to 


fly’, 2) dy’ dz’ (5.46) 
y-y')? (2-2)? PP 


x co co 
Uu (x, y, z) i | +( 
which can be integrated when the nature of the function f(y’, z’) is explicity given. 


EXAMPLE 5.3 Obtain the solution of the interior Dirichlet problem for a sphere using the 
Green's function method and hence derive the Poisson integral formula. 


Solution The task is to determine the function u(r,@,@) satisfying 


Veu=0, O<rsa, O0<O<m, O<<2z (5.47) 
subject to 
u (a, 0,6) = f(8,@) (5.48) 
Green’s function for a sphere can be expressed as 
G(r, =a tn r’) (5.49) 


where H is so chosen that the conditions 


2 2 2 
A A (5.50) 

ax’ dy” dz’ 
G(r,r’)=0 (o-91) 


are satisfied on the surface of the sphere. 

Let P(r,0@,@) be a point inside a sphere as shown in Fig. 5.4, where we place a unit 
charge with position vector r and let its inverse point with respect to the sphere be P’ (see 
Fig. 5.4) such that 


OP - OP’ =a? 
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Let OP=r, OP’ = p,OQ’=r’, then OP’=a2/r. If Q’ bea variable point on the surface of 
the sphere, then from the similarity of triangles OQ’P and OQ’P’, we have 


PQ _r_a 


IS 


P 


Fig. 5.4 Inverse image point in a sphere. 


from which we obtain 
PO’=" PQ’ 
a 
This relation is valid for all points on the spherical surface. Therefore, the harmonic frunction 
is 
a l a a 


Alrnr)== PP aae ? A ? 
r|P'Q’| rr |OP’-OQ’| rlp-r'| 


which can also be written as 


H(r,r’) = = = — 
Pe rSr-r’ (5.52) 
r r r 


This form of H satisfies the Laplace equation (5.50). Let Q(7’,0’,¢’) be a variable point 
inside the sphere. When @Q lies on the surface of the sphere, say QO’, we can verify that 


PQ ae 
PO 4 (5.53) 
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Thus the Green’s function to the present problem is 


1 alr 


G(r, r’) = —— 
Ir—-r’| |q 


(5.54) 


or 


Ci (5.55) 
|PQ| |P’Q| R_ R 


where PQ=R, P’Q=R’. On the surface of the sphere, using Eq. (5.53) we can verify that 
G vanishes, and hence G defined by Eq. (5.54) is the appropriate Green's function. 
Using cosine law in solid geometry, we get 


(PQ)? =r? +(r2)—2rr’ cos @ = R2 


(PO)? = (OP’)? + (r’)? —2 (OP’) r’ cos = (R’) (5.56) 
or 
4 2 
(PQ)? = +4(r')? -—r' cosa =(R’)? 
1 r 


From Eq. (5.55), on the sphere, 


= =— + = 
On Or Re Or (RY)? Or RR? 


0G _dG_ 1 0R_— alr OR'_ | mR (2) R e] 
r 


But, Eq. (5.53) gives 


Therefore, 


Also, Eq. (5.56) yields 


eae 2r’—2r cos 6 
or 


oR 


2 
2R ~=2r'-2" cos@ 
or r 
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Hence, 
2 2 
OG) a Nie peppy’ ge" eoep 
On \;'=a 2 a’ r 
ee [a2 } =a" 
R? a aR? 
or 
OG _ r2 —a? 
On\=a a (r2 +a? —2ar cos 6)3!2 


If w= f(0,@) on the surface of the sphere, then the solution to the interior Dirichlet’s 
problem for a sphere is 


ACE #) Nae aa 
(r, 0, dS 
a Sali (7? +a? eat 


But, dS’=a’ sin @’ de’ do’. Therefore, 


- 2x x sind’ dd’ d@’ 
CU es els ae’ #) a (5.57) 
(r? +a? —2ar cos 6) 
which is called the Poisson integral formula. 


EXAMPLE 5.4 Consider the case when IR consists of the half-plane defined by x>0, 


—co<y<oo, and hence solve V*u=0 in the above region subject to the condition 
u= f(y)onx=0, using the Green’s function technique. 


Solution _\n this problem x=0 is the boundary. Let P’(—x, y) be the image point of 


P(x, y). If Q(x’, y’) is a point on the boundary ,—0 (see Fig. 5.5), then PO=P’Q, and 
we construct the Green’s function G such that 


=i en 
ear | PQ 


Fig. 5.5 Aan illustration of Example 5.4. 
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Let 
1 1 


H =-I\n = ; 
|p-r'| PO 


Then, G=In(P’O/PO). 


Obviously, V2 =0 intheregion x>0 and onthe boundary x=0, G=In 1=0 is satisfied. 
Hence the required Green’s function is given by 


(x+x’? +(y- aa 


1 
G(x, vie. ¥)= | : : 
20 L(x-xP +(y-y’? 


Here, the outward drawn normal to the boundary is in the direction of the x-axis. Therefore, 


OG ta 1 2x 2x 2x 

rae 7 ee 2 rl Al A SS ae 

on Ox Fi 2) (x4x)o+ly=y)° (x=x)° 4+ly—y) ve, x +(y-y’) 
From Eq. (5.39), 


x +(y-y" 
or 
_x a fly’) , 
usd=2f” | |e (5.58) 


EXAMPLE 5.5 Determine the Green’s function for the Dirichlet problem for a circle given by 


V-u=0, r<a 
u=f(@) onr=a 


Solution Let P(r,@) and Q(r’,@’) have position vectors r andr’, and let P’ be the 


inverse of P with respect to the circle so that OP-OP’ =a? and P’ has coordinates (a2/r, 0), as 
shown in Fig. 5.6. 


Or’, 6) 


Fig. 5.6 An illustration of Example 5.5 
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Now, we construct the Green’s function G such that 
1 


G=|n ——-+H 
|r-r"| 


Let H =In(r-P’Q/a) (as for the sphere) so that it can be verified that 


V-H =0 
-P’O 
Gsin= 
a PO (5.59) 
On the circle r =a, 
gaint 2-in_P2 = Int =0 
PQ (r/a)P 
However, 
PQ? =r? +r —2rr’ cos (0’-6) (5.60) 
a‘ a’ 
PQ? =r? +21’ — 05 (0’-8) (5.61) 
r r 
Substituting Eqs. (5.60) and (5.61) into Eq. (5.59), G can be written as 
cabin | 22 2 tale? — 21a? cos (6’-0)Ir} 
a {r° +r —2rr’ cos (6’—-6)} 
1 ii a? +r*r2la2 —2rr’ cos (6’ —@) (5.62) 
2 r2 +r —2rr’ cos (6’—6) 


But, on the circle r=a, 
(2) -(2) : (a? =r") 
On Jraa or’ r’=a ala* —2ar cos (6’-6) + r?] 


a a¥ {. f (0) do’ 
0 {a? —2ar cos (6’—0)+r?} 


Therefore, 


5.4 THE EIGENFUNCTION METHOD 
Let us consider the Dirichlet boundary value problem described by 
V-u=f (5.63) 
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valid in certain region IR, subject to the boundary condition 
u=8 (5.64) 


on @IR, the boundary of IR. 


From the definition of Green’s function which has been introduced in Section 5.1. The Green's 
function must satisfy the relations 


V°G=6(x-&, y—-n) in IR (5.65) 
G=0, ondlR (5.66) 
Now, consider the eigenvalue problem associated with the operator V2 in the domain 
IR, Le 
V-¢+A¢=0 inIR (5.67) 
@=0 ondiR (5.68) 
Let A 


mn 


be the eigenvalues and 9¢,,,, be the corresponding eigenfunctions. Suppose we give 


Fourier series expansion to G and 6 in terms of the eigenfunctions 9,,,, in the following 
form: 


G(x, y5 Em) = YY ain (E:71) Pn (2 Y) (5.69) 
Gs y—M = YY dom (F,1) Onn (x, y) (5.70) 
where 
— Onn (S17) (5.71) 
Din =6,. 21) Pn (Xr y) dx dy = ~~ ——— 
ve nn IP *g J} ete ll Pun IP 


I Pinn I= {J on dx dy 
IR 


Now, substituting Eqs. (5.69) and (5.70) into Eqs. (5.65) and (5.66) and noting that Eq. (5.67) 
has the form 


VOmn +A Anh Pn = (5.72) 
we obtain 


DA Amn (S17) Onn (XY) = =) 2 (S11) Onn (XY) 


mn 
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Using Eqs. (5.71) and (5.72), the above equation reduces to 
=), >. Agciple HO. (ay= »y y Pan (S17) Onn (XY) 


2 
mon II Pan I 


from which we get 
dy (E, q)=——frnloe (5.73) 
Ann ll Onn | 


Hence, Eqs. (5.69) and (5.73) give the required Green’s function for the Dirichlet problem, 
in the form 


YY Gn (¢, n) Pn (x, y) 


G(x, y;¢,n)=-— (5.74) 
Ain ll ®nun I’ 


EXAMPLE 5.6 Find the Green’s function for the Dirichlet problem on the rectangle 
IR:0<x<a, 0<y<b, described by the PDE 


(V2+A)u=-0 iniR (5.75) 
and the BC u=OondlR. 


Solution The eigenfunctions of the given PDE can be obtained easily by using the 
variables separable method. Let us assume the solution of the given PDE in the form 


u(x, y)=X(x)Y(y). Substituting into the given PDE, we obtain 


xX’ a 
¥=(Fra}ew (a separation constant) (5.76) 


Since u is zero on the boundary JIR, X satisfies 
X*+vX¥=0, X(0)=]X(a)=0 (5.77) 
Its solution, in general, is 
X(x)=Acos Jvx+Bsin Vvx 
X(0)=0 implies A=0. X(a)=0 gives sin Vva=0, implying Jv =nz/a. The corresponding 
real valued eigenfunctions are X, =sin (nzx/a),n=1,2,..., while the eigenvalues 
are v, =n’/a’,n =1,2,... Now, the factor Y satisfies 


y’+(A-v,)¥=0, ¥(0)=Y(b)=0 
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Following the above procedure, we can show at once that the eigenfunctions are given by 


Yin =ein 2 m=1, 2, 
b 
and the corresponding eigenvalues are 
2! 
m7 
A-V,p = Be 5) m=1, 2: 


Thus, we obtain the eigenfunctions to the given problem in the form 


mn (X, Y) = sin _ sin oe m=1, 2,...;n=1,2,... (5.78) 
while the eigenvalues are given by 
2,2 2,2 2 2 
_mn na 9 m n 
Ann = a’ ¥ b? = a Pe oT) 
Computation of ||4,,,, || gives 
qe ab 
on I= ff sin dx dy = (5.80) 


Hence, the Green’s function for the given Dirichlet problem can be obtained from Eq. (5.74) 
with the help of Eqs. (5.79) and (5.80) as 


4ab ~~ sin (mzx/a) sin (nzy/b) sin (mzé/a) sin (nzn/b) 
G%yxEM=->> Dd a sic: /b) (5.81) 
XR ml nal mb? +n°a 


5.5 GREEN’S FUNCTION FOR THE WAVE EQUATION—HELMHOLTZ 
THEOREM 


In finding the solution of the wave equation by the variables separable method, we have observed 
that the function depending on spatial coordinates satisfies the Helmholtz equation which is also 
called the spatial form of the wave equation. The solution of the Helmholtz equation under certain 
boundary conditions can be made to depend on how the appropriate Green's function is determined, 
in terms of which the solution to the wave equation can be obtained. 

Let uw be a solution of the Helmholtz equation 


V7u+k*u=0 (5.82) 


in the region IR. Also, let all the singularities of wu lie outside the closed region IR (see 
Fig. 5.7), the boundary of which is denoted by JIR. Consider the singularity solution of the 
Helmholtz equation given by 


u’ = exp{ik |r—r’|}/|r—-r' | (5.83) 
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OR 


0 “ P 
Fig. 5.7 A closed region. 
Recalling the Green’s theorem (2.19), we have 


{{ (u V7u’ —u’Vu) dV = {I (ue 
R oR 


x) ds (5.84) 
on on 


where n is the outward normal to JIR. Since P(r) lines outside IR, |r—r’|#0, and it is 


possible to calculate Vu’ for all r’e R. Thus, setting u=ywandu’=y’ into the left-hand side 
of Eq. (5.84), we obtain, after using Eqs. (5.82) and (5.83), relation 


i Vy —y' Vy) av =(If ye (ik |r—r’ De (ik |r—r’|) ce) ay 
R R 


[r—r"| [rr 


-{ff lin exp Cs aa Dey ies > Jav=0 
=m |r-r| |r—-r | 


Therefore, 


i wens lee Clee} os (ik|r—r'|) 0 vie) |as-=0 (5.85) 


oe |r-r'| |r-r'| an 


If P(r) liesinside IR, we surround P by asphere of radius ¢. Now applying Green’s theorem to 
the region = bounded externally by @IR and internally by C as in Fig. 5.1, and noting 
that |r—r’|#0, we get 


J) all |[rers [22 (ik|r—-r »| eee \) a vie) |as =0 
C OR n 


|r—r'| |r-r’| On 
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However, 
O fexp(ik|r-r’|)|_ 2 \ el} exp (ike) exp (ike) _ exp (ike) gal 
an |r—r’| O€ € € e E E 
_{ ie 1 exp (ik |r —r’ |) 
|r—r’| |r—r'| 
Hence, 


fj ver 7] | ahh ee (ik|r—r’|) 0 ve fas 


on |r—r’ | lr-r’| = On 


=-|/ a via ye Ud Le (7.86) 
e |jr—r’ | on |jr—r’ | 


Now using the relations 


Equation (5.86) can be rewritten as 


ff ik-—+— \tytr) +0(e)]-( 2%) +0(e) 2PM l—F D2 cing aoag 
c |jr—r’ | On jp |jr—r’ | 
Taking the limit as e +0, we get 


-|J y (r) sin 6 d@ dé =—4zy (r) 
Cc 


Hence, 


vir’) oO eVieinss |) _ exp alas |) a wir’) |dS =-Any(r) (5.87) 
an |r—r’ | jr-r’| On 
OR 
Thus, combining the results (5.85) and (5.87), we have the Helmholtz theorem which 
states that if y(r) is a solution of the spatial form of the wave equation Veyw+k-y=0, 


possessing continuous first and second order partial derivatives in IR bounded by @IR, then 
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7 , a yr’) ifreR 
A. fj \" Uae r’ |) IVEY aah oO (exp ele r’ |) | as= 
An rs |jr—-r’| on on |jr—r’ | 0 ifreR 


(5.88) 


From this result, it appears as though the values of w and dw/dn onthe surface JIR bounding 


the region IR have to be prescribed; it also appears that these values can be considered 
arbitrarily and independently of each other. But, it can be seen that this is not true if we 


introduce the Green's function G(r,r’). Let G(r,r’) be a Green's function such that 
(i) V2G(r, r’) + k2G(r, r’) =0, and 
(ii) G is finite and continuous with respect to both the variables r and r’. 


If we replace exp (ik |r—r’|)/|r—r’| by G, we get from Eq. (5.88) the relations 


-! » OW(r’) n9G, 
vir)=7— JJ [Gter') 7 wie) (r,24] as 


OR 


where n is the outward drawn normal to IR. If G=G, such that G,satisfies (i) and (ii) and 
G(r, r’)=0 ondIR, then 


vie)=-= ff vr) Sev’) as (5,89) 


EXAMPLE 5.7 Determine the Green’s function for the Helmholtz equation for the half-space 
z20. 

Solution Here the boundary is the xoy-plane. Let P(r) be a point and let P’ be its 
image in the plane z=0 (see Fig. 5.8). Also, let r =(x, y, z); then p=(x, y,-z); again, let 
r’=(x, y,z’). When r’ lies on the boundary, i.e., on the xy plane, r’=(x’, y’,0) and 


P-r’|=|r-r’|. 
| 


Let 
» _ exp (ik |r—r’|) _ exp (ik | p—r’|) 
G(r,r’)= 7 = 7 
[r=r" p-r'| il 
If x’ lies on the boundary, then 
on Az Jon the xy-plane 
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P(x, ys —z) 
Fig. 5.8 Illustration of Example 5.7. 


But 
[r—r’ |= J(x-x)? + (y— y+ (z=) 
Therefore, 
aG : - zelkR ikzelR 7 zelkR F He 
Az’ |7=0 R? R? R? R? 


where R? =(x—x’)? +(y—y’)? + 27 


From the result (5.89), the required Green’s function is 


~ =—Fe5f fs a 


where f(x’, y’), is the value of y on the boundary z=0. 


(5.91) 


EXAMPLE 5.8 Solve the following one-dimensional wave equation using the Green’s function 
method: 


PDE: um, —c-u,, =0, OsesL, 120 
BCs:u(0,t)=u(L,t)=0 forr>0 
ICs:u (x, 0) = f(x) 

u,(x, 0) =g (x), O<x<L 
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Solution \n Section 4.5, the general solution of the one-dimensional wave equation was 
obtained as 


u(xt)=> sin( "| 4, cos REC! ¢ ® sin nat) (5.92) 


n=1 
where 


NIX 


A, =<, baile: x)sin — de 


B, == fs x)sin ax 


Now, let us define a function G(x,t;€,t) as follows: 


2~ 1... max, nn. EZ | 
G(x,t&,t)= sin sin sin t—T (5.93) 
(xth6.7) 7c py n L L ( ) 
It can be shown that these series converge for all values of x,t,&,t. It can also be noted that 
G as a function of x satisfies the boundary conditions, i.e., 
G26 7)=0, GiLgc2)=0; 20 
Also, 


G (x,t; 6,7) =0, O<x<L 
G(E,ti) x,t) =G(x,t;6,T) for all x andé 
G(x,7;6,t)=-G(x,ti€,t)  forallrandt 
Thus, the function G defined by Eq. (5.93) is called the Green’s function of the given IBV P. 
Substituting the series expression for G and formally interchanging the operations of 


summation and integration, we can verify that the series solution (5.92) of the given problem 
can be rewritten in terms of Green’s function of the form 


L L 
u(xt)=] G(x §,0) f()ds+] GlxrE,0) ¢ (g) dg 


5.6 GREEN’S FUNCTION FOR THE DIFFUSION EQUATION 


Consider the diffusion equation (also known as heat conduction equation) with no sources 
present: 


On a9, (5.94) 


Ot 
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subject to the boundary condition 
u(r,t)=O(r,t), res (5.95) 
and the initial condition 
u(r,0)=f(r), reV (5.96) 
It is necessary for us to find wu (r,t) in the volume V bounded by the surface S by using 
the Green’s function technique. 


We shall define the Green’s function G(r, r’,t—7’), t>2’, where /’ is a parameter, such 
that the following conditions are satisfied: 


(i) IG _ pg (5.97) 
ot 
(ii) BC: G(r,r’, t-t’) =0, r’eS (5.98) 


(iil) The initial condition Lt G=0 for all points in the volume y except at the point r, 
tot 


where G assumes the singularity solution as given in the introduction in the form 


1 
exp| — ; (5.99) 
8[zk (t—2’) 9! Ak(t—t : 
It is easy to note that G depends only on ¢ through the term (¢—r’) . Hence, equivalently, Eq. (5.97) 
can also be written as 


aC 4G (5.100) 
Ot 
Here, G can be interpreted as the temperature at the point r’ at time z, corresponding to a 


source of unit strength generated at r=7’. Initially, the solid with volume V and surface S is 


at zero temperature. Since ¢’ must lie within the time interval for ¢ for which Eqs. (5.94) and 
(5.95) are valid, these equations may be rewritten as 


ai. gti, fay (5.101) 
Ot 
u(r’, ¢)=O(r',f), r’eS (5.102) 
Also, 
Oo Ou OG 


Now, using Eqs. (5.100) and (5.101), we have 


dl (uG) = GkV2u —kuV°G 


, 
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If e is an arbitrary positive constant, then 


[oI ore] aeoafeffioruronel ae sao 
V Vv 


Interchanging the order of integration on the left-hand side of the above equation, we have 


Wo ge jer= ff watotae’= [ff Waa ff aa 


But 

[u(r’, t)yope =u (r’, t-€) 
and we want values of wu for times greater than some initial time. Hence, u(r’,t—e) can be 
taken as u(r,t’). After using IC (5.96), the left-hand side of Eq. (5.103) becomes 


Heat) I etesenie Vay’ — [Jeter os r’)dr’ 


From the expression (5.99) for G(r, r’,t—7’), we can show that 


1 jr-r’[? 7 
[ote ie aa ae 
as e > 0. After applying Green’s theorem, the right-hand side of Eq. (5.103) beomes 
Kf cuit (GV2u—uV°G)dt ‘ie =kf {I (6 au Eas! ja 


But G=0onS. Now taking the limit as € +0, the above equation becomes 


t al OG , , 
ey alr’, 1) Fas {a 
S 
Finally, Eq. (5.103) reduces to the form 


u(r, t) = IJ flr’) Glr, r’, t)dr’— Kf =) O(r’, t) as (5.104) 


which is the required solution to the boundary value problem described by Eqs. (5.94)- (5.96). 
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EXAMPLE 5.9 Determine Green’s function for the problem of heat flow in an infinite rod 
described by 


PDE:u, = au,,, —o<x<oo, t>0 


IC: u(x,0)= f(x), -o<x<-+e0 


Solution The variables separable method of solution as discussed in Section 3.3 to the 
given problem is 


us f)= pee” Fly) exp Hla Mldaabdy =~ Glx~ y, an) f(y) dy 6.105) 

where 
gj bi=— —eebe 5.106 
G (x= y,at) = eeexp({x— 991 Ara) (5.106) 


is called the Green’s function for heat transfer in infinite rod. 


EXAMPLE 5.10 Find a Green's function for the heat flow problem in a finite rod described 
by 


PDE:u, =Qu,,, O<x<L, t>0 
BCs:u (0, t) =u (L, t) =0, t>0 
IC: u(x, 0) = f(x), O<x<L 


Solution \n Example 3.5, we have obtained the variables separable solution to the given 
PDE; its general form is 


u (x, t) = Ceo sin Ax 
Applying the BCs: u(0,t)=u(L,t)=0, we get 
u(L,t) = Cet sin AL =0 


which means that sinAL=0. Therefore, A=nz/L,n=1, 2,... 
Using the superposition principle, we obtain 


u(x,t) =) C, exp (-aAjt) sin A,x, A, = na/L (5.107) 
n=1 
Now, using the IC: u(x,0)=f (x), we get 


f=¥ C,, sin d,x 


n=1 


314 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


which is a half-range Fourier sine series. Therefore, 


2k 
== 5.108 
G, ae f(y)sin A, y dy ( ) 
Inserting Eq. (5.108) into Eq. (5.107), we obtain the following integral representation of the 
solution: 


LI2< 
ulxt)=[ po exp (—arA?1) sind, y sin A,,x | f(y) dy (5.109) 
n=1 
If we define 
G (x, yet exp (-aA*1) sin A, y sin A, (5.110) 
n=1 


for O0<x, y<Landt>0, then solution (5.109) can be expressed as 
L 
u(xt)=] Gla yt) fly)dy for0s.x<L,1>0 (5.111) 


The function G(x, y,t) defined in Eq. (5.110) is called the Green's function for the given 
heat equation. 
It can be observed that this function has the following properties: 


(i) G,(x, y,t)=@G,,(x, y, t)=aG,, (x, y, t) forO<x,y<L,t>0 (5.112) 
(ii) G (0, y,t)=G(L, y,t)=0 for0< y<L,t>0 (5.113) 
(iii) G(x, y, t)=G(y, x,t) forO<x,y<L,t>0 (5.114) 


Equation (5.112) follows from Eq. (5.110) by term-by-term differentiation. Thus the Green's 
function satisfies the heat equation. In fact, it is symmetric and satisfies the boundary conditions. 


EXERCISES 


1. Show that the three-dimensional Dirac d-function can be written as 


2. Let P(xq, yo) be a point in rectangular coordinates corresponding to the point P(7, Ao) 
in polar coordinates. Then show that 


6(x—x9) 6(y — yo) = 6(r—1y) 6(8-O9) r 
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. Let P(x, y,%) be a point in rectangular coordinates corresponding to the point 
OP (7, 0,,¢,) in spherical polar coordinates. Then, show that 


5(r—7)d(9-4) 5(¢-@) 


r- sing 


b(x-x) d(y-—y) 0(z- 4) = 


. Use the method of images and show that the harmonic Green’s function for the half- 
Space z>0 is 


oo ae _ 
4nr Anr 
where 
r =(x-x)? +(y—y)? +(z-4)? 
r? =(x—m)? +(y—y,)? (z+ 4)? 
. Solve 


V-u=0 
in the upper half-plane defined by y>0,-co<x<ce, using Green's function method, 
subject to the condition 
u= f(x) ony=0 


. Determine the Green's function for the Robin’s problem on the quarter infinite plane 
described by 


Veu=¢ (x, y), x>0, y>0 
subject to the conditions 
u= f(y) on x=0 
au 
on 
F ee that the Green’s function for the heat flow problem in semi-infinite rod described 
y 


g(x) on y=0 


PDE: u, =au,,, x>0, t>0 
BC:u(0,t) =0, t>0 
IC: u(x, 0) = f(x), x>0 


is given in the form 


G(x, y,t) = (x— y)*/4t}— exp {-(x4 y)/40}] 


1 [exp { 
Vaart? 


CHAPTER 6 


Laplace Transform Methods 


6.1. INTRODUCTION 


Laplace transform is essentially a mathematical tool which can be used to solve several 
problems in science and engineering. This transform was first introduced by Laplace, a 
French mathematician, in the year 1790 in his work on probability theorem. This technique 
became popular when Heaviside applied to the solution of an ordinary differential equation 
referred hereafter as ODE, representing a problem in electrical engineering. To the basic 
question as to why one should learn Laplace transform technique when other techinques are 
available, the answer is very simple. Transforms are used to accomplish the solution of certain 
problems with less effort and in a simple routine way. To illustrate, consider the problem of 
finding the value of x from the equation 


1285 _ 3 (6.1) 


It is an extremely tedious task to solve this problem algebraically. However, taking logarithms 
on both sides, we have the transformed equation as 


1.85 In x=In3 (6.2) 


In this transformed equation, the algebraic operation and exponentiation have been changed 
to multiplication which immediately gives 


_In3 
1.85 


To get the required result, it is enough if we take the antilogarithm on both sides of the above 
equation, which yields 
x=In7 ie 
1.85 


With the help of any ordinary calculator, we can now compute x. Following this simple 
example, the Laplace transform method reduces the solution of an ODE to the solution of an 
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Inx 
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algebraic equation. In fact, this method has a particular advantage in finding the solution of 
an ODE with appropriate ICs, without first finding the general solution and then using ICs 
for evaluating the arbitrary constants. Also, when the Laplace transform technique is applied 
to a PDE, it reduces the number of independent variables by one. 

Definition 6.1 Suppose f(r) is a piecewise continuous function and if it has an additional 
property that there exists a real number Yo and a finite positive number M such that 


Lt |f(t)le" <M for y>y 


t—oo 
and the limit does not exist when y< yp, then such a function is said to be of exponential 
order 7p, also written as 
| f (t) |= 0(e?) 
Variables such as velocity and current are always finite; which means that f(z) is bounded. 


Thus for any bounded function f(r), | f(t) |e” 30 for all y >0. The order of such a function 


is zero. However, variables such as electrical charge and mechanical displacement may increase 
without limit but of course proportional to z. Such functions are also of exponential order. 
For illustration, let us consider the following examples: 


(i) Lt te% =0 


too 


The fact that +” is of exponential order zero can be seen as follows: 


n n-l 
a t nt 
Ane 7 “(5 Jee ye" (using L’Hospital’s rule) 


Applying the L’Hospital’s rule repeatedly, we get 


| 
Lt fees it |—"|20 
too too yre” 


(ii) In an unstable system a function may increase as e” and we can see that 


Lt e“e =0 if y>a 
too 


Thus the function e“ is of exponential order a. 
(iii) exp (t”)(n>1) is not of exponential order, since 
Lt exp(t")e” = Lt exp[r(t”?-y)] =00 
t-00 t-00 


for any finite value of y. 
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Definition 6.2 Let f(t) be a continuous and single-valued function of the real variable r 
defined for all t,0<t<co, and is of exponential order. Then the Laplace transform of f(r) 
is defined as a function F(s) denoted by the integral 


LUf(t); s}=F(s)= fe" fle) at (6.3) 


over that range of values of s for which the integral exists. Here, s is a parameter, real or 
complex. Obviously, Z[ f(t); s] is a function of s. Thus, 


U f(t); s]= F(s) 
f(t) =L"[F(s); 0] 
where L is the operator which transforms f(r) into F(s), called Laplace transform operator, 


and 7 is the inverse Laplace transform operator. 
The Laplace transform belongs to the family of “integral transforms’. An integral transform 


F(s) of the function f(¢) is defined by an integral of the form 


[oes t) f(t) dt = F(s) (6.4) 


a 


where k(s,t), a function of two variables s and r, is called the kernel of the integral transform. 


The kernels and limits of integration for various integral transforms are given in Table 6.1 
(which is not exhaustive). 


Table 6.1 Kernels and Limits for Various Integral Transforms 


Name of the transform k(s, t) a b 

Laplace transform et 0 00 

Fourier transform | 2a vo oo 
at 2. x 

Fourier sine transform a st 0 és 
‘ ; 2 

Fourier cosine transform oo st 0 = 

Hankel transform tJ, (st) 0 oo 

Mellin transform pa 0 oo 


The integral transforms defined above are applicable, either for semi-infinite or infinite 
domains. Similarly, finite integral transforms can be defined on finite domains. 
Now, we are in a position to verify the following important result. 
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Theorem 6.1 If f(t) is piecewise continuous in the range ¢>0 and is of exponential order 
y, then the Laplace transform F(s) of f(t) exists for alls >y. 


Proof From the definition of Laplace transform, 
. op fast Boe st _ 
Uf(o l=], e fla) dr =| é fl)dr+] e f(t) dt=h+1, 
Since f(t) is piecewise continuous on every finite interval O<r<T,/, exists, whereas 
Ils [le Flt) lat 
leis fle“ rte) | 


But f(t) is a function of exponential order; therefore, 


| f(t)|<Me” for y real 


Hence, 
|e" f(t) |< Me 1)" 
Thus, 
eo —(s-y)T 
72 I= J aia. S>Y 
T s-Y 


In other words, 7, can be made as small as we like provided T is large enough and, therefore, 


I, exists. Hence, L[ f(t); s] exists for s>v. 


6.2 TRANSFORM OF SOME ELEMENTARY FUNCTIONS 


Following the definition of Laplace transform by the integral (6.3), we shall compute the 
Laplace transform of some elementary functions. 


EXAMPLE 6.1 Find the Laplace transform of 
(i) 1, (ii) 0, (iii) ¢, (iv) e™, (vie, 
Solution Using the definition of Laplace transform, we have 
—st 


(i) tine fy" aera \+ ie 


—s Ss 


(ii) LO; sl=f (0) dt =0 


. 2 i -st -st 4 post 1 
iii = ee anna it Fe ui e ie 
(ili) Llt s] J, e"-tdt i? u( = ( 7 | (; - dt - 
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= 3 -(s-a)t | 
(iv) Le; s] =| eet dt = eo (s-atgy =| © a2 ,s>a 
0 0 —(s—a) pb sa 


_ er oe oo 1 
Vv L at = st —at aes (sta)t yy — 
(v) L[e“: s] ( ee i e a 


EXAMPLE 6.2 Find the Laplace transform of 
(i) COS at, (ii) Sin at. 


Solution Following the definition of Laplace transform, we have 


(i) Ll{cos at; s]= en COS at dt = Ref e“ear =ReLfe: s] 


1 stia Ss 
Re——=Re a cae eee 

S—la s ta Ss +a 

i F : St+ia a 
(ii) Lfsin at; s]=Im Lle’™; s]=Im Ea 


S +a - +a 
EXAMPLE 6.3 Find the Laplace transform of 
(i) cosh at, (ii) sinh az. 
Solution Using the results established in Example 6.1, we have 


+e 
2 


(i) L[cosh at; s]= |< al : ‘| {He s]+ Le; s]} 


(ii) L[sinh at; s]= |e — ; ‘| {Ue s]-Le“; s]} 


a oe ee ee 
2\s-a sta) s*-@ 


EXAMPLE 6.4 Find the Laplace transform of ¢”, where n is a positive integer. 


Solution Using the definition of Laplace transform, we have 


— st -st \° 
coo co e e n co 4a. n coy 
Ls"; 5]=[ e "de = ( t"d ag? +7] te “a="{ ple ap 
0 0 —s -S s40 s 40 
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Hence, 
Ut"; s}=2 ur"; 5] 
Ss 
Similarly, we can prove the following: 


He: 5) == 


L{t?; a=77 s] 
S 


1 
L[t; s]=—> 
Fe 
Therefore, 
at nal wed a 1 al 
‘ sos gt gt 


which can be expressed in Gamma function as 


L{t": s] 


6.3 PROPERTIES OF LAPLACE TRANSFORM 


We present a few important properties of the Laplace transform in the following theorems 
which will enable us to find the Laplace transform of a combination of functions whose 
transforms are known. 


Theorem 6.2 (Linearity property). If c, and are any two constants and if A(s) and F5(s) 


are the Laplace transforms, respectively of f(r) and f5(r), then 
Liq f(t)+ohl)} sl=ql f(t); s]+ Ll f(t); s]=aqA(s) +c) F5(s) 
Proof Following the definition of Laplace transform, we have 


Ufc file) + en fold} sl= [ete file) +e fale) at 


= af, Ale dt + oo), Ald) dt 
=qL f(t); s]+ ol f(t); s] 


= cq F,(s) + C7 Fy (s) 
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Theorem 6.3 (Shifting property). If a function is multiplied by e, the transform of the 
resultant is obtained by replacing s by (s—a) in the transform of the original function. That 
is, if 
LU f(t); s]= F(s) 
then 
Le f(t); s]= F(s—a) 
Proof From the definition of Laplace transform, 


Le" f(r); s1= | one f(t) dt=f oo flt)dt = F(s—a) 


Similarly, 


Le“ f(t); s]= F(s+a) (6.5) 


Theorem 6.4 (Multiplication by power of 2). If 
L{ f (t);s]=F(s) 
then 
Le" f (¢); s]=(-1)" — F(s) = (-1)" FP”) (s) 
ds 
where 2=1,2,3).2. 


Proof From the definition of Laplace transform 
Pls) =L1f (i sl= fe f(a) ae 
Hence, 


d d\ft? _s 
—[Fis)\|e— F(t) dt 
“trii= 2] [ests at| 
Interchanging the operations of differentiation and integration for which we assume that the 
necessary conditions are satisfied, and since there are two variables s and t, we use the notation 
of partial differentiation and obtain 

o 9 


7 fe" F(1)} dt = -| ert dt =-L{tf (t); s] 


d ‘meas 


Therefore, 


Hef (0); s]=-< Fs) 
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By repeated application of the above result, it can be shown that 


T F(s)=(" Fs) (6.6) 


L{t" f(t); s]=(-1)" 
ds 


Theorem 6.5 (Differentiation property). If 
L[f (0); s]= F(s) 
then 
LEf\ ©; s]=s"F(s)—s"'f(0)-s"* f')—--— sf" *@- f" "© 


Proof From the definition of Laplace transform, we have 
LIf’(); sl= [,e* f’(t) dt =[e f (QR + s[e™ f(t) dt 
=—f(0)+sLIf (0); s]=sF(s)— f(0) 
Similarly, it can be shown that 
Lf” (t); s]= SLU f(t); s]- f’(0) = s{sF(s)- f (0)}- f’(O) = s°F(s)— sf (0)- f’(0) 
Lf”); s]= s°F (s) —s* f (0) — sf (0) - f’”(O) 
Thus, in general, 


Lf; sl=s"F(s)—s™* f(0)-s"? f’O)-s" > f’"O)—--- f"P%O (6.7) 
This property is very useful for solving differential equations. 


EXAMPLE 6.5 Find the Laplace transform of 


(i) e“cosbt, (ii) e“sinbt, (iii) e“ cosh bt, (iv) e“t", and (v) cos at cosh bt. 


Solution Using the shifting property 


(i) Lfe* cos bt; s]= — 


s°+b7|5 (5-a) (S—a)? +b? 


b 


(ii) Le sin bt; s]= = 
s—(s—a) (s 3 a) +b 


s° +b" 


S—da 


s—(s—a) (s = a)? = b? 


(iii) Lfe™ cosh bt; s] = 


v=h 
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(iv) Le“t": s] 


et et 
(v) L[cos at cosh bt; s] = L| cos at ——— s 


= ete cos at: s]— Le cos at: s]} 


a! s—b stb 
2\(s—b)?+a* (s+b)* +a? 


EXAMPLE 6.6 Fing the Laplace transform of the following: 
(i) ec", (ii) tsinat, (iii) #cosat, (iv) Me™. 
Solution Using the result established in Theorem 6.4, we have 
2 2 _ 
(i) HPes)=(1P Set s1= S[ = 2(_ = 4 
d. ds* \s ) 


s s -a) ds (s—a)? (s—a 


Alternatively, 


2! 
Le" t?: sl== 
Ss 


- g (using the shifting property) 


s—(s—a) (sa)? 


: d . d a 2as 
ii) Ltsin at; s]= =1)'=-7Jsin ,SJ= = 
(il) Assin ag, s)=(-1) ds nan) nerd (s* +a’)? 


2 2 
(iii) LF? cos at; 5) =(-1? 5 Hc0s at; s] -S (a4) 
ds ds 


d| at—s?* _ 2s? —6sa? 
( (s2 +a’) 


n! 


= ————__ (using the shifting property) 


s—(sta) (s + ay 


n! 
+1 
gy! 


(iv) Ler": s]= 


EXAMPLE 6.7 Find the Laplace transform of 


(i) te“ sin 3r, (ii) sin 2r sin 3¢, (iii) sin? 2r. 
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Solution We may note that 


(i) L{te~“’ sin 3¢; s] = Lle" (¢ sin 37); 5] 


Using the result of Theorem 6.4, we get 


Lt sin 34; s]= +( : =; eS 


sks? +9 s* +9)? 
Now, using the shifting property, we obtain 
Lie (t sin 31); s]= = ; = — = ee ; 
(s* +9) ea {(s+4)* +9}  (s* +8s +425) 


(ii) Since sin 2¢sin 3¢= 5 (cos cos 5t), 


L{sin 2 sin 3¢; s]= 5 {Hlcos t; s]—L[cos 52; s]} 


-5( so )- 12s 
2h52 41 52425) (52 41) (s2 +25) 


(iii) Since sin 6r =sin 3(2r) =3sin 2r—4 sin’ 2r, we have sin ciara 2t—— sin 6. 
Thus, 


Usin® 2, s]= 5 Asin 21s] Hsin 6x3] = 4 E if 

4 4 A\s* +4) A s* +36 
48 

(s? +4)(s7 +36) 


EXAMPLE 6.8 Find the Laplace transform of f(t) defined as 


sin ¢, 0<t<a 
f= 


0, t>a 


Solution Using the definition of Laplace transform, we have 


Lf (0); s]= { sin t dt + feo) dt = Im [oe “elat = Imf ear 


(i-s)t /* (i-s)a _4 ae 
=i - ed - [l-e “(cosa+isin z)] 
i-s |p i-s stl 


. —ST 
- S +e *] = — 
stl sot] 


=Im 
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Theorem 6.6 (Initial value theorem). If f(t) and f’(t) are Laplace transformable and 
F(s) is the Laplace transform of f(t), then the behaviour of f(r) in the neighbourhood of 
t=0 corresponds to the bebaviour of sF(s) in the neighbourhood of s =o, Mathematically, 


Lt fle) = Lt sF(s) 


seo 


Proof From the property of derivative, we have 
Lf f(t); s] = sF(s)— f (0) (6.8) 
Taking the limit as so on both sides, we get 


Lt (eft) dt= Lt sF(s)— Lt f(0) (6.9) 


sod 0 soo S00 


since s is independent of t, we can take the limit before integrating the left-hand side of Eq. 
(6.9), thus getting 
; —st fr = = —st fr _ 
Lt frets ar= jute f (.)|ar=0 
and Eq. (6.9) becomes 
Lt sP(s)= 7 (0)= LE FG) 


S00 t>0 


Hence the result. For example, let f(t) be a polynomial of degree n of the form 


2 n 
f(t)=aq tatt+agt® +--+ ayt 
Its Laplace transform is 


a 2a nia 
1, 242 k 


ag 
ES = a aE 
S S S 


RY 


Now, taking the limit on both sides as s—> oo, we obtain 


Lt sF(s)=ag = f(0) 


se 


EXAMPLE 6.9 Verify the initial value theorem for the function 


f(t)=1+e "(sin t+c0s £) 


Solution Given f(t)=1+e‘(sint+cosr), we have 
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F(s)=L[ f(t); s]=L[1 s]+ L[(e" sint +e“ cost); s] 
ze! [ 1 ae 
s s +1 s? +1 s—(s+1) 


-*+(s355) 
s \s*4+2s54+2 


Hence, 
2 
i 
so +2s+2 
Therefore, 
Lt sF(s)= Lt i ii? 
seo sae 14+2/54+2/s 


But f(0)=1+1=2. Thus, 
Lt sF(s) = f(0) 


soe 


Hence the result. 


Theorem 6.7 (Final value theorem). If f(z) and f’(t) are Laplace transformable and F(s) 
is the Laplace transform of f(r), then the behaviour of f(t) in the neighbourhood of ¢=co 
corresponds to the behaviour of sF(s) in the neighbourhood of s=0, Mathematically, 


Lt f(t)= Lt sF(s) 


too 


Proof From the property of derivative, we have 
Uf'(t); s]= sl f(t); s]— f(0) 


Taking the limit as s50 on both sides of the above equation, we have 


Aa 0 ae a | sets) 7 Eat F(0) 
But, 
bbe fe) dt =f fle) de =Lf (lg = Lt fle) - f0) 


0 s50 
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Using this result in the above equation, we get 
Lt sF(s)= Lt f(t) 
s30 


t—o00 
Theorem 6.8 (Division by 2). If 


L{ f(t); s] = F(s) 
then 


|, 5 |= fet a (6.10) 
t S 


Proof From the definition of Laplace transform 


L f(t); s]= F(s) = i eo" F(t) dt 


Integrating the above equation with respect to s between the limits s to -, we get 


J Fw a=f)fre" f(t) at|as=f f io( [eras] dt (by changing the order of integration) 


= ag = dt = [ena = oe | 


Hence the result. 
Note: |n applying this rule, one should be careful. Since f(z)/t may have an infinite discontinuity 
at t+=0, it may not be integrable. If f(z)/t is not integrable, then its Laplace transform does 


not exist. For example, at t=0, the function sin ¢/t does not have an infinite discontinuity, 
while the function cos ¢/t has an infinite discontinuity. 


EXAMPLE 6.10 Find the Laplace transform of 


(i) 1- cost (ii) Cos 2t— cos 3¢ 
t t 


Solution Using the result of Theorem 6.8, we have 
(i) | ee, 5 |= Fls)as 
t Ss 
where, 
Ss 


41 


F(s) = L[(.-cos1); s]= {k s] - Leos; s]=~- 
Ss 
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Therefore, 


1-cost cof J] Ss 
L| ———; 5s |= nn 7) 
t | J [ 25) ° 


1 Ss m 
= in a In (s? 0] = [in Gane Ty | 


(ii) 1] (22282), |= [rts a 


t 
where 

S = S 
s?+4 5749 


cos 2t — cos 3t | “{ s s 
L —_—; § |= = Sa ds 
| t J, s?+4 9749 
1] (s244)]> 1f 14 4ys? 
=—|In 5 =} In 5 
2 aie ot | 2 14+9/s : 
1 3] 
=<In| > 
2 so +4 


6.4 TRANSFORM OF A PERIODIC FUNCTION 


F(s) = L[(cos 2t — cos 3r); s] = 


Therefore, 


A function f(t) is called periodic with period 7, if f(t+7)= f(t) for all values of tr and 7 >0. 
For example, the trigonometric functions sint and cos? are periodic functions of period 
2a. Periodic functions occur very often in a variety of engineering problems. 


Theorem 6.9 If f(t) iS a periodic function with period 7, then 
T 
0 


LIF (es sl= fe fe) dele") (6.11) 
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Proof From the definition of Laplace transform, we have 
co T co 
A = —st 2. —st —st 
LI f(t); l=] eo" f(t) a=], eo £(t) d+ eo" f(t) dt 


If we substitute +=y+7 in the second integral on the right-hand side and 
write dt =du, we obtain 


Lifts); sl= foerre dt + [ee plu +T) du 
= fierre dt eet fem fu) du 


T 
= I, e' F(t) dt+e Lf f(t); s] 
Rearranging, we get 
‘a 

(1- eT LI f (1); s]= I, eo f(t) dt 
Thus, 

Hf leh: sl= foe" f dite") 
Hence the result. 


EXAMPLE 6.11 Obtain the Laplace transform of the periodic saw-tooth wave function 
given by 


f(t) == of period 7,0<t<T 


Solution The graph of the periodic saw-tooth function is described in Fig. 6.1. Since 


f(t) 
is periodic with period 7, we have 


1 Ti. ft 1 TS 1 T ee 
L[ f (t); s) =———— | e" —dt= e "tdt = uf ) 
ha i eo! J, T Tie rai fis a = 
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f(t) 


i 2T 3T 
Fig. 6.1 Saw-tooth function with period T. 


Therefore, 


1 et 


f(t); 8] 


s(l-e 7) 
EXAMPLE 6.12 Find the Laplace transform of the following full wave rectifier function: 


f=) 0<t<Alo 


0, Ala <t<2Alo 
Given that 


Solution Since the given function f(z) is periodic with period 2A/@, we have 


1 ae 


Li f(t); SI = ashe j e f(t) dt 


Al 2A/ 
: J COE sin wrt dt +] ° ens (0) dt 
0 Alo 


~ |e eslo 
E aad ou 
= (s SiN @t+@ COS at) 
1—e 248i | 62 oye ' 


Therefore, 


-shlo 
Uf (t); s]=—= E =(ssin A+@ cos a)-* . 
So +@ So +O 
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EXAMPLE 6.13 Find the Laplace transform of 


ee Ie “0229 
“lal 8s¢ea 


ft+4)= —O 


Solution \n this problem, f(t) is a periodic function of period 4; we, therefore, have 
a (ee 1 ' —st 
LUFOssl=— Je“ fo at 
1 2 _ 4_ 
Fae) [fee (1) dt+ [re *“(-1) a | 


i [2 e 4s 3 
= ds + 
e 4s s ss 


6.5 TRANSFORM OF ERROR FUNCTION 


The error function denoted by erf (r) is defined as 


erf (t) = [ie du (6.12) 


This function occurs in many branches of science and engineering; for example, in probability 
theory, the theory of heat conduction, and so on. In terms of the power series, we have 


2 i (-1)" 2n 
f (t)=—~ d 
erf (t) ah » <0 du (6.13) 
Alternatively, it can be written as 
2 bad eye 
f (t)= ) 6.14 
on) Vi 4 n!(2n+1) ( ) 


We can easily verify that these series converge everywhere and, therefore, erf (t) is an entire 
function. From the definition (6.12), it can be verified at once that 


erf (0) =0 (6.15) 
2 pe ip. [ia 
erf (cc) = $e), e" du ae (6.16) 
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The graph of error function is shown in Fig. 6.2. 


erf (1) 


Fig. 6.2 Error function. 


In solving heat conduction equation, it has been found useful to introduce the complementary 
error function defined as 


2 “ -u2 _ 2 ee -u2 : -u2 
erfc (=I e w= 2([) e du-[e au | (6.17) 
Therefore, 
erfc (t) =l-erf (t) (6.18) 


Now we Shall find the Laplace transform of erf (r): From the definition of Laplace 
transform, 


Hert (1); s]= fe Mud 


st eat 
0 Vr 40 
Changing the order of integration, we obtain 
oe VE ae ee 
Llerf (isl=—=J, e I, edt du 


Z 


SVT 


[eta 
0 


2 eh Fetus!) dy 


=e 
Setting x=u+s/2, we get 


ae 2 44 OP sal 
Lierf area 02 dx 


ah sl" ete (s/2) (6.19) 


Ss 
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EXAMPLE 6.14 Find the Laplace transform of erf (+). 


Solution From the definition of Laplace transform, we have 


Lert (72); s] = fe “at taa 


0 ai 


Changing the order of integration, we get 


Lert (71); s]= rh [Goma 


get ~sue d 
-—eh, 7 
(148) u2 
fre du 
Setting (1+ s)u2 = 4? or J1+ SU=X, we have 
=dx/J1+s 
Then 
2 co 2 1 2 
Lierf (11 a ae -a-|+ 
lert (hi sI= ash e és sVlt+5\ Ja 
or 
1%, 1 
Lierf (¢"*); s] =——— 
sVvl+s 
EXAMPLE 6.15 Find the Laplace transform of 
cos Vt 
ae 
Solution Let f(t)=sin Jt; then 
; cos Vt 
t)= 
f(t) mT 


(6.20) 


Using the property of the Laplace transform of the derivative of a function, we have 


LI f(t); s]=sL[f(t)]- f(0) 
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Therefore, 


Lex, = sL[sin Jr: s] 


But, 


[BR 152. 1/77 
“|32 31o2 5172 


apes 13/2-12Jx 1 =«5/2-3/2-1/2Vr 


siz 6 ~~ la 120 gue 
_ eh eaeces ae 
~ 2 53/2 4s) 2!\ 4s 3!\ ds 

Nha -1/4s 
~ 2532 


Now substituting Eq. (6.22) into Eq. (6.21), we get 


avr! 252 


Therefore, 


Hence the result. 


6.6 TRANSFORM OF BESSEL’S FUNCTION 


(6.21) 


(6.22) 


Bessel functions arise in several problems involving circular or cylindrical geometry. It is 
therefore useful to find the Laplace transform of Bessel functions of the first kind. 
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EXAMPLE 6.16 Find the Laplace transform of 
(i) Jo(t), (ii) tJ (t), (ili) e“Jo(t). 
Solution (i) From the definition of the Bessel function, we have 
oo 2r 
(—1)" (sy 
J, (t) = ————_]} = 
nl?) » riintrtl\2 


For n=0, we have 


ao dies 
22 2x4? 2x4? x6? 


Thus, 
125 1 ; 
Ll Jo(t); s]=L[l s]- ut ps]+—>—s Li ps] 
2 2° x4 
1 12! 1 4! 1 6! 
= 73° 0.9) & sage uet ro 
S 2% 5s? 2% xd’ s 2° x4 x6 5 
aly! 1). ba(1) bax (1)... 
sl 2k) 2x4 52 2x4x6\ 52 
1 Ly 1 
ea)" 
s Ss 1+? 
Hence, 


1 
v1l+ s? 


(ii) From the properties of Laplace transform, we have 


L[Jg(t); s]= 


n 
n d 


— F(s) 
ds” 


L[t" f (t); s] = (1) 
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Therefore, 


l= (4 trlpte); s]=-2(— 
LitJ g(t); s] = 1) [i Jolt) s]]= ral —) 


Thus, 


(iii) From the shifting property of the Laplace transform, we have 
Lhe f(t); s]= F(s +a) 
Therefore, 
1 1 


Le“ Jo (t); s]= ; = 
l+s 


2 
s—(s+a) Lt (s +a) 


6.7 TRANSFORM OF DIRAC DELTA FUNCTION 


The concept of impulse function or Dirac delta function has been introduced in Chapter 3 
itself. In certain applications involving a sudden excitation of a system or a large voltage over 
a short interval of time, the Laplace transform of Dirac Delta function is useful. From the 
property of Dirac Delta function, we have 


J, dlt-a) Fle) ae= fla) 
In particular, if f(r)=e"%, then 


UsGaar sl= [oe "3lt—a) dr=e™, as (6.23) 


6.8 INVERSE TRANSFORM 


So far we have discussed various properties of the Laplace transform and studied the Laplace 
transform of some simple functions. However, if the Laplace transform technique is to be 
useful in applications, we have to consider the reverse problem too, i.e., we have to find the 


original function f(t) when we Know its Laplace transform F(s). Thus, if 
LI f(t); s]= F(s) 
then 
fl) =L[F(s); 2] (6.24) 


338 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


In other words, the inverse Laplace transform of a given function F(s) is that function f(r) 
whose Laplace transform is F(s). It can be established that f(r) is unique. Here, “+ is known 
as inverse Laplace transform operator. From the elementary definition (6.24) and from the 
results obtained thus far in finding the Laplace transform of some elementary functions, we 
can immediately generate the following table of transforms: 


Table 6.2 Table of Laplace Transform 


fd) LL f(t); s]= F(s) F(s) CLF (s); t1= f(t) 
0 0 0 0 
1 i/s 1/s 1 
ott 1/(s—a) 1/(s—a) e 
eat 1/(s+a) 1/(s+a) et 
t 1s? Ls? t 
t" a Usttt 1st 1"In! 
. a a i. 
SIN at 2 nt ae a ap ae SIN at 
Ss Ss 
COS at @ " ae e " ae COS at 
. a a . 
sinh at ae ea sinh at 
Ss Ss 
cosh at 2 _ ae 32 _ ae cosh at 
; 2as 2as ; 
t sin at (2 +a)’ (2 +a)’ t Sin at 
sa? sa? 
t COS at ieee Guar t COS at 


In most of the problems we have considered earlier, LZ f(t); s]is a simple rational function. 
The linearity property holds true even in the case of inverse transform. That is, if F,(s) and F5(s) 


are the Laplace transform of f,(t) andt,(t), and if c; and cz are any two constants, then 
LLRs) co Fo(s)}s = QL LA (s); 14 QL LFy(s); 1] 


By expressing Z| f(t); s] as partial fractions, we should be able to recognise them as the 
transform of some known functions, with the help of which we can write down the inverse 
transform. Similarly, shifting property is also useful in constructing the inverse transform of 
some functions, which is stated in the following theorem: 
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Theorem 6.10 If Lf (+t); s]=F(s), then 


COUF(st+a);t]=e "LC [ F(s): t] (6.25) 


Proof Since L[ f(t); s]=F(s), we have 
L“LF(s);t1= f(t) 
Recalling the shifting property of Laplace transform, we find that 
Le f(t); s] = F(s+a) 
CE [F(s+a);t]=e f (1) 
Thus, 
L[F(s +a); ]=e “LE [F(s); 1] 
EXAMPLE 6.17 Obtain the inverse Laplace transform of 


4s? —3545 
(s+1)(s? —25+2) 


Solution Using partial fraction expansion, we can write 


4s? —3545 _A rm Bs+C 
(s +1)(s? —25 +2) stl s*_2542 


Therefore, 
4s? —354+5=A(s* —25+2)+(Bs+C) (s+1) 
Let s =-1; then A =12/5. Equating the coefficient of s on both sides, we have 
B+C=9/5 


Equating the coefficient of constant on both sides, we get 24+ C=5 which gives C=1/5, 
and hence B=8/5. The given expression can now be written as 


45? 3545 121 8 s 1 1 
2 is i ar aad ey 
(s+I)(s*—254+2) 5.541 5(s-1)641° 5 (s5-1)° +1 
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Thus, we find that 


2 
7 As = “Y -20| 1 it}ebc Leer wip = sit 
(s +1) (s* —2s +2) 5 sol 5 (s—1)* +1 D (s—1)* +1 
- Berd |+de it St) t 
5 Ss 5 Pr 4. 


+reL = toy using the shifting property) 
+ 


8; ‘ ile 
=—e +e ea sin t 


12 ot 8; 9, 
=—_ +—e CcCoOSst+— é sin ¢ 
5 5 


Theorem 6.11 If f(t) is a piecewise continuous function and satisfies the condition of 


exponential order cg such that Lt fledit exists, then for s>cpo, 
t> 
i) Fis) tt 
L : it] = Jf Fla) ax 


Proof Let Glt y= forte) dx. Then G(0)=OandG’(t) = f(t); Also, 


L[G'(t); s]= sL[G(t); s]—G(0) = sL[G(t); s] 


16, 
F(s)=sl[G(t); s] 
Therefore, 
yet); = 
S 
Hence, 
pa] A, iJ=at N= fi pedde (6.26) 
This result can be generalized to show that 
1 F(s). ftp t t Ee 
L E leh S5 Ss J frae (6.27) 
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Theorem 6.12 (Change of scale property). If 


then 


Proof From the definition of Laplace transform, we have 
F(s) =f, esl dt 
Therefore, 


F(as)= Jor) dt 


Let at=x, so that dt=dx/a. Then we get 


Plas) == fees (S fers =| 4(=} |= “(2 } | 
a0 a a a a a 


Thus, 


EXAMPLE 6.18 Find the inverse Laplace transform of 


3 
tC We i, i Se 
(sta)” s? —45 +13 gs’ —s—3/4 


Solution (i) Using the shifting property, we at once have 


—at,n-l 
{1 _., =e) |=" t 
(sta)” s” (n-1)! 


(ii) s+2 _ (s—2)+4 
2 ~ 2 2 
s°—4s5+13  (s—2)° +3 


Therefore, 


a ere one tan Meth sit +4c1 —_ zit 
s° —45 +13 (s—2)* +3 (s—2)° +3 


| 5 1 |eaeteal 1 | (by using the 


s? +3? 
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(6.28) 


shifting property) 
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Thus, 
c Fee ‘ =e! cos 3¢ + (4/3)e”' sin 3¢ 
s° —45+13 
(iii) 28-3 2s-3_—As-1/2)-2 
sp op23/4 (g=1)2)? <1 Gyd2)? 41 
Thus, 
ge | ee | 
s? 5-3/4 (s=1/2)* =1 (e=1/2)* =1 
_ 95 t/2;,-1] 8 .,|_5,2/2,1] 1. | (by using the 
=2e"*L lat] 2e°°L Pasay shifting property) 
Therefore, 
= wiS8 -t | =2e!/? cosh t—2e"/? sinh t 
s° —s—3/4 
(iv) Ss s(s? +a’ -a’) Ss a’s 
(s? +a)? (s? +42)? seta? (s? +2)? 
Hence, 
pt * -0] rate : t 
(s? 4.42)?" setae. (s? 4.42)?" 
Thereore, 


2 


3 

= s a. 

ie TT ! = cos at——t sin at 
(s° +a‘) 2 


EXAMPLE 6.19 Find the inverse Laplace transform of 


: ea vs -1{ § 
(i) In i (ii) cot (=} 


s(s +1) 


Solution (i) From Theorem 6.4, we have 


Lt” f(t); 9] = (-1)" F!"(s) 
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In particular, n=1 gives 


i.e 
d 
— F(s)=-L[tf (¢); 5] 
ds 
Let 
2 
LU f(t s]=In 22 = F(s) 
s(s+]) 
Then, 
4 r(s) =“ [In(s2+)—Ins—In(s+D] 
ds ds 
2s 1 1 
= ee ey fl : 
s7t+1 s stl Leis] 
Now, using Eq. (6.29), we ge&t 
1 1 2s 
LI ff (t); s]=—=+—~ 
[ef (t); 5] a ag 
Hence, 
if(t)=L ay eo a 1 -¢|-204| +4 
5! soi 5741 
=l+e'-—2costr 
Therefore, 
2 -t 
f= fas lee _lte —2cost 
s(s+]) t 


(ii) Let LE f(t); s]= cot "(+ |= F(s) 


Then, 


343 


(6.29) 
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Now using Eq. (6.29), we obtain 


d k 
—F(s)= = Lt 
P= a Hf ois 
Therefore, 
r=] a pit [=sin 
ke +s 
Hence, 


6.9 CONVOLUTION THEOREM (FALTUNG THEOREM) 


We often come across functions which are not the transform of some known function, but 
then, they can possibly be expressed as a product of two functions, each of which is the 


transform of a known function. Thus we may be able to write the given function as F(s) G(s), 
where F(s) and G(s) are known to be transforms of the functions f(r) and g(r), respectively. 


Theorem 6.13 If F(s) and G(s) are the Laplace transforms of f(t) and g(t) respectively, 
then F(s) G(s) is the Laplace transform of 


[oftr-w) g(u) du 


L[F(s) alsl=f f(t—u) g(u) du (6.30) 


This integral is called the convolution of f and g and is denoted by the symbol f* g. 


Proof From the definition of Laplace transform, we have 


F(s)G(s) = Nege flv) «| Vie g(u) au| 


=JoJoe “sv £0y) o(u) dv du 


= fy etayfe corre) av} du 
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Let w+v=t in the inner integral. Then, 


u 


Fig. 6.3 Convolution integral. 


Then, we get 


Hence the result. 


Definition 6.3 We define the Laplace convolution of f(t) and g(t) by the integral 


fg= fo fle—u) glu) du (6.31) 


It can be verified that f and g can be interchanged in the convolution, i.e., f and g are 
commutative. Let t-uw=vin Eq. (6.31) so that —du =dv. Then, 


ftg=—f! fliglt—v) dv=[" gle—v) flv) av 
; 0 


Therefore, 
f*g=a*f (6.32) 
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EXAMPLE 6.20 Apply the convolution theorem to evaluate 


(i) Yt (i) £*] —~ 1 (ii) £*] ——_ : 
(s* +a‘) (s+a)(s* +1) s°(s +1) 
Solution Consider 
(i) Ss a | Ss a 
(s2 +a’)? als? ta? 5? +a? 
Now choosing 
F(i)=—"— 39 Gs) = 
s? +a? s? +a? 
we can write the inverse transform for F(s) and G(s) as 
cv _ >it |=cos at = f(t) 
Ss t+a 
mf 5 = 5 + fesin at = g(t) 
so +a 
Hence, using the convolution theorem, we obtain 
=I Ss . ee t : 
L 2 ey “|- — {cos alt—u) sin au du 
lee ; ; : 
== (COS at COS au +Sin at Sin au) SiN au du 
a0 
t j t 
= =-c0s at | sin 2au du+ “- J,(2-cos 2au) du 
_ coSat( CoS 2au Y sinat( sin 2au 
2a 2a 2a 2a 
=-—(cos arcos 2aresiniarsin tan ON 
4a 2a 
_tsin at 
2a 


Therefore, 


-1 s t sin at 
L ‘t}= 
a 2a 
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(ii) Consider 
Ss _ od Ss 
(sta)(s?4+1) stas?41 


Now choosing 


F(s)= : ' G(s) = 


~ Sta 
the inverse transforms for this pair are obtained as 


| > | = 0S at = g(t) 


so +l] 


Hence, using the convolution theorem, we obtain 


Et a = aoe cos u du 
(s+a)(s* +1) 0 


t 
= eae cosudu (a standard integral) 


t 


au 
=e“ (sinu+acosu) 
0 


Therefore, 


ie ~. ‘tl= c (acost+sint—ae“) 
(s+a)(s* +1) a’ +1 


(iii) We shall write 


. ok 


s(s+1)2 2 (s 41)? 


For this pair, we can write inverse transforms as 


347 
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Hence, using the convolution theorem, we obtain 
a | 1 t ay 
LC | ———~; t ]=]| (t-u)ue “du 
aor iF 
at fetu du J ‘yee du 
0 0 
= “| we") [peta] +[ue" J - 2f ued 
=(t+2)e%+t-2 


Therefore 


EXAMPLE 6.21 Prove that 


t 
J ,ZoleJo(r—u) du=sint 
Solution From Table 6.2, we note that 
ci ait] =sine 
so +1 


1 1 1 


se 41 Vs? 41 Vs? 41 


We shall also write 


Now taking 


1 1 
F(s)=———, G(s)=——— 
° Vs? 41 ° Vs? 41 


their inverse transforms give 


| eit fe volei= sd=0t9 
so + 


Hence, using the convolution theorem, we have 


-1 1 t F 
CL | ——t}=]|  Jo(t) Jo(t-—u) du=sint 
l= iF ? ® 
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6.10 TRANSFORM OF UNIT STEP FUNCTION 


Definition 6.4 The unit step function or Heaviside unit function is defined as 


Pee 0 fort<a 
— 1 fort>a,a>0 
Graphically, it can be depicted as in Fig. 6.4. 
A(t- a) 
1 —— 
| 
I 
| 
I 
0 a : 


Fig. 6.4 Illustration of Heaviside unit function. 


EXAMPLE 6.22. Find the Laplace transform of unit step function. 


Solution From the definition of Laplace transform, we have 


LIH(t-a): 5] =|, oH lt—a) dt 


co 


=[oe" O-dr+] ee dt 


a 


Theorem 6.14 (Second shifting property). If Z[ f(t); s]=F(s), then 
LU f(t-a) H(t—a); s]=e “ F(s) 
Le F(s); t]= f (t-a) H(t—a) 


Proof From the definition of Laplace transform, we have 


LU f (t—a)H(t—a); sl= festa) H(t—a) dt 


= Onwe: "ef (t—a) dt 
joa], 
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Let t- a=v, and hence dt =dyv, the right-hand side of the above equation becomes 


in e 8(a+v) #(y) wer” J, eo” f(v) ike 


0 
=e “F(s) 
Therefore, 
L[ f(t-—a) H(t—a); s]=e “F(s) (6.33) 
Ce F(s); t]= f (t—a) H(t—a) (6.34) 


EXAMPLE 6.23 Find the inverse Laplace transform of 


, a>d0 
s+] 


Solution From the second shifting property, we have 
[le F(s); t]= f(t—a) H(t—a) 
In the given problem, 


F(s)=— 
so +l 
Hence, 
fl) =F 1=0| it |=sins 
Care 
Therefore, 


Blew : ]-sine-a) Ha 


2 
0, t<a 
~\sin(t—a),  t2a 


s +l 
Theorem 6.15 (Heaviside expansion theorem). Let F(s) and G(s) be two polynomials in s 
where the degree of F(s) is lower than that of G(s) and if G(s) has n distinct 
roots a,(i=1,...,n), then 
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-1 F(s). = . F(a) ait 6.35 
, Fou 7 (6.35) 


Proof Since G(s) is a polynomial in s having n distinct roots and F(s) is a polynomial 
whose degree is less than that of G(s), we have 


F(s)_ F(s)_ _ Ay, 4g An (using partial fractions) 


S-& S-Q S-Qy 


F(s) (s—a,;) F , STO 
"$30, G(s) "so; G(s) 


which take indeterminate form and, therefore, using L’Hospital’s rule, we get 
1 _ F(a,;) 


o =a Gs) G(a;) 
Hence, 
F(s)_ F(q) 1 , Fla) 1 : , Fla) 1 
G(s) G'(a4)(s—a@) G'(a) (s—a) G'(a,,) (s—a,) 
Thus, 
pm F(s) _ F(a) a 1 e , Fla) a 1 to 
Gis)’ | Gla) |s-a@' | Gla) | say’ 
F(a,) .-1 1. x F(a;) Ot 
re ait Gla) © (6.36) 


Hence the result. 


EXAMPLE 6.24 Using the method of Heaviside expansion theorem, find the Laplace inverse 
of 


s? +1 
5343s? +25 
Solution We shall take F(s)=s? +1, and 


Gls) = 5? +39? + 2s =s(s-+1) (s +2) 
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Here, G(s) has three distinct roots 0,-1,—2 and the degree of F(s) is lower than that of 
G(s). Hence, using the Heaviside expansion theorem, we have 


al s+] |= Boe F(-D) +, F(-2) 
s3 +397 +25 G’(0) G’(-1) G’(-2) 


But, G(s) =3s* +6s+2. Therefore, 


| si +1 ; ] = -_ 2e' geet 


59 +352 42s 


6.11 COMPLEX INVERSION FORMULA (MELLIN-FOURIER INTEGRAL) 


In solving some complicated problems using the L aplace transform method, the direct approach 
so far followed may not be helpful in finding the inverse Laplace transform. M ethods based 
on complex variable theory may come in handy for finding the inverse transform. Also, it can 


be noted that the Laplace transform of f(t) is expressed as an integral. Similarly, the inverse 


Laplace transform of F(s) can be expressed as in integral which is known as inverse integral. 


This integral can be evaluated by using contour integration methods. The complex inversion 
formula is stated in the following theorem. 


Theorem 6.16 Let f(t) and f’(t) be continuous functions on t>0 and f(t) =Oforr<0. In 
addition, if f(t) is O(e%") and 

F(s)=L[f(¢); s] 
Then 


TLRs) d= f= fe FIs) ds 
2mi 4 y-ico 


t>0O and y is a positive constant. 


Proof Let g(t) and g’(t) be continuous functions and if {-.. g(t) dt converges absolutely 


and uniformly then g(t) may be represented by the Fourier integral formula 


g(t) -—|" elv)| fs a(t —v) away 


Lf [[emeset—niav a (637 


Qt 
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Since sin w(t—v) is an odd function of @, we have 


i 
20 


Combining this expression with Eq. (6.37), we can write 


g(t) : [. ie ev) av Jaw 


—oo 


on oe 


= em [Ji ay |de 


In addition, we assume that g(t) is of exponential order = 0(e%0’). 


Now we consider the function 


ay=forse t>0 
0, t<0 


mie g(v)sin olt-v)av |dw=0 
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(6.38) 


where y is areal number greater than 79. Thus, g(t) satisfies all the conditions required by 
the Fourier integral theorem and, therefore, we have from Eq. (6.38), for ¢>0 the relation 


efile : in ee i e!” f(v) cay ldo 


On 


_i 
20 


ia eit | “ e FIOW #(y) av [ae 
1 


~ On 


Let y+i@=s, so that dw=ds/i. |t follows that 
eM pla [eM Fs) ds 
2m 4 y-ice 


Therefore, 


f(t) af Rs) ds, t20 
201 4 y-ico 


Hence the proof. 


i e' F(y +i«@) d@ [From the definition of Laplace transform] 


(6.39) 
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EXAMPLE 6.25 Find the inverse Laplace transform of 
a 
(s +1) (s—2)? 


Solution From complex inversion formula, we get 


=r 1 1 prtice = eds 
ha -| ; 2 
(s+1) (s—2) 2mi 4 y-i (5 +1) (s —2) 
st 


=sum of the residues of SS ae 
(s+1) (s—2) 


at the simple pole s =—1 and double pole s =2. Therefore, 


sg en af < ] 
(s +1) (s—2)? s3-1(§+41) (9-2)? so2ds\s+1 


EXAMPLE 6.26 Find the inverse Laplace transform of 


sinh (x/s) 
sinh (l/s) 


0<x<l 


Solution Let 
ae sinh (x's) 
sinh (1J/s) 
Then, 


ee ae 
L ns 


ytie sinh (xJ/s) 1 agp sinh (x-/s) 
ive SSNS a 
Vie! sinh (IJs) mile sinh (Vs) 


= sum of the residues of the integrand at infinitely many simple 


poles given by the roots of transcendental equation sinh (Vs) =0 
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elVs _ els <Q, implying 2iVs =1=e2"™, 


Hence, sl? =-n?x?, iQ, 


ze n=0,1,2,... 


Thus, we have to compute the residues at the poles 


ae 
—n'n 
s=0, S=S,= 7 ’ n=l, ?2,... 
Now, the residue at s=0 is 
sett sinh (x/s) _0 


s—30 sinh (V/s) 


The residues at s=s, are obtained as 


st sinh (xVs) _ 2s 


Lt (s— = * inh 
a oe sinh (IJ/s) 1 cosh (IVs) (xV5)|,_, 
: ae 
[2 ne 2 . —n? rr? 
= €xp 5 sinh] x a 
—n? 7? l 
icosh] 1 ; 


2int —n’n’t )sinh [i(na/l)x] 
exp 
cosh (inz) 


2,2 ‘ 
2nz(—1) on( = a se (n 2x/I) 
COS nz 


Therefore, 
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6.12 SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS 


The Laplace transform technique is one of the powerful tools for solving physical problems 
involving ordinary differential equations (ODE), particularly initial value problems. It reduces 
the solution of ODE to the solution of an algebraic equation. This method has a particular 
advantage in finding the solution of an initial value problem, without first finding the general 
solution and then using the given ICs for evaluating the arbitrary constants. We shall first 
apply the Laplace transform technique to find the solution of a typical initial value problem 
and demonstrate the steps involved. Consider a second order linear differential equation 


dy dy a 

ze 1 ByS (6.40) 
subject to the ICs 

y(0)=A, y(0)=B (6.41) 


where a and f are constants. Taking the Laplace transform of (6.40) on both sides, we obtain 
LUf{y"+ay'+ By} s]=U f(t); s] 
Using the property of the Laplace transform of the derivatives, we get 
{s*L[ y(t); s]— sy(0) — y’(0)}+ afsZ[ y(z); s] — y(0)}+ BLL y(t); s]= LF (0); 5] 
Using the ICs, we have, after regrouping the terms, 
(s° +as+ B) Lyle); s]=L f(t); s]+(s+a)A+B 
Alternatively, 


(s? +a5+ B)Y(s)=F(s)+(s+a)A+B 


A+B F 
= +BL : (s) (6.42) 
stas+B s°+as+B 


Y(s) = 


Taking the inverse Laplace transform on both sides, we get the solution in the form 
y(t)= 07 oe ra ; F(s) t 6 43) 
s°+as+ B s-+as+ B 


EXAMPLE 6.27 Solve the equation using the Laplace transform method 


y’+4y’+8y =Cos 2r 


Given that y=2and y’=1whenr=0. 
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Solution Taking the Laplace transform of the given ODE, we obtain 


Ss 


{s°¥(s) —sy(0) — y’(0)} + 4{s¥(s) — y(0)} +8Y(s) = 


s +4 
Using the initial conditions, we get 
s*¥(s) -2s-1+ 4s¥(s) -8+8Y(s) = 
so +4 
(s* +45 +8) ¥(s) = ~ +2549 
s° +4 
Therefore, 
ae ee , 25 = 9 
so +4 sot+4s+8 s°+4s+8 5° +4s+8 


1 Ss 11 1 (s+2)-2 2 
= x + = — 
20 5744 55244 20 (542)2+2% 5 


: a‘ , 2s+2)-4 9 
(s+2)%4+22 (542)2422 (9+2)%42?2 


Taking the inverse Laplace transform, we obtain 


y(t) st eas ee a 24-2 cos 2t ran e 2 sin 2¢ 
20 10 20 20 


- ae sin 2r + 2e*" cos 2t —2e“' sin 2r + seu sin 2t 


On simplification, we get 


—2t 


e : 1 : 
= ——(39 0S 2t + 47 sin 2t) +—(cos 2+ 2 Sin 2t 
y(t) 0 ( i+ +o ) 


EXAMPLE 6.28 Using the Laplace transform technique, solve 


X+3x4+2x=te™ 
Given 


x(0) =land x(0) =0 


Solution Taking the Laplace transform of the given ODE, we get 
1 
(s #4)? 


{s?X (s) —sx(0) — x’(0)} + 3{sX (s) — x(0)}+2X(s) = 
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Applying the ICs, we have 


Therefore, 


1 s+3 


Vis) = 
)= aad Weal 42) 


1 1 1 1 1 1 
=—xX =— xX 7+ x 3 
2 s+l 2 (541) 2 (541) 
1 #1 2 1 


—=x + - (using partial fractions) 
2 st2 stl s+2 


The inverse Laplace transform yields 


EXAMPLE 6.29 Using the Laplace transform technique, solve the following initial value 
problem: 


ty’+y'+tyv=0,  y(0)=1, y(0) =0 


Solution This is an example of ODE with variable coefficients. Taking the Laplace 
transform on both sides of the given ODE and using Eq. (6.7), we get 


d d 
=f] ys) 27] 9-51-15] =0 
re [ys]+Uy%s] - [y;s] 


~ 4 452¥(s) —sy(0) — y'(0)} + {s¥(s) — (0) }- “fy (s)}=0 
ds ds 
Applying the ICs, we obtain 


d,2 _ pt = 
qt’ Ys) — sh+ s¥(8) -B-T¥(s) =0 


or 


(s? ay ores 
ds 
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which is a first order ODE. On rewriting, we get 


dY_ sds 
st 5 = 
Y  s*41 


Integrating, we see that 


In¥ +5In(s? +1)=Inc 


fal 
vs? +1 


Now, taking the inverse Laplace transform, we find y(t)=cJ,(t), where Jo(t) is a Bessel 


Y= 


function of order zero. Since y(0)=1=cJ9(0)=c, the required solution is 
y(t) = Jo(O 


EXAMPLE 6.30 Solve the simultaneous equations 


using the Laplace transform method which satisfies the conditions x(0)=1, y(0)=0. 


Solution Taking the Laplace transform of both the equations and using the notation 
Y = L[y;s], we have 


ae ay-¥ She sie 
s-1 
sY —y(0)+ X =L[sint; s]= 5 
s° +1 
Using the given ICs, the above equations reduce to 
sX -Y=—_ (6.44) 
s—-1 
ey (6.45) 
s7 +1 
Solving Eqs. (6.44) and (6.45), we get 
s° 1 (6.46) 


X= 
(s—1)(s7 +1) * (s? +1)? 
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3 2 
Y= -s°+s° -2s (6.47) 
(s—1) (s? +1) 


eee ae e 6.48 
(s? +1)? (s—1)(s? +0) om 


Using partial fractions, we get 
< A Bs+C | 1 s 1 
+ = 


= = fp 
(s—1)(s?+1) (s-1) 5241) 2} 5-1) 5241 5241 


Hence Eq. (6.46) gives 


yu} 1 feat os 1 7 1 
2{s-1 5241 5241 (s? +1)? 
Taking inverse Laplace transform, we obtain 
1. ; 
x=5le +cosr+sint+(sint—rcosr)] (6.49) 
Also, from Eq. (6.48), we have 
s 1( 1 s 1 
Y= - = + 
(s? +1)? sai ged Fa} 


Again, taking inverse Laplace transform, we get 


y= 5(tsin-e! +co0s¢—sin (6.50) 


Equations (6.49) and (6.50) constitute the solution of the given system. 


6.13 SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS 


A large number of problems in science and engineering involve the solution of linear partial 
differential equations. A function of two or more variables may also have a Laplace transform. 
Suppose x and ¢ are two independent variables; consider ¢ as the principal variable and x as 
the secondary variable. When the Laplace transform is applied with ¢ as a variable, the PDE 


is reduced to an ordinary differential equation of the r-transform U(x, s), where x is the 
independent variable. The general solution U(x,s) of the ODE is then fitted to the BCs of 
the original problem. Finally, the solution u(x, rt) is obtained by using the complex inversion 
formula. Thus, the Laplace transform is specially suited to solving initial boundary value 


problems (IBV P), when conditions are prescribed at = 0. We have already noted in Chapters 3 
and 4 that such situations naturally arise in the case of heat conduction equation and wave 
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equation. Before we consider the Laplace transform method of solution of IBV P, we consider 
the following example to prove some of the useful elementary results. 


EXAMPLE 6.31 \f u(x,t) is a function of two variables x and ¢, prove that 


(i) 1] 2 5 |= sul j-wle 0) 


wm fee fee U(x, s) — su(x, 0) —u,(x, 0) 
(iii) | 2 »|- dU(x, s) 

wf} 2 je O (x8) 

wm foe, seo “ulx,s)-Luls, 0). 


where U(x, s)=L[u(x, t); s]. 


Proof Following the definition of the Laplace transform, we have 


Qu, Pee Ze P st OU 
(i) Al is|=foe aa Lt rs 


t pe 40 
= Lt teal t)}h +f oe Mula, t) ar| 


=-u(x,0)+ sf, eo ula, t) dt 


Therefore, 
ou 
1] S55 |= sums) ula 0 
ot 
.. | Oeu [ ou 
L H =L i ’ = 
(ii) Ee | nt Ss 4 Wt 


= sL|V; s]-V(x, 0) 


= s{sU (x, s) —u(x, 0)}-u, (x, 0) 
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Thus, 


2 
12 | = s°U(x, s) — su(x, 0) — u;, (x, 0) 
t 


ts Ou 
(ili) 1| 2; 5 |= 


2 — 2 
(iv) | oe: sfo1[%:5] d (#)-s Ge s), 7a 2u 


ee Ou dpe _ dU 
e = dt=——| eo u(x, dt S—_( 8 
iF Ox mae (0) ax | ) 


Ox” ox’ | dxcdx)_ dx? Ox 
2 
(v) 2 - | = <[sU(% s) — u(x, 0)] = s(x )- 2 0) 


Thus, we notice from the above results that the partial derivatives are transformed into ordinary 
derivatives. 


6.13.1 Solution of Diffusion Equation 
EXAMPLE 6.32 Solve the following IBVP using the Laplace transform technique: 
PDE: u,=Uu,,, O<x<l1, t>0 
BCs: u(0,t)=1, u(o=1, t>0 
IC: u(x, 0)=1+sin zx, O<x<1 
Solution Taking the Laplace transform of both sides of the given PDE, we have 


d*U 
sU(x, s) — u(x, 0) =——- 
dx? 
Thus, the solution of the second order PDE reduces to the solution of second order ODE given 
by 
d*U , , 
~e sU(x, s) =—1(1+ sin 7x) (after using IC) (6.51) 
XxX 


The general solution of Eq. (6.51) is found to be 
U(x, 8) = AevS* + BeV5* 4.2 en 
S +S 


(6.52) 


But, u(0, t)=1, u(1, t)=1, and their Laplace transforms are 


U(0, s)= 1 U(1, s) eu 
Ss Ss 
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From Eq. (6.52), we have 


Hence, A+B=0, and 


Therefore, 
Aevs + Be-¥S =0 
This is a homogeneous system; the determinant of the coefficient matrix is 


1 1 


B 5 =e V8 _ V5 20 


Thus, the only possible solution is the trivial solution and, therefore, 


A=B=0 
From Eq. (6.52), we now have 
1 sin 
Ulx,s)==+-> (6.53) 
S T' +s 


Taking the inverse Laplace transform of Eq. (6.53), we get 
u(x, era Geld ae 
S T +8 


ulx,t)=1+sin axe ™! (6.54) 


Thus, 


is the required solution. 


EXAMPLE 6.33 Using Laplace transform, solve the following initial boundary value problem: 
PDE: ku, =u,,, O<x<l, 0<t<o 
BCs: u(0,t)=0, u(l,t)=g(t), O<t<e 
Cr uls,0)=0, O<x<! 
Solution Taking the Laplace transform of both sides of the PDE, we get 
_d@u 


dx? 


K[sU(x, s) —u(x, 0)] 
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Thus the solution of PDE reduces to the solution of ODE which, after using the IC, can be 
rewritten as 


aU stip) =0 (6.55) 
dx 
Its general solution is found to be 
U =cosh (Vks x) +B sinh (ks x) (6.56) 
Taking the Laplace transform of the BCs, we have 
UO sy=0; Us)=Gls) (6.57) 


Applying Eq. (6.57) in Eq. (6.56), we get 0 =A. Therefore, 


G(s) = Bsinh (,/ ks 1) 


which implies 
G(s) 
ee 
sinh (ks 0) eee) 
Taking the inverse Laplace transform, we obtain 
1 f ytice oe sinh (ks x) 
t)=—— G(s) ee ————— 
ae ee ers 07 ta ee) 


To evaluate the integral on the right-hand side of this equation, we use the method of residues 
for which we note that the integrand has poles given by 


sinh (Vks 1) =0 = eV! _ Vis! 


e2vis | =]=e2" 


implying the simple poles at 


Sy = ce 0 Pil i a (6.60) 


Now, 


=m ieee se inh (ks x) 


2ni J y-~ ail sinh (/ks 1) 


oar ds = sum of the residues of the integrand at the poles. 
1 
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But the residue at the pole s=0 is zero. The residues at s=s,, are 


Lt G(s) et oe 
SSp —I[cosh (Vks 1)] 
ds 
— tp —2v8Gl9)__ ost inh (Jks x) 


sos, Ik cosh (Vks 1) 


2 ] 22 22 
ua exp nt sinh ai , n=l1,2,3,.. 
De kl? ie 


Ik cos “T j 


Mie 


12k cosh (inz) ki? 


22 
=H 
| ki? ] int —n’n*t 
= sinh ( ; x Jere , n=l2,.. 
Using the fact that cosh (int)=cosna, and 


; int 2 ( nt 
sinh| ——x |=isin] —.x 
Comes 
the above expression becomes 


‘ 98 oe 
ca sin( “Ex Jo a exp as t|, n=1,2,.. 
[°k l kl kl 


Therefore, the required solution is 


oo 2-02 
u(x,t) aay! (-1)"nG [= Js [7 Jet nt?) (6.61) 
| kl i 


EXAMPLE 6.34 Find the solution of the BVP given by 
2 
PDE: —~=——, O0<x<a,t>0 


BCs: u(0,t) = f(t), u(a,t)=0 


IC: u(x, 0) =0 
using the Laplace transform method. 
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Solution Taking the Laplace transform of the given PDE, we have 
2 
Oo = lula, 8) (6.62) 


Using the initial condition u(x,0)=0, we get 


Lae s)=0 (6.63) 
dx’ k 
Its general solution is found to be 
U(x, 8) = AeWOM*, pe Viskls (6.64) 
Now taking the Laplace transform of the BCs, we have 
U(0, s) = F(s) (6.65) 
U(a, s)=0 (6.66) 
Using Eqs. (6.64) and (6.65), we obtain 
F(s)=A+B (6.67) 
Substituting Eq. (6.66) into Eq. (6.64), we get 
U(a, s)=Aexp[./(s/k) a]+ B exp [—./(s/k) a] (6.68) 


Combining Eqs. (6.67) and (6.68), we get 
F(s)=A (1-e24V"*) 


Therefore, 
A= F(s)/(1—e4V"* ) 
and 
perigp-—Fls)_ Fine 
ae [ae 
or 
A= F(5) cave alle _ ash y 
and 
B=F(s) ei sk (04 sik _ 4-a sik) 
Therefore, 


Wa s)= F(s) Canasta oe 


(e4 slk ap-6 shy 
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(6.69) 
sinh le] 
k 


sinh fea " 78) 
k 


S (6.71) 
inh | fa 
k 
6.13.2 Solution of Wave Equation 


EXAMPLE 6.35 Using the Laplace transform method, solve the IBVP described as 


PDE: ux, = Uy — COS at, O<x<e, Q<t<o 
Cc 


BCs: u(0, t) =0, u iS bounded as x tends to 


ICs: u,(x, 0) =u(x, 0)=0 


Solution Taking the Laplace transform of PDE, we obtain 
du 1 
rT ls Ula s) — su (x, 0) —u,(x, 0)]- 2 - 
Using the ICs, we get 


2 2 
d°U : 
—--. U(x, s)=- ean 
dx? eae 
Its general solution is found to be 
2 
U(x, s)= Aelsle)* 4 potseln 
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As x— 09, the transform should also be bounded which is possible if A=0; thus, 
2 


U(x, s) = Be(sel* + —__ (6.73) 
s(s° +@°) 
Taking the Laplace transform of the BC, we get 
U(0, s) =0 
Using this result in Eq. (6.73), we have 
a 
B=- 
s(s2 +07) 
Hence, 
oe 
U(x, s)=—3—-[1- 7] (6.74) 
s(s* +@°) 


Now, taking its inverse Laplace transform, we get 


—(s/c)x 
u(x, th=c?L+ ad ty |= (6.75) 
2) 2 zy 


s(s? +O 


= 1 1 ab | S } 1 
Ge ‘tl= L t|-L ‘t|$}=—~(1-cos at), 
ees +o”) eo” | s s? +0" oo” 


-(x/c)s 
ct - Wea : ji-eeso( 2 }ta[+-2) 
s(s° +@°) 7) c c 


where H is the Heaviside unit function. Substituting these results in Eq. (6.75), we arrive at 


2 2 
u(x, t) =“(1-cos at) ~5| f-cos of -2}ha(s-2} 
(0) (a) Cc (e 


EXAMPLE 6.36 Solve the IBVP described by 


But, 


PDE: u, =u,,, 0<2<1, t>0 
BCs: u(0, t) =u(1, t) =0, t>0 
ICs: u(x, 0) =sin zx, u,(x, 0) =—sin zx, 0<x<l 
Solution Taking the Laplace transform of the given PDE, we get 
d°U 


—= s°U(x, s) — su(x, 0) —u,(x, 0) 
dx? 
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Using the initial conditions, this equation becomes 


2 
Sy 80 =(1-s) sin xx (6.76) 
X 
Its general solution is found to be 
Pe a -1)sinz 
U(x, s) =Ae™ + Be™ _ See (6.77) 
nm +s 


The Laplace transform of the BCs gives 
UG s)=0, Ohs)s0 (6.78) 
Using Eq. (6.78) into Eq. (6.77), we find A= B=0. Hence, we obtain 
(s—1) sin zx 


U(x, s) =———— 7 
ae (6.79) 


Taking the inverse Laplace transform, we get 


. 2 -1 . -1 Ss S| 1 
u(x, t) =sin wx | : if sina it|-t if 
stn? st +n? stn? 


‘ sin zt 
=sin ns[cosat- 
1 


Hence the required solution of the given IBVP is 


‘ Sin zt 
u(x, t)=sin nal cosa 
TU 


EXAMPLE 6.37  \f the function u(x,t) satisfies the following: 


PDE: yy =—ty +k, ES a 2 t>0 
€ 


BCs: u(0,t) =u,(I, t) =0, t>0, 


ICs: u(x, 0) =u,(x, 0), O<x<l 
then, show that 


ie rls [ {s(l—x)ic} 1) ] 
s? | cosh {slic} 


and find the solution. 
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Solution Taking the Laplace transform of the given PDE, we get 


2 
ae =F 1sUtx, s)—su (x, 0) —u,(x, 0)] +“ 
dx c : 


Using the initial conditions, we obtain 


2 2 
d‘U s k 
——--U (x, s)=— 
Ae 2 - (6.80) 
Its general solution is found to be 
ke? 
U(x, s) = Ael!)* 4 Beslelx _ SC (6.81) 


3 


Taking the Laplace transform of the BCs, we get 


Wisi" 6 (6.82) 
dx 
Using these boundary conditions, Eq. (6.81) gives 
A+B=ke"|s° 


AS (sic)t — Bre (sie =0 
Cc Cc 
Eliminating B, we get 
Axfels/ol + e-tolelty — KE (ste 
c S 
which gives 


2 
Aa KE elslelicgsh & 
Cc 


2 
Ba Ke lsiellyegsh{ 5) 
2s? c 


Hence, from Eq. (6.81), we have 


S 
kee cosh [su-n - ke? 


U(x, s)= 
s cosh(*/) s v0.83) 


Cc 


LAPLACE TRANSFORM METHODS 371 


Applying the complex inversion formula, we obtain 


cosh [Su-n| ‘ 
—_te dy 1c] St] (6.84) 


s cosh(*/) s 
GC 


u(x,t) = ke?! 


kc? p ytie e cosh [Su-a| ket? 
=>] _ ie a aa (6.85) 
les 3 cosh( #1 
Cc 
But 
i apne CON [Su-n| 
ae c ds=sum of the residues at the poles s=0 of order 
(ae ne cosh(*/] three and at the poles of cosh (s/c)/, i.e. at 
c lesley =—] = ei (2nt+2) 
or at 
ee (20 A049. 


Now the residue at the pole s = 0 of order 3 is 


sinh (1-x)} cosh {S(¢—a)fsinh( 21) 
Cc a Cc Cc 
cosh?( #1 
Cc 
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Also, the residue at the poles 


i(2n+1) ac 
s, =—_—_——_ 


+. S01 2. 
" 21 ” 


l-x 


= T7700 st cosh 
all | ¢ 


Sn } w=, G2 ax 


3,33 
aD wee 7 © Tsinh {enen nic! | 


(sincesinh i@ =isin@ 
(2n +1)323c? sin (2n-+1) 5 cosh i@ = cos @) 


Its real part is 


817 cos( 751 rect COS | or let -o} 
n=0,1,2,... 


(-1)"(2n +1323? 
Therefore, 


cosh {20s} > 2 
rr c a: ‘ x _ lx 


aa) 
s?cosh [=] 2 2c" 
Cc 
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Thus, the required solution from Eq. (6.84) is 


kx be (E1" 2n+1 2n+1 
ul, t) = (4-21) + 3 »y cos ( TF Jper fos ( 7 Jus] 


KR n=0 (2n+1 


EXAMPLE 6.38 A string is stretched and fixed between two points (0, 0) and (/, 0). Motion 
is initiated by displacing the string in the form u=A sin (zx/l) and released from rest at time 
t=0. Find the displacement of any point on the string at any time ¢. 


Solution The displacement u(x,t) of the string is governed by 


PDE: Ug =CUyy, O<x<l, 150 
BCs: u(0, rt) =u(/, t) =0 
ICs: u(x, 0)=A sin (zx/1), u,(x, 0) =0 
Taking the Laplace transform of the given PDE, we have 
2 
s°U(x, s) —su (x, 0) —u,(x, 0) =¢? é - 
dx 
Using the ICs, we get 
dU s°U As. 1x 
- =-—> sin 
dx? ce ce l ane) 
Its general solution is found to be 
U(x, s) = Aelslelx , Be(slelx Beas (6.87) 
so +a°c'll 


The Laplace transform of the BCs is given by 
Os)=0;, UU,s)=0 
Applying these conditions in Eq. (6.87), we obtain 
A+B=0 
Aes” + Be" =0 
On solving the above set of equations, we get only the trivial solution, viz. 
A=B=0 
Thus, 
_ Assin (2/1)x 


U(x, s) =< 
st 40ec{l? 
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Its inverse Laplace transform yields 


u(x, t)=ALt -¢ {sin =A cos| 7+ Isin 
2172 l l l 


s° +7°c 


which gives the displacement of the string for a given time. 


EXAMPLE 6.39 An infinitely long string having one end at x =0 is initially at rest on the 
x-axis. The end x =0 undergoes a periodic transverse displacement described by Ap sin wr, t > 0. 
Find the displacement of any point on the string at any time +. 


Solution Let u(x,t) be the transverse displacement of the string at any point x and at 
any time ¢ Then the transverse displacement of the string is described by the 


PDE! Uy =CUyys >, t>0 
BCs: u(0, t) = Ag sin at, t > 0 (Ap = constant) 


ICs: u(x, 0) =0, Ax, 0) =0, x20 
The Laplace transform of the PDE gives 


d°’U 
s?U —su (x, 0) —u,(x, 0) =¢? 5 (6.88) 
dx 
After using the ICs, Eq. (6.88) becomes 
au 
<—-",U (x, s) =0 (6.89) 
dx Cc 


Its general solution is found to be 
U(x, s) = Ael!0* 4. Be (lolx 
Since the displacement U(x,s) is bounded as x +0, we get A = 0 and, therefore, 


U(x, s) = Be!) (6.90) 


Now taking the Laplace transform of the BC, we obtain 
A em 


s? +@° 


Using this expression, from Eq. (6.90), we have 
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Hence the solution of Eq. (6.89) is found to be 


U(x, s) = OR, etsleds 
S +@ 


Finally, taking the inverse Laplace transform of Eq. (6.91), we get 


u(x, t)=L | Ae, Ag =tslele. 7 


s To 
. Xx . Xx 
Ao Sin @| t-— if t>— 
= c c 


0 if r<= 


Cc 


6.14 MISCELLANEOUS EXAMPLES 


1 
EXAMPLE 6.40 Find the Laplace transform of erf =} 


Solution Following the definition of Laplace transform, we have 


Lierf (1/Vt); l=], ae ere 


co pvt 2 
=f, J, t postu du dt 
1 


Now, changing the order of integration (see Fig. 6.5), we get 


Wu2 
Llert (Uvihi sl== J > "auf edt 


2 
ae 2 stu2 —u 
= —e ) du 
SV IT “=| 


To evaluate this integral, consider an integral of the form 


co vie 2 
I(a, b) =|, eau —b/u di 


We can easily verify that 


375 


(6.91) 


(6.92) 


(6.93) 


(6.94) 
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u 


Fig. 6.5 Curve of 1/1. 


since 
2 ¢2 _2 
Erie u =] 
ae J, e du 
Differentiating Eq. (6.93) partially with respect to b, we get 
oo 2,212, 2 
ot __26f ee Gy 
Ob 0 


Let au =x; then du =dx/a, and we can easily verify that 


I(a, b) = J * exp (—x? ~a*h*|x*) dx = it, ab) 
a 70 a 


Also, let b/u=x; then we find from Eq. (6.95) that 


From Eqs. (6.96) and (6.97), we can eliminate /(1, ab) and arrive at 


i 
CF 2507 
% 


(6.95) 


(6.96) 


(6.97) 
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On integration, we get 
IntJ=—-2ab+\nc, I(a,b) ape 2? 
Thus, 
I(a, b) = Ia, 0) eo?” 


co 2_,2),2 
J eu —b*/u uN ge (6.98) 
0 2a 
By making use of Eq. (6.98), the Laplace transform of the given function is obtained from 

Eq. (6.92) as 
2 E28 TE) Ly eX) 
Ss 


Lierf ani s)=- Fo 5 


-1/ 
EXAMPLE 6.41 Find the inverse Laplace transform of © . 
5 


Solution The given function can be rewritten as 


et a > = ~ > — 


a 
nA 
a 
Il 
f <= | 
= 
ion 
| 
b> 
= 
mA 


Therefore, 


But, 


1 (2n)! 
a ss tag 


of :|- = (-1)" 22n pn-l2 
wed nll 
7 pl Ay l2 24 3/2 


“ae tae te 
i (ect cle 
Jat 2! 4! 


_ 60S age 
Jat 


Hence, 
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EXAMPLE 6.42 Solve 
xtky=asinkt, y—kx=acoskt 
using Laplace transform technique, given that 
x(0)=0, (0) =b 


Solution Taking the Laplace transform of the given equations, we get 


sX —x(0) +kY = 5 (6.99) 
sY — y(0) -kX = raee (6.100) 
Utilizing the given ICs, we obtain 
sX +kY = rae (6.101) 
sY kX = awe +b (6.102) 


Solving Eqs. (6.101) and (6.102) and using Cramer’s rule, we obtain 


ak 
yale te s  kl_ bk 
as ch, ‘ —k Ss st 4k? 
ee. 
s +k 
Similarly, we can show that 
Y= a bs 


eae see 
Taking the inverse Laplace transform of the above two equations, we get 


x=-bsin kt, y=rsin kt +b COS kt 


which is the required solution. 


EXAMPLE 6.43 A beam which is coincident with the x-axis is simply supported at its end 
x=0 and is clamped at the other end x=/. Let a vertical load W act transversely on the 
beam at x=//4. The differential equation for deflection at any point is given by 


where EJ is the flexural rigidity of the beam. Find the deflection at any point. 
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Solution Taking the Laplace transform on both sides of the governing differential 
equation and noting the transform of Dirac delta function from Eq. (6.23), we obtain 


s¥ —s3y(0)—s?y'(0) ~sy"(0) ~ y"(0) = exp -(1/4) 5] (6.103) 
Since the beam is simply supported at x=0, we have 
y(0) = y"(0) =0 (6.104) 
Also, it is given that the beam is clamped at x=/, which means that 
y(1) = y(1) =0 (6.105) 
Let y(0)=Aand y”(0)=B. Then using Eq. (6.104) into Eq. (6.103), we get 


s*Y —As* -B= W ads 
EI 
A B Wet/4)s 
Y=>+3+ 7 
s gs El ss 


Taking the inverse Laplace transform, we obtain 
= Bx W -1} (ays, 2, 6.106 
But, from the second shifting property (Theorem 6.14), we have 


LE rete. |= Fls-118 H(x-1/4) 
Ss 


where 


Hence Eq. (6.106) becomes 


i a ae 
Thus, the deflection is given by 
B 3 
a ea for0<x<i/4 


= 3 
ee ge a (e- U4) forl//4<x<l 
6 EI 6 
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The unknowns A and B can now be determined by using the conditions (6.105). Thus, we 
have 


3 
0-414 234 am 
6 128EI 
Bo? 9 wi? 
+ ——_ 
2 32EI 
whose solution gives 


25661’  ~—s«128ET 
Hence the resulting deflection y is given as 


2 
ow? 8lw 


3 3 
9WiT 27 WI" O<x<i/4 
256FI 256EI 
y= 
3 
_18Wi eV te cipaye 4<x<l 
256EI  6EI 


EXAMPLE 6.44 Find the solution of the 


PDE: u,=ku,, O<x<0, 1¢>0 
subject to 
BCs: u(x,t) >0as x 4 00 
u(0, t) = g(t) 
IC: u(x, 0) =0 
assuming 


L"| exp ~ |e ;t|=—~—exp aa 
k } 2Vkat? Akt 
Solution Taking the Laplace transform of the PDE, we have 


sU(x, s) —u(x, 0) =k —— (6.107) 
dx 
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Using IC: u(x, 0)=0, we obtain 


res. s)=0 (6.108) 


whose general solution is given by 


U(x, s)=A 00 [ex }e8 e0(- [2] 


The Laplace transform of the first BC gives: 


U 50a x30 


Using this in the solution, we get A=0 and 


U(x, s)=B exp [-fé*] (6.109) 


The Laplace transform of the second BC gives 
U(0, s) = G(s) 
Using this condition, Eq. (6.109) becomes 


U(x, s)=G(s) exp (- f+] (6.110) 


Taking inverse Laplace transform, we get 


u(x, t)= mets exp (- 2} | = a [e(t); 5] i : ie exp(—x2/4kr); ‘| 


Finally, through the use of the convolution theorem, we arrive at the result 


t xexp[—x7/4k(t —u)] 
0 2Jak(t—u)?! 


EXAMPLE 6.45 Find the solution of IBVP described by 


u(x, j=] g(u) du 


PDE: u,(x,t) =u,,(x,t) —hu(x, t), 
h=constant, 0<x<z, t>0 

BCs: u(0,t)=0, +>0 
u(z,t)=1, t>0 


IC: u(x,0)=0, +t=0 
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Solution Taking the Laplace transform of the PDE with respect to the variable ¢, we 
have 
d’U 
sU(x, s) —u(x, 0) =—z~ AU (x, s) (6.111) 
dx 
Using the IC: u(x, 0)=0, we get 
d’U 
—z —(h+s)U(x, s)=0 (6.112) 
dx 
Its general solution is found to be 
U(x, s)=Acosh (Vh+s x)+Bsinh (Vht+s x) (6.113) 
Taking the Laplace transform of BCs, we obtain 


U(0, 5) =0, 


U(z,s)=1s 
Using these BCs into Eq. (6.113), we have 


(6.114) 


U(x, s)=Bsinh (Vh+s x) 


alr 


=Bsinh(Vh+s z) 
implying thereby 


1 1 


~ sinh (Va+s7) 
Hence, the required solution of Eq. (6.112) is 


te 1 sinh (VA+s x) 


~ s sinh (vh+sz) 
By means of complex inversion formula, we get 


1 pytice™ sinh (Jats x) 
u(x,t) =—— | 
2ni 4 y-ico ~s SiNh (Vh+s5 7) 


=sum of the contributions from all the poles of the integrand 
The poles are given by s=0, and sinh (Vh+ 52) =0=sin (iVh+sz). Therefore, 


ivh+sa=nz,implyingh+s =—n? 
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Thus, the integrand has poles at s=0, and 
s=-n*-h, n=1,2,3... 
The residue of the expression 


e™ sinh (Ja+s5 x) 


; at s=0 
ssinh (VA+sz) 


sinh (Jh x) 
sinh (Jizz) 


The residue of the integrand at s=—n?—h is 


2 
elt sink (f—n? x) 


2 
silane pe eh a a 


2V—n? 


Using the relations sinh x=isin ix, and cosh x=coSix, the above residues become 


, n=l,2,3,.. 


exp[-(n? +h)elisin nx _ 2n exp[-(n? + A)t]sin nx 


(n? +h)x (n2 +h)x cosnx 
_ 2nexp[-(n? + h)e]sin nx 


(n2 +h) (-1)" 


Hence, the required solution is 


_ sinh (Vinx) | 2e™ > n(=1)" exp (—n’1) sin nx 


io = ate 
8 sinh(Jha) «2 & n° +h 


EXERCISES 
1. Find the Laplace transform of the following: 


(i) tos at, (li) te“ sing, 


(ili) te’ sin 2z, (iv) (l+2)2e%. 
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Find the Laplace transform of f(t) defined as 


‘i ro={" O<t<t 
1, t>T 
t, 0<r<l 
(ii) f(t)=4(1-2), 1<t<2 
0, t>2 


Find the Laplace transform of 


t . 
(i) l-e (ii) cos 2r—sin 3t 


t t 


(1) = t, 0<tr<l 
fit)= 0, 1<t<2 
given f(t+2)= f(t) forr>0. 
Find the Laplace transform of 
= f; 0<t<6 
ei 12-4, 6<7<12 


given f(t+12) = f(t) forr>0. 
Find the Laplace transform of 


(1) = 1, 0<t<b 
f ~\-1 b<t<2b 


given f(t+2b)= f(t). 


Find the Laplace transform of erfc (1/Vf). 
Find the Laplace transform of 


(i) J4(2), (AG) 
Find the inverse Laplace transform of 
; 1 ; P 
OY eee uD Gage 
a (iv) as 
s(s2 +1) (s—1)°(s +2) 
(vy) 8+3 (vi) s? +1 


(52 4+65413)2 use ate 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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Find the inverse Laplace transform of 


(i) in S44, (ii) in"(= } 
stb k 

7 241 s-4 

(iii) In mai (iv) In ah 


State and prove the convolution theorem for Laplace transforms. 
Using the convolution theorem, find the inverse Laplace transform of 
1 4 1 si 
a 5 i =, (iii) 
s*(s? +a’) Vs(s—a) (s? +4)3 
Find the inverse Laplace transform of 
e* (5? +1) 


Using the Heaviside expansion theorem, find the inverse Laplace transform of 


[ 1 
— a 
s+] (s—1)(s* +1) 
Find the inverse Laplace transform of 
cosh (x4/s) 
F(s) =—————._ 0 1 
w s cosh Js =e 


using the complex inversion formula. 
Solve the following ODE using the Laplace transform 


y’-3y +2y= 4e2t 


given that y(0)=-3, y’(0)=5. 
Solve the ODE by the Laplace transform method 


with the initial conditions y(0)=1, y’(0) = y’(0) =0, y”(0) =0. 

Solve the initial value problem using the method of Laplace transform 
y’+ty’+y=0, y(0)=1  y'(0)=0 

Using the Laplace transform method, solve the system of equations 


—+—4+x+y=l 
dt ae 
dy 

—=2x+ 

dt 


given that x=Oand y=lwhenr=0. 
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20. Applying the Laplace transform technique, solve the system: 


BOS ey 
dt dat 
given that x=—land y=lwhenr=0. 
21. Using the Laplace transform, find the solution of the system of ODEs 


2 2 
PX 4 yal fX4x=0 
dt dt 

satisfying the ICs x(0) = y(0) = x’(0) = y(0) =0. 


22. Show that, by means of the Laplace transform, the solution @(x, t) of one-dimensional 
diffusion equation 


is given by the formula 


m—x_e*sin{(n—x)/vk} 2 y sin nx exp (-n7kt) 


i 1 sin(z//k) ora n(n2k —1) 


23. Using the Laplace transform method, solve 
PDE i 2, =3u., 


pcs: u( 5.1 }=0 u,(0,t) =0 


IC: u(x, 0) =30cos 5x 


24. Using the Laplace transform, solve the following problem in wave propagation: 


PDE: c2uyy =U, O<x</, 1¢>0 
BCs: u=0 at x=0 
he =P axa, t >0(E, P are constants) 


ICs: uw=u,(x,0)=0, 0<x<l 


25. 


26. 
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Solve the BVP using the Laplace transform method 
PDE: uy =C*u,,, O<x<0, O<t<c 
BC: u(0,t) =0 
ICs: u(x, 0) =0, 
u,(x, 0) =1 


If @ is the potential, i the current, 7 the inductance per unit length of cable, c the 
Capacitance to ground per unit length, then @ satisfies the wave equation 
xx =Ico, 
Initially, the line is considered to be dead, i.e. 
¢(x, 0) =¢,(x, 0) =0 

The other boundary conditions are 

(0, t)= f(t), t>0 

¢, (1, t)=¢@ (1, t) =0, t>0 


Find the potential at any point on the cable at any time ¢, assuming | =~, 


CHAPTER 7 


Fourier Transform Methods 


7.1. INTRODUCTION 


Joseph Fourier, a French mathematician, had invented a method called Fourier transform in 
1801, to explain the flow of heat around an anchor ring. Since then, it has become a powerful 
tool in diverse fields of science and engineering. It can provide a means of solving unwieldy 
equations that describe dynamic responses to electricity, heat or light. In some cases, it can 
also identify the regular contributions to a fluctuating signal, thereby helping to make sense 
of observations in astronomy, medicine and chemistry. Fourier transform has become indispensable 
in the numerical calculations needed to design electrical circuits, to analyze mechanical 
vibrations, and to study wave propagation. 

Fourier transform techniques have been widely used to solve problems involving semi- 
infinite or totally infinite range of the variables or unbounded regions. In order to deal with 
such problems, it is necessary to generalize Fourier series to include infinite intervals and to 
introduce the concept of Fourier integral. In this chapter, we deal with Fourier integral 
representations and Fourier transforms together with some applications to Diffusion, Wave 
and Laplace equations. 


7.2 FOURIER INTEGRAL REPRESENTATIONS 


Definition 7.1 (Dirichlet’s conditions). A function f(x) is said to have satisfied Dirichlet’s 
conditions in the interval (-L, L), provided f(x) is periodic, piecewise continuous, and has 
a finite number of relative maxima and minima in (—Z, L). 


Let a function f(x) be periodic with period 2L,i.e., f(x+2L)= f(x), and satisfy 


Dirichlet’s conditions in the interval (—L, L). Then f(x) has a Fourier series representation for 
every x in the form 
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AG cos +b, sin a) (7.1) 
=| L 
where 
lel nat 
== ae : . 7.2 
7), ficos ar, =0,1,2 (7.2) 
b= J f(t) (n)sin at, Ht, 2 (7.3) 


Here, a,,b, are called Fourier coefficients. Fourier series representation, however, can be 


nin 


extended to some non-periodic functions also, provided the integral of the modulus of such 
a function f(t) satisfies the condition 

[lr lat 
is finite. 


Substituting Eqs. (7.2) and (7.3) into Fourier series (7.1), we get 


1 eet flee nat NX 1rpel nat nwx 
=— t)dt+ — t) COS cos dt + sin —— sin oa 
re py ayia ) L L ao L 


Noting that cos(A—B)=cos AcosB+sin Asin B, and interchanging the order of summation 
and integration, we obtain 


ee lre — nat 
Jes] rl) arr | af, cos 


Further, if we assume that the function f(x) is absolutely integrable, and allowing Z to tend 
to infinity, i.e., 


(7.4) 


[lr |ar<e (7.5) 
we get 
lel 
bt Hf fle dt =0 (7.6) 


In the remaining part of the infinite sum of Eq. (7.4), if we set As=z/L, the equation reduces to 


f(x)= Lt = ead roy cos {nAs (t—x) }dt (7d) 


As—0 7 4 -m/As I 
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As L+~,As— 0, implying that As is a small positive number and the points nAs are 
equally spaced along the s-axis. The series under the integral can be approximated by an 
integral of the form (as As > 0) 


J, costsle—x)}.as 


Thus, Eq. (7.7) can be rewritten as 


flr) ==" flo] costo (r—a)}as a (7.8) 
== ff fle costs (ra) bar as (7.9) 


which is the Fourier integral representation of f(x). 


7.2.1 Fourier Integral Theorem 


Theorem 7.1 If f(x) satisfies Dirichlet’s conditions for —-coo<x<co and if the integral 


[= f(x) dx is absolutely convergent, then 


=f dal” f (t)cosa(t — x) dt =5UF(x+0) + f(x-0)] (7.10) 


To establish this result, the central results required are the Riemann-L ebesgue lemma and the 
Riemann localization lemma; first we shall state and prove the former. 


Riemann-Lebesgue lemma _ If f(x) satisfies Dirichlet’s conditions in the interval (a, 5), 
then each of the integrals 


b b 
J f (x)sin Nx dx, J f(x) cos Nx dx 


tends to zero as N > ~, 


Proof Suppose ay,ap,..,a, are the points in (a,b) taken in the order at which the 


P 
function f(x) has either a turning value or a finite discontinuity. Let a=ag,andb=a,,,. 
Then we may write 


b - ar41 F 
J f (x)sin Nedx= > | f(x)sin Nx dx (7.11) 
: r=0 © or 
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Now in each of the sub-intervals (a,,a,41),r=0,1,2,..., p, f(x) iS a continuous function and 


is either monotonically increasing or decreasing. Thus, aplying the second M ean Value Theorem 
of integral calculus to each of these intervals, we have 


fo" rodsin Nx dx = f(a,) ii sin Nx d+ Flana)f . sin Nxdx (7.12) 


r 


where € is some value of x in the range (a,, a,,;). Carrying out the integrations on the right- 
hand side of Eq. (7.12), we get 


Na, —cos N NE —c08 Na; 
flo(S _—— =} Hla rae “ea 


Now taking the limit as NM — oo, we get 


Lt [F(x sin Nx dx=0 


N- # a, 


Since the number of terms on the right-hand side of Eq. (7.11) is finite, interchanging of 
summation and limit process can be carried out and, therefore, 


Now a 


b a ay : ay . 
Lt [ flx)sinNxde= Lt > | "flxsin Nxdv= Lt [" f(x)sin Nx dv =0 
No 1 a; A 
i.e, 
b . 
Lt f (x) sin Nx dx =0 (7.13) 
Nowd a 


which is the Riemann-L ebesgue lemma. 


Riemann localization lemma _ If f(z) satisfies Dirichlet’s conditions in the interval (0, a), 
where a is finite, then 


a 
» fla : dt >> f(0+) 


in sin Nt 


as N +, 
Proof We may write 


a sin Nt 
0 ¢ 


sin 
t 


sin Nt 
t 


foro Mat = f(0+) f dr J AF) — f0+)} dt =I, +1 
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Since the function f’(t) is continuous in (0, a), from the definition of derivative 


f(t) — f (0+) 


t 
is continuous in (0, a). By the Riemann-Lebesgue lemma (since the integrand of /, is 


bounded as N >) J, >0asN— oo. Hence, 


sin Nt Na sin u 


a sin Nt 
tt, “¢(t) de= £04) | ; dt = f(0+) |. du 
= f(04)f Pau = pt0s) (7.14) 


which is the Riemann localization lemma. 
Proof (Fourier integral theorem). Since the integral Fe) dx is absolutely convergent, 


[&. |f(x)| dx is finite and converges for all a in the range (0, N). Also, |cosa@ (t—x) |<], 


implying that the integral 
f- f(t) CoS @ (t — x) dt 


converges and is independent of a and x. Thus, after changing the order of integration, the 
double integral. 


=f] fro cos a (t— x) ar)aa (7.15) 


can be expressed as 


=f 7)fr0 COs a (t— x) aa A 


Let y=r-—x, Then the above integral becomes 
[= i f(v+x) py a=(f—+ +f? +f. +{ )r (v+x) ae dv=I_+1,+13+14 


When N -> 9, J; and Z, both tend to zero in view of the Riemann-L ebesgue lemma. Thus the 


only contribution to the integral will be from the neighbourhood of vy =0. Using the Riemann 
localization lemma, we get 
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al Sav =% flxt) (7.16) 


5 
13 = Lt f(v+x) : 


and the second integral 


0 in Ni 6 in Ni 
=f fut ~dv= J Pls) “dv =F f(x) (7.17) 
Incorporating these results into Eq. (7.15), we obtain 
es Jiro cos a (1 x) at |aa= FE F(04)4 FoI (7.18) 


If f is a continuous function of x, then 


f (xt) = f(x-) = f (x) 
and Eq. (7.18) reduces to 


fla)=2f faa f f(t) cosar(t—x) a (7.19) 
a0 =00 
If x is a point of discontinuity, then 


1 
f (x) =al flat) + fH (7.20) 
i.e., the intergral (7.19) converges to the average value of the right- and left-hand limits. Thus, 
the proof of the Fourier integral theorem is complete. 
In order to bring out the analogy between Fourier series and Fourier integral theorem, we 
rewirte Eq. (7.19) as 
Llpere ; 
flx)==f i} f(t) (Cos at cos ax +Sin at sin ax) dt da 
140 J -co 
If we define 


1 co 
Ala) =—| fle) COs at dt (7.21) 


Bla) =—[~ fle) sinar at (7.22) 
a —oo 
the above equation can also be written as 


flx)=f Lala) cos ax + Bla) sin ax] dt da (7.23) 
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7.2.2 Sine and Cosine Integral Representations 
If f(—x)=—f(x),i.e.,if f(x) is an odd function, Eq. (7.21) gives 


A(a@) = =f _ f (x) CoS ax dx 
ITI -<0 


If f(x) is an odd function, then 
1 ¢-- lp-~ 
A(a)=-=| f (—x) cos ax dx =+—| f (x) cos ax dx 
Teo W co 


= | ” ¢(x) cos ax dx =—A(a) 
Td -0 


implying 2A(a@) =0Oor A(a~)=0, i.e, 
Ala) ==[~ f (x) cos ax dx =0 
a —oo 
Also, 


Bla)==f~ f(x) sin ax dx 
W —oo 
= -=f ~~ ¢(x) sinax dx if f(x) isan odd function 
a co 


=i {* p(x) sinax dx =2f ~ p(x sin ax dx 
nN —co 4 0 
Thus, Eq. (7.23) reduces to 


f(x) =| , Bla) sin ax da 


(7.24) 


(7.25) 


(7.26) 


which is the Fourier sine integral representation, where A(a) and B(a) are defined by the 
relations (7.24) and (7.25). Similarly, if f(x) is an even function, i.e., if f(—x)= f(x), then 


we obtain the Fourier cosine integral representation 
flx)=f » Ala) cos ax da 


where 


BiA=0,. Aev= af *phconue ai 
m0 


(7.27) 


(7.28) 
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7.3. FOURIER TRANSFORM PAIRS 


From the Fourier Integral Theorem 7.1, we have 
fld==f "J fl) cosets) draa (7.29) 
140 J - 


In terms of the complex exponential function, Eq. (7.29) takes the form 


ak: eS ia(t—-x) , .-ia(t—x) 
P=s— fy J flere +e Jar dor 


. >| f wf. f (tei) dt dat in f(t) el) at aa| 
Let ~=-«a in the second integral; then it becomes 
-| ts fle") dt da= i f(t) eat da 
Hence, 
roe =~ Jo Fle) "Var dor (7,30) 


This is the exponential form of the Fourier integral theorem. Equation (7.30) can be rewritten 
as 


_ ad a 1 “° iat -iax 
f (x) =a)... ef “ro e are da (7.31) 
Thus, we formally define the Fourier transform pair as follows: 


Definition 7.2 Let f(x) be a function defined on (—ce, co) and is piecewise continuous, 
differentiable in each finite interval and is absolutely integrable on (—c9, co), From Eq. (7.31), if 


1 co 


F(a)=—= te dt 7.22 
(a) ae (t)e (7.32) 
then we have, for all x, 
goes [Fle da (7,33) 
V2 J -<0 


Here, F(a) defined by Eq. (7.32) is the Fourier transform of f(x), and f(x) defined 
by Eq. (7.33) is called the Inverse Fourier transform of F(a) and is denoted by 
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Fla)=F[ f(t), a] (7.34) 


f (x)= F™ [F(a); 2] (7.35) 
which constitute the Fourier transform pair. 
We have seen in Section 7.2.2 that if f(x) is an odd function, the Fourier integral 
representation of f(x) reduces to 


f(x) =|, Bla) sin ax da 


or 
pla)=2 [sin orf” pr) sin ar ar aa (7.36) 
w0 0 
\f 
rlal= |? | ” F(t) sin at dt=F, [f(t); a] (7.37) 
wt 0 
then 
fade? | ” F(a) sin ox da=FOLF. (a); x] (7.38) 
wT40 


Here, Eq. (7.37) is the Fourier sine transform of f(x) and its inverse sine transform is given 
by Eq. (7.38). 

Similarly, when f(x) is an even function, we can obtain the Fourier cosine transform and 
the corresponding inverse as 


hws 2 frie cos at dt =F, [ f(t): a (7.39) 
wt 40 

fae EapeAC cosaxda= FO F.(a); x] (7.40) 
wt 40 


7.4 TRANSFORM OF ELEMENTARY FUNCTIONS 


EXAMPLE 7.1 Find the Fourier transform of 


flx)se"? 


Solution 


Let 


Then 


Thus 


or 


Solution 


Therefore, 
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Following the definition of Fourier transform, we have 
1 oo ; 
F [ f(x); &] = (x) 2" de 
j a) _f 


2 ne 
-x [2 Giax 


1 co 
-J7 


—(x—ier)?/2 oo 2 - 


1 © 
=) _° 


-/2 
e 02/2 
F(a) =z =e?! 
(a) Ge Vt =e 
EXAMPLE 7.2 Find the Fourier transform of 
flx)se tl, -wocy<co 
We know that 
ia -x, x<0 
Ya — 
x, x>0 
1 


0 ; 00 ; 
= 5 | eX lOX ye 4 : i eX gi ay. 
V 270 ¥ —09 NLT 
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0 ‘ oo ’ 
= =| lati) x ry 4 = J, el atia) x ay. 


Al ( 1 1 }- a ) 
Jdm\atia -atia 1 a+ 0 


EXAMPLE 7.3 Find the Fourier transform of f(x) defined by 


1, < 
Fla) =| le 


0, |x|>a 


and hence evaluate 


°° sinda COSax ° sinaa 
(eee a oe 
—0o a 0 a 


Solution From the definition of the Fourier transform, 


F(a)=F[f(x); a] 


1OX Ay 


=o] Llole 


= 1 [fo ax= 1 (=) 
J2n -a J2n 1a = 


Therefore, 
pee a, 
F(a)=3 ONO 
2a SIN Qa _ 2a Aa 
a20/2x aa V2’ ~ 
Now, 
_g-l 7 = 1 = —i0LXx 
f()= FTF x]=Fa] F(a) eda 
Thus, 
1 fe Z5IN Wa ey 1, |x|<a 
= *da = 
al Tig) alin to |x|>a 
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= sin @a(cos ax —isin ax) 1, 
a —co 


|x|<a 
dx = 
a 0, |x|>a 
Hence, 


(eee i |x|<a 
ee dae 

oo a 0, 

Also, by setting x=0 in the above equations, we obtain 


sin aa 
| da=n 


—oco a 
Since the integrand is even, we can have 


|x|>a 


sin wa a 
J da=— 
0 a 2 


(i) i an 


0 a+b 


EXAMPLE 7.4 Find the Fourier cosine and sine transforms of ,~5* and evaluate the integrals 


(ii) J ° asin ax i 


0 @ +b? 


Solution 


Given f(x)=e* and following the definitions of Fourier cosine and sine 
transforms, viz. 


F(a) =F,[ f(x); 0] = ef ” F(x) cos ax dx 
rt+0 
Fe(a)=F[ f(x); a] = A) ” f(x) sin ax dx 
m0 
we obtain 
alee als [2[ em cos ax dx 


aie als |2{ * bx sin ax dx 
m0 


(7.41) 


(7.42) 
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Let 
L =|, e* cos ax dx 
15 =|, e* sin ax dx 
Integrating 7, by parts, we have 
Te “are? pe. la 
h=(-Ze my cosa] -</ e sin ax dx=—-—Ih 
b 0 b40 b b 
Integrating 7, by parts, we have 
1». “ape a 
Ty -(-Fe me Siri ax) -</ e * cosax dx=—h 
b 0 b40 b 


Solving Eqs. (7.43) and (7.44) for 7 and /,, we obtain 


b (04 
=~, h= 
: a? +b? : a? +b? 
Hence, 
2 b 2 @ 
F(a) =,/—-—~—~,,_ F. (a) = ,/— —~— 
c( Poy s( ) boty 
Then, 
flxj= Jef rele cos ax da 
i.e. 
; 27 {2 b 
—bx 
= cosaxd 
. iS fote pen 
or 


{" cosax 1 _p 
0 a? +b* 2b 


Similarly, it can be shown that 


= pe 
0 @+h? 2 


(7.43) 


(7.44) 
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EXAMPLE 7.5 Find the Fourier sine transform of f(x), if 


0, 0<x<a 
f(x) =44, asx<b 
0, x>b 


Solution Following the definition of the Fourier sine transform, we have 


F(a)= 21 ™ p(x) sin ax dv 
mJ0 

Deb 
7 ZI x sin ax dx 

Wea 

[2 xcosax)” 1 
= ( + | COS ax dx 
Va a Ja ada 


7 Z(¢ COS aa —b cos ab | sin arb —sin 2) 


=i(- : 


a a 


7.5 PROPERTIES OF FOURIER TRANSFORM 


In many practical situations, determination of Fourier transform of certain functions is very 
complex. Once we know the transform of some elementary functions, we can find the transform 
of many other functions with the help of the properties associated with the Fourier transform. 
We now discuss some of the important properties of the Fourier transform. 


Theorem 7.2 (Linearity property). If F(a) and G(q) are the Fourier transforms of 
f(x) and g(x) respectively, then 
F [ef (x) + cp 9(x); &] = pF (a) + coG(a@) 
F oF (a) + Ga); x] = cf (x) + g(x) 
where c; andc, are constants. 
Proof 


Fla f(x) + ey9(x); a] ==] © La f(x) +ep9(x)] dx 


= (F(a) +c G(a@) 
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Theorem 7.3 (Change of scale). If F(a) is the Fourier transform of f(x), then the Fourier 


transform of f(ax) is 


“( 


Proof From the definition of the Fourier transform, we have 


Flo) = F1f(s):al= ee” el f(x) dv 
Hence, 
FL flax}; al] = [=e Flax) dx 


Setting ax=r, we have dx=dt/a. Therefore, 


FI flax); el= +] i. expe] p00 dt 
a a a 


Hence, 


F[ flax); a= nia a>0 
a 


Similarly, it can be shown that 
F (flax); al=—" lata), 
Combining Eqs. (7.45) and (7.46), we have the property 
FL flax); a= 5 Fala 


It can also be established that 


F [ f(ax); a= *F.(ala), 


JF Lf ax); a= =F (ala), 


a<0 


a#0 


a>0 


a>0 


(7.45) 


(7.46) 


(7.47) 


(7.48) 


(7.49) 


Theorem 7.4 (Shifting property). If F(a) is the Fourier transform of f(x), then the Fourier 


transform of f(x—a), i.e, 


Fl f(x-a); a]=e'™ F(a) 
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Proof From the definition of Fourier transform 


F(a)=F[f(x),@ a F(x) dx 
=e es 
Therefore, 
FU fla); o]=—— J” el fla) ds 
V2n?-= 
Setting 
x-a=t, 
we have dx = dt. Then 
Fl f(x—a); a= eet) es) dt 
Fel 
Hence, 
Fl f(x-a); a] =e“ F(a) (7.50) 
Similarly, it can be shown that 
Fel“ F(a@); x] = f(x-a) (7.51) 


Theorem 7.5 (Modulation property). If F(a) is the Fourier transform of f(x), then the 
Fourier transform of f(x) coSax is 


slFla -—a)+F(a+a)] 


Proof From the definition of Fourier transform, we have 


F(a) =F[f(x); a]= alles iax f(x) de 
Therefore, 
F[ f(x) cos ax; a] = al ee F(x) (Ar a 
lal eilata)x (x) e+ J ella—a)e ¢ ia 


=S[Fla+a) +Fla—a)] 7.52) 
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In the same fashion, it can be established that 
2 . 
FL f(x) COs ax; a] - 21; f(x) CoS ax Sin ax dx 
a 


ae ee [sin(@+a)x +sin (a@—a)x] dx 


ot PAs re sin (a+a)xdx +f > f(x) sin (a@—a)x a] 


= SIR (a+a) +R (a-a)] (7.53) 
FL fx) cos ax; al = slF (eval Real (7.54) 
FL Fla) sin ax; a= 51K (aa) - Floral) (7.55) 
FL f(x) sin ax; a= xl (a+a)—F(a—a)] (7.56) 


Theorem 7.6 (Differentiation). If f(x) and its first (r—1) derivatives are continuous, and 
if its rth derivative is piecewise continuous, then 


Ff); a] =(-ia) Fl f(x) a], 7 =0,1,2,... 
provided f and its derivatives are absolutely integrable. In addition, we assume that f(x) and 


its first (r—1) derivatives vanish as x > +00, 


Proof From the definition, we have the Fourier transform of d’f/dx" as 


FLf™ (x); al = ce! dx = F'"(a@) (say) 


ee dx" 


Integrating by parts, we get 


d as ela i a(S vi ce) ae o i iax 
d d 
law wea ae V2 se agri ll 


If we assume that d’“/dx’ tends to zero as x > +00, we may write the above result in the 
form 


F'" (a) =—-(ia) FE (a) = (-ier)? F"-?) (ar) --- = (-iex)” F(x) 
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Hence, 
F'") (a) = (-ia)" F(a) 
and, therefore, 


FUf'" (x); a] = (-iar)!' F(a) (7.57) 


EXAMPLE 7.6 Let F!”(a) be the Fourier cosine transform of d’fldx” and F\")(a) be 
the Fourier sine transform of d'f/dx'. Then prove that 
r-l 


Fi") (a) = -y (-1)" es Ee (-1)' a?" F, (a) 
n=0 


assuming 


Solution From the definition, we have 


AMa)= fof °4 L cosaxdx (7.58) 

m/0 dx" 

FM a) = J 54 f sin axdx (7.59) 
m0 dx" 


Integrating Eq. (7.58) by parts, we get 


r-l itt co rol 
F!")(a) = 2 E F costa +{ f sin (ax) de 
dx’ 0 dx" 


au 0 


Now, we assume that 
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y) d’f 
Lt sa 
x90Ve dot al 


F!") (a) =a, + 0F" (a) (7.60) 


Cc 


Then 


Integrating Eq. (7.59) by parts, we have 


r-1 = co rol 
Fi” (a) = HE f sin as| | : = cos (ax)a dx = -aF! (a) (7.61) 
ve 0 


dx’ 0 dx" 


Substituting Eq. (7.61) into Eq. (7.60), we get 


F!"(@) =-a,_1— 02 F!"-*) (a) 


By repeated application of these results, we can show Fi”) (a) to be a sum of a's and either 
F(a) or F.(c), depending on whether r is odd or even. F™ will be present if r is odd 
and may be replaced by aj +a@F,(q). Similar arguments give us the formulae 
r-l 
FP (1) =} (1) a9,-9n-3002" + (-1)" a0?" F, (a1) 
n=0 


FEM (q)=->. El a.ou" +(e la) 
n=0 


3 
Note: When x=QOand i a Tap) 
dx de 


(ae S cos axdx =-02 F(a ) 
iS ~d'f cosaxdx =a'F (a) 
mI0 dxt Os 


“f. zp 


Similarly, when x=Oand f = 


a -a? F(a ) 
fefe4 a nave a F F(a) 
0 dx* 


’ 
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EXAMPLE 7.7 Find the Fourier cosine transform of exp (—at?). 


Solution We have from the definition of Fourier cosine transform, 


le“; a= Ey . e cosat dt=1 (say) 


Differentiating with respect to a, we obtain 


one ft eas ‘sin at r= [2 * sin at d(e“ ) 


fe {lle sin at)] p-a@[ie at? COS at a| 
TU 


~ 2a 

Therefore, 

a 

da 2a 
1G: 

a. a, 

I 2a 
On integration, we get 

I apg Wie 


But when a@=0, from Eq. (7.62) we have 


27? _a2 
I= =f ew at 
mw/0 


From Example 7.1, using change of scale property, we obtain 
- [224- 1 
na2. 2a 


1 
Fr Eq. (7.63 t c=—=—. Hence, 
om Eq. ( ) we get c Pa ence 


2 1 2 
F [e* al = et 14a 
c 


407 


(7.62) 


(7.63) 
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EXAMPLE 7.8 \f the Fourier sine transform of f(x) isa/(l+a), find f(x). 
Solution From the definition, we have 


fld= Jef ge = sin ax da 


m0 l+a 
ae 7 
= 7{ (a +O tin ax da 
Vaz/0 @l+a?) 
_ of aa? fF ovis ae 
\Vai0 @ a0 a(l+a’‘) 
But 
ites _a 
0 a: 
Hence, 


=. [2 (= sin ax (7.64) 
0 a(l+a’) 
= COSax 
alae l+a? ve) 
Cf. [2p -asngs ag (7.66) 
l+a@ 


From Eqs. (7.64) and (7.66), it follows that 


d’ f fe © SiN OLX |x 
= d =0 
dx? t Xu iP a - 2 


whose solution is found to be 


f =qe* +c,e~ (7.67) 
Therefore, 
df x =X. 


—_=ce —c7e 


dx 


When, x=0, from Eq. (7.64) we have f(0)=./2/2, and from Eq. (7.65), 


10) - ee -| 
age 
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Also, from Eq. (7.67), using these results, we get 


4 a (a 
Cy rc27 =,/>) Cp 02 FS 
V2 2 


Solving the above two equations, we get c, =0,c) =./a/2.Thus, f(x)= 2/2 e™. 
EXAMPLE 7.9  \f the Fourier cosine transform of f(x) iS qe, find f(x). 


Solution Using the definition, we have 


f (x)= a * ete aa cosaxda (7.68) 
40 
But we know from calculus that 
Lo cos ax da= -_ 5 (7.69) 
0 a’ +x 


Differentiating this result n times with respect to a, we get 


nf ~~ on -aa d” a 
(-1) te ae oe Ona D7 
a \a +x 


= 1 ‘ 1 
2 da" \a-ix atix 


= slt-ay"n! (a— ix)" + (-1)"n! (atix)"] 


1)" yl 
= 5 "(a —ix) + (at ix] 

Let 

at+ix=r(cosé+ising) 
Then 

a=rcos@é, x=rsing 
Therefore, 

r-=a2 +x, tang =~ 

a 

Thus, 


(atix)"? =r" [cos (-n-1)0 +i sin (-n—1) 6] 


(a-ix)-"* = -""[cos (-n—1)0 -i sin (-n—1) 6] 
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Then 


n'cos(n+1)@ 


( 2 2 (atl) /2 


J ae“ cos ax da = 
0 ac +x 


Hence from Eq. (7.68), 


at+x 


_ {2 nicos(n+1)6 
flai= fe 2 2y(mel2) 
EXAMPLE 7.10 Find the Fourier transform of 


(i) A”u/dx” of the function u(x,t) assuming that wu and its first (n - 1) derivatives with 
respect to x vanish as x > +00, 


(ii) Au/ot. 
Also, find the sine and cosine Fourier transforms of d2u/dx2 of the function u(x,t). 
Solution (a) We Shall adopt the following notation: The Fourier transform of u(x, t) 


with respect to the variable x is defined as 


Flulx, 1); x a= ~ e* u(x,t) dx =U(az, t) (7.70) 


Jia" 


Then the Fourier transform of du/dx is 


3H] M(x, tix a - “4 el dx 


Integration by parts yields 


ee {ux je. -ia| © als, t) eas| 
lf we assume 
Lt u(x,t) =0 
X— #00 


then we find that 


3 Mt, ae a = -iaF (u(x, t); x > a@]=-iaU (a, t) (7.71) 
x 
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Similarly, the Fourier transform of J uldx? 


O° u(x, t) «|= iy a( 2 “) 
F : ei dx = 
ax® an fof ax’ [Le Ox 
-i|(% ge | - ice u)~, + (ia) | gra | 
1 x oo _ 


Assuming that both u and du/or tend to zero as x > +, we have 
2 
| Pa tix a| = (-1)? (iar)? F[ulx, 1); x > a] =(-1)? (iar)? U(a, t) (7.72) 
X 
Thus, in general, the Fourier transform of the nth derivative of u(x, 1) is given by 


| Sule, x—> 2| =(-1)"(ia)" F [u(x, t); x > a] =(-1)"(ia)"U(a,t) (7.73) 


ox" 
(b) Now 
3| Mx, aa] =a” ls, t) de= pao |e u(x, 1) dx =U, (an 1) 
Therefore, 
3| Mx, ix a]=v ila t) (7.74) 


(c) In the case of Fourier sine and cosine transforms, we have 


2 2 
a etme oa]= 2h sin ax Fa 
= 2/2 sin ax} |e ff cos ax Sas 
HLOX 0 wm 0 ax 


We assume that ao 0 as x oo, Then the RHS term of the above equation becomes 
X 


~[Pef 00s axe ds = - [20 {lux t) COS ax]g tar] ulx, t)sin ax ax} 
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Also, assuming that u(x,t) > 0as x > 0, this equation becomes 
- oF .[u(x,t); x a] 


fe cu (x, t) 
1 x=0 
2 
J, Ee tix a| a fe au (x, t) 
“Lox a 


Similarly, it can be shown that if 


Hence, 


-—a? F [u(x, t); x > al] (7.75) 
x=0 


then 


u(x,t) 0 and ae 56 as x— 00 
Ox 
-a°F [u(x,t);x— a] (7.76) 


i 
SF , Ee t);x- “| =— 2 aug) 
Ox a Ox <0 


Obviously, the choice of the sine or cosine transform is dccided by the form of the boundary 
condition at the lower limit of the variable selected for exclusion. Thus, we observe that for 


the exclusion of d2u/ax? from a given PDE, we require 


ulx=0 in the case of sine transform 
Ou 


XIx=0 


in the case of cosine transform 


7.6 CONVOLUTION THEOREM (FALTUNG THEOREM) 


If F(a) and G(a) are the Fourier transforms of the functions f(x) and g(x), then the product 
F(a) Gia) is the Fourier transform of the convolution product f*g. 


Proof The product 
1 co 
Pease] flu) gle—u) du (7.77) 


is called the convolution or Faltung of the functions f and g over the interval (—c9, oo). Then 
the Fourier transform of this convolution integral yields 


FI(f*g); a= ° Cale f (u) g(x —u) du dx 
ce 


== fe plu g(x —u) du dx (7.78) 
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Since f and g are absolutely integrable, the order of integration can be interchanged and, 
therefore, 


F[( f*g); al= =f * ru] J glx —u) ei@et gia ds |e 


co 


Let x-u=y. Then dx=dy. Therefore, 


1 pe a 
FUL tsh al=—— J piu] em [7 aby) el” w . 
a ™ F(u) du : J ') 9(y) dy 
V2n°- Van! 
= F(a)G(a@) (7.79) 
Hence the theorem is proved. 
We can verify that 
ie al ae (7.80) 
i.e. 
f*g -——_| ° f (u) g(x-u) du (7.81) 
V2m J -2 


Setting x-uw=a, we have du=-—da. Then 


Fte= al” flea) gla) da=—— |” elu) fls—u)du=gtf (7.82) 


Hence, the convolution is commutative. 


Special cases (sine and cosine convolution integrals) 
(i) 


| ” F(a) G,(a@) cos ax da= I “F, (a) cos ax dal * g() cos na dn 
0 m0 0 
y) co co 
- Ef; g(7) dnj , F..(a@) CoS x@ cos nada 


=f, wl dn{ Fela) {cos|x~m|ar+cos (x+7) al|da 
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But, 


pld= Epp re (a)c0s xa da=3{ ~ g(n) dntf (lx—m) +fle+m)]_ (7.83) 


(ii) If F.(a) and G,(a) are the Fourier sine transforms of f(x) and g(x), then we can 
show that 


—a —g(x+n)ldn (7.84) 


(iii) is F,( a)sinxada 


ee sin xarda . g(n) sin na dn 

= caer (7) dnJ , F(a) sin xasin nada 

=I alan] Fla) [cos x lar cos tx +n) ala 

=F Jf et Lele — nb - Fle man (7.85) 
(iv) [5 FledG la) sin xa de= =f” FimLg (Ix—))-g(x+ Mla (7.86) 


EXAMPLE 7.11 \f F.(a)andG,(a) are the Fourier cosine transforms of f(x) and g(x) 
respectively, show that F.(a)G.(a@) is the transform of 


xf, fuls maleate 
Solution Refer Eq. (7.83). 


7.7 PARSEVAL’S RELATION 


From the Fourier convolution theorem, we have 


e * F(q) G(a) da= f*g= —u)du 


Joe ae flu) 
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If we set »=0, the above equation reduces to 
1 co 
— F(a) Gia) da=—= 
balks (a) Gla) = 


For the case g(—u) = f*(u), where f*(u) isthe complex conjugate of the function f(u), wehave 


Gla) = F[ gu); al=F[f*(-u); a] + F*(a) 


Thus, 
1 ¢@ 1 fe 
ag) FlalFtta) da=—[ flu) *(u) du (7.87) 
Therefore, 
[iF Pdo=f | flu) Pdu (7.88) 


Equation (7.88) is known as Parseval’s relation. 


EXAMPLE 7.12 Using the Fourier cosine transform of e~@ and e~”*, show that 


20 da 1 
= ; 0, b>0 7.89 
IF (a2 +a7)(b2 +a) 2ab(at+b) eee eee 


Solution Let f(x)=e, g(x)=e@; then 


2° 2 © bx = 2 b 
rlal= ff pladeosaxdr= ff e cosa de= |=" 


Similarly, it can be shown that 
2 a 
c.ta)= |? 
ma? +c? 


However, 
J, Fela G.(a@) da= Jv (a) ace] f° cos ax dx 
= ec an)? f° lad cos ax da 
= J, festa) dx 
i.e. 


J, F(a) G,(a) da=f f(x) g(x) dx 
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Hence, it follows that 
AG a) da= Joe —(atb)x gy — 
0 


Therefore, 
{- da _ u 
0 (a? +a°)(b?+a*) 2ab(a+b) 


, a>O0, b>0 


7.8 TRANSFORM OF DIRAC DELTA FUNCTION 


The Dirac delta function has been defined in Chapter 3. The details of its properties can be 
found in Section 3.4. We may recall the shifting property of the delta function, i.e. 


[-5le-a) fle) dr = f(a) 


and then obtain its Fourier transform as 


F[d(t—a); a]= e! §(t —a) dt =e | J 2x (7.90) 
=I x v 
When a=0, we obtain the formal result 
1 
F[d(t); a] = — 7.91 
an (7.91) 


That is, the Fourier transform of the Dirac delta function 5(t) is constant and equal to 1,/2z. 
It then follow that 


[ eri@tdar = J25tt) (7.92) 
i 


FbLt]= 


7.9 MULTIPLE FOURIER TRANSFORMS 


As already discussed, the idea of a Fourier transform and its inverse can be extended to 
functions involving two or more variables. 


Let f(x, y) bea function of two variables x and y. Let it be piecewise continuous and 
satisfy the condition 


J. Flr ») ae ay <ee (7.93) 
Then the Fourier transform pair can be written as 


F(a, B)= —{~ ae f (x,y) dx dy (7.94) 
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flayl= —|_ |= F(a,B) dadpB (7.95) 


We can split Eq. (7.94) into two steps: first by treating f(x, y) as a function of x and then 
treating the result as a function of y sequentially, i.e., 


f*(a, y) = Flay) dx 
JB: 
F(a, B =e] ”f *(a, y) dy 


Similarly, the inversion formula (7.95), can be written as 


e * F¥(Q, y) da 


fla y)= ae 
f*(a, y)= ae e'P F(a, B) dB 


Assuming that the partial derivatives of f occurring in the equation are absolutely integrable 
and that f, 0f/x, Af/dy tend to zero at infinity, the double Fourier transform of derivatives 
yield the following results: 


9 2£a, yx ay B]=—iar la, fl (7.96) 
F (x, y)ix 3a, y> B|=-aBF(a, B) (7.97) 
Oxdy 


The convolution property leads to the following results: 
F F(a, B) Gla, B); a> x, BO y] =| ° J ° f(x-u)g(x-u)g(u,v)dudv (7.98) 
yp ed 


The Fourier transform in the case of three variables is 


_:- i an han ae 
F(a, B,Y) “gp JJ Jie f (x, y, z) dx dy dz (7.99) 


7.10 FINITE FOURIER TRANSFORM 


The Fourier transform technique outlined so far is applicable to problems involving infinite 
or semi-infinite domains. But, in many practical situations, we come across finite intervals in 
boundary value problems. Therefore, it is natural to extend Fourier transform method to 
problems in which the range of an independent variable is finite. It is then possible to find 
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their inverses from the well-known theory of Fourier series. It may be recalled that if a 
function f(x) satisfies Dirichlet conditions in the interval 0<x<z, then it has Fourier sine 
series 


f(x) =} b, sin nx (7.100) 
n=1 
in which 
2 77 
b, ==] f(x)sinnxdx, n=1,2,3,... (7.101) 
a Jo 


The Fourier series in Eq. (7.100) converges pointwise to f(x) at points where f(x) is 


continuous and to the value (1/2)[ f(x+)+ f(x—)] at other points. Similarly, f(x) has Fourier 
cosine series 


f(x) a? a, COS nx (7.102) 
in which 
2a 
a, =~ | f(x)cosnx dx, n=0,1,2,... (7.103) 
rw40 


7.10.1 Finite Sine Transform 


If f(x) satisfies Dirichlet conditions in the interval O0<x<z, then we define finite sine 
transform of f(x) by 


F Lf (x); n] = F,(n) = Jj fl2)sin nx dx, n=1,2,3,... (7.104) 


which is a sequence of numbers. Comparing Eqs. (7.101) and (7.104), we notice that 


2 
by == F(n), 1=1,2,3,. (7.105) 


Now from Eq. (7.100) we can have the result 


FAK, (n); x1= fla) = 25, Kiln) sin nx (7.106) 
a 


n=l 
which is the inverse finite sine transform. Similarly, we can define finite sine transform when 
the independent variable x lies in the interval (0, L), 


FL fla) nl=F(n) = f° flx)sin we a, ned see (7.107) 
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with 
FAR (mhixl= fle) =2 >) F,(n) sin Vee (7.108) 
as the corresponding inversion formula. 


7.10.2 Finite Cosine Transform 


If f(x) satisfies the Dirichlet conditions in the interval 0 <x<z, we define the finite cosine 
transform of f(x) as 


FL flx)inl=F(n)=f “flx)cosnx de, n=0,1,2,... (7.109) 


The corresponding inversion formula is 


FAR ln): x)= fla) = 42 Fin) cosnx (7.110) 
a 7 =I 


which holds at each point in the interval (0,2) at which f(x) is continuous. Similarly, when 
the independent variable x lies in the interval (0, Z), the corresponding pair assumes the form 


Fel pla} nl = Feln) =f f(x)cos > ar, n=0,1,2,... (7.111) 
FMEA x= flx)= FEY, F.(n) cos “A (7.112) 


Having defined the finite cosine transform, we shall attempt to find some results involving 
derivatives up to Fourth order to facilitate the solution of a few boundary value problems, 
which are actually presented under miscellaneous examples. For instance, if fis a function 


of x and tr, O<x<L,t>0, then we have 


F En = fe Ey OE ee Lyla asin es] eft feos a 
‘Lax’ 0 ax i L 0 L 


Therefore, 


[2 n|=- eA nj= — AE Fn) (7.113) 
Ox 


Of. LOf NIX nIx 
J. E n|= lee cos A dx = | fla neos™™] +" “Io f sin i 


= mFS n\—{f(0,t) — f(L, t) cosnz} (7.114) 
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Considering second order derivatives, we obtain 


af = LO’ f . nmx (af 5. nex nm ¢lLof 
icae i Ie sin L d. =(SLsin L | - an an 
L 
nz NIX nl pl NIX 
=" (5 cos = | ral fsin om a} 


_ nn 


; E F Lf: n]-Lf (0, t) — f(L, t) cos na 


Therefore, 


2 2 pd 
x,)2 Ein|=—" F Lf; n+ 240, t)— f(L, t) cos nz} 


In particular, if f(0,r)= f(Z,t)=0, this result simplifies to 


2 22 
s,|2 f. J--EE atri 
L 


ie a 
ax? 


Similarly, it can be shown that 


2 2-2 
x) Sina" a FL fi nl—{f,(0,t) — f,(L, t) cos nz} 
xX 


L 
In case J f/Ax vanishes at the ends x=Oandx=L, it simplifies to 
af. na 
5) Sin |= 7 S Lf: n] 
By repeatedly applying these results, we can deduce that 


4 4_4 
[fo 0 


if f, and f,, vanish at both the ends x=0,x=L, and 


4 4_4 
cabal Je actin 


ax' 


(7.115) 


(7.116) 


(7.117) 


(7.118) 


(7.119) 


(7.120) 
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provided 
f, =0=f,,, whenx=0;x=L 


7.11 SOLUTION OF DIFFUSION EQUATION 


Let us consider the problem of flow of heat in an infinite medium -—oo<x<oo, when the 
initial temperature distribution f(x) is known and no heat sources are present. M athematically, 
we_ have to solve the problem described in the following example. 
EXAMPLE 7.13 Solve the heat conduction equation given by 

Ju du 


PDE: k—~=—, -~<x<o, f¢>0 
axe at ‘ 


subject to 
BCs: u(x,t) and u,.(x, t) both > 0 as|x|— 
IC: u(x,0)= f(x), -oe<x<c0o 
Solution Taking the Fourier transform* of PDE, we get 
-ko? F[ulx, t); x > a] =F [u,(x, t)} x > al] 
or 
U, (a, t) + ka’U (ar, t) = 0 (7.121) 


In deriving this, the BCs are already utilized (as can be seen from Eqs. (7.72) and (7.74). The 
Fourier transform of the IC gives 


U(a,0)=F(a), -~<a<o (7.122) 
The solution of Eq. (7.121) can be readily seen to be 
U = Ae ke 

When ¢+=0, we have from Eq. (7.122) the relation U = F(a), implying A= F(a). Therefore, 


U lot, t) = Flare" (7.123) 
Inverting this relation, we obtain 
1 a —kart -ialx 1 + 2 . 
u(x, Nese F(@e e da=— I F(a) exp (-ka‘t—iax)da (7.124) 


*W hen the range of spatial variable is infinite, the Fourier exponential transform is used rather than the 
sine or cosine transform. 
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The product form of the integrand in Eq. (7.124) suggests the use of convolution. If the 


Fourier transform of g(x) is enka then g(x) will be given by 
g(x) =)" ee da 


But, if a>0,b is real or complex, and we know that 


J . exp (-ax* — 2bx) dx = 7 (b?/a) (7.125) 
—c0 Va 


Here, a=kt, 2b=ix. Therefore, 


(x)= : VF oxp| oe exp ss 
Se Pa 7 ait) 2k Akt 


Using the convolution theorem, we have 


u(x, N= © fla) glx-a) da (7.126) 
Hence, 
1 pe 1 ate ll 
’ = d 
u(x, t) Ta __ f(a) + ev| ie a 
_ 1 /¢* nce (7.127) 
~ ./Aatkt J fle oo | Akt os 
Introducing the change of variable 
a-x 
7= 
V4kt 


we can rewrite solution (7.127) in the form 


u(x, =f” fle Akt z) mee (7.128) 


EXAMPLE 7.14 (Flow of heat in a semi-infinite medium). Solve the heat conduction 
problem described by 
Ou du 


PDE:k—~=—, 0 co, t>0 
a a <x< 


BC: u(0,t) =ug, t>0 
IC: u(x, 0) =0, 0<x<0 


u and du/dx both tend to zero as x 309, 
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Solution Since wu is specified at x=0, the Fourier sine transform is applicable to this 
problem. Taking the Fourier sine transform of the given PDE and using the notation. 


Ulan= ff u(x, t)sin ax dx 
az/0 


we obtain from Eqs. (7.74) and (7.75) the relation 


| Paw (x,1)|  -&Flulxt)x a Slugs 
1 x=0 Ot 


or 


dU 2 2 
—*+ka°U., = ./—ka 
a s Vz Ug (7.129) 


Its general solution is found to be 


U,(a,r)= 2 0-e) (7.130) 
TO 


Inverting by Fourier inverse sine transform, we obtain 


u(a@, t) = FA “Ula, t)sinaxda 
mw 0 


Therefore, 


2 re ax 


2 
u(x, t) =—ug (l-e") da (7.131) 
4 0 a 


Noting that 


and using the standard integral 


f ° sin (2ay) 
a 


1 
P sem ct (y) 


we have solution (7.131) in the form 


a x 
u(x, t) = = E 5a (az (7.132) 


Finally, the solution of the heat conduction problem is 


2 pxyTe 2 
wstl=n(1-E, e tu Jenpere( =) (7.133) 
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EXAMPLE 7.15 Determine the temperature distribution in the semi-infinite medium x >0, 
when the end x=0 is maintained at zero temperature and the initial temperature distribution 
is f(x). 


Solution The given problem is described by 


Ou Ou 

PDE: —=K—— O0<x<o, ft>0 (7.134) 
Ot ax? 

BC:u(0, t) =0, t>0 (7.135) 

IC:u(x, 0) = f(x), 0<x<00 (7.136) 


and, u, du/dx, both tend to zero as x—> oe, Taking the Fourier sine transform of Eq. (7.134) 
and denoting 


F,Lu(x, t); x > a] by U, 
we have 


2° ou. 2 peu. 


which becomes 
dU. 


© = K[au (0,t) - aU, ] 
dt 
Using the BC (7.135), we obtain 
s+ Koy, =0 (7.137) 
dt 
Also, taking the Fourier sine transform of IC (7.136), we get 
U,=F.(a) atr=0 (7.138) 
Now, Eq. (7.137) can be rewritten as 
4 yek*t) =0 (7.139) 
dt — 


Integrating, we get 
2 
U,e*™* = const. 


Using Eq. (7.138), we note that Ff (~) =constant. Therefore, 


2 
Oe t = F, (a) 


U, =F, (a)e **! (7.140) 
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Finally, taking the inverse Fourier sine transform of Eq. (7.140), we obtain 


uintd= Ef” Rade -Ke"t sin xx dar 
m0 


7.12 SOLUTION OF WAVE EQUATION 


Wave motions that occur in nature, viz., sound waves, surface waves, transverse vibrations of 
an infinite string, and of mechanical systems are governed by the wave equation. As our first 
example, we shall consider the transverse displacements of an infinite string. 


EXAMPLE 7.16 Compute the displacement u(x,t) of an infinite string using the method 
of Fourier transform given that the string is initially at rest and that the initial displacement 
iS f(x), -0<x<0, 


Solution Displacement of an infinite string is governed by the PDE 


2 2 
CboE  seapes (7.141) 
ot Ox 
and ICs 
u(x,0)= f(x), -2<x<0 (7.142) 
u,(x, 0) =0 (7.143) 


In view of two ICs, the given problem is a properly posed problem. Taking the Fourier 
transform of PDE, we have 


ru 
eld eb dy 
ee Or a dx? 
oe 1 . iax 2 
or JiR i dx =-c? a U(a, t) 
Ie, 
d’U 
=e +c’a’t =0 (7.144) 
t 
Its general solution is found to be 
U(a, t)= A cos (cat) + B sin (cat) (7.145) 
The Fourier transform of the ICs gives 
dU 
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i.e, —Aco sin (cat) + Bco cos (cat). = 0, implying Bca =0 or B=0. Also, Eqs. (7.145) and 
(7.146) yield 


A= F(a) (7.147) 
Thus, 
U(a, t) = F(a) cos (cat) (7.148) 
Taking its inverse Fourier transform, we obtain 
u(x, t) =f ” F(a) cos (cat) eda (7.149) 
J2n J -< 


If we simplify Eq. (7.149) further, an interesting result emerges, i.e., 
u(x,t) -—J~ in flu) cay] ee) el ag 
2 12 fo Jo flo cau} (enter? 4 gicsty gis gy 
- jel flue ™ tel cash du 


1 ba ~isu 1 °  is(xtct) 
+e] fle (sf i ds |du 


Using the Fourier integral formula, we arrive at the result 
ied = FL slater) + fle-enl 


which is the well-known D’Alembert’s solution of the wave equation. 


EXAMPLE 7.17 Obtain the solution of free vibrations of a semi-infinite string governed by 


PDE :u, =cu,,, O0<x<o, t>0 (7.150) 
ICs: u(x, 0) = f(x) (7.151) 
u,(x, 0) = g(x) (7.152) 


Solution Taking the Fourier sine transform of PDE, we have 


eye oo 2 
I Ou sin ax dx =c° | FY sin ax dx (7.153) 
0 Of 0 Ox 
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Now consider 
o py , 
i} sin ax dx 
0 ox 


Integrating by parts, we get 
(+ ? i 7 eee 
— SIN ax — au COS ax - a | usin ax dx 
Ox 0 0 


Now, since the string is fixed at x=0 for all t and we assume that wu and du/dx both tend 
to zero aS x > 0, we arrive at 
2 


o Dy, co, 

i} < sin ax dx =—a? | usin ax dx = -a?U 

0 9x2 0 
Xx 


Hence, Eq. (7.153) reduces to 


d’U 
—; +070 =0 (7.154) 
dt 
Its general solution is known to be 
U = A(q) cos (cat) + B (a) sin (cat) (7.155) 


where A (a) and B (a) have to be determined. Now, at t=0, we have 


U = [, fladsin atx dx = F(a) 


OU _ 


a J, 9) sin ax dx = G(a) 


In the solution (7.155), if we take r=0, then we have 


oY pec 
Ot 
Substituting A(a) and B(a) into Eq. (7.155), we get 
U = F(a) cos (cot) +o sin (cat) 


ca 
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Taking the inverse Fourier sine transform of this relation, we obtain 


idee WE “U(ar, t) sin ax da 
mw? 0 


-/; [Fla ) cos (cat) sin pre ciedl sin (cat) sin ax| da 


ca 


a) [sin a(x+ct)+sina(x-ct)]da 


7d 


(x-ct)-—cosa(x+ct)]da 


Tele 


Since 


f(x+ct) = Ef rr a)sina(x+ct)da 
= JE feta sinuada 


xt+ct [> co xX+ct | 
) g (u) du= =| G (a) da | sin au du 
0 x-ct 


x-ct Va 
2 pe cos au \"" 
=,/—|_ G (a) da| -—— 
Va 0 (a) a{ a i. 
7 2 fA tetcosa(x—ct)— cosa (x+er)] 
Vz/0 a 
we arrive at the solution 
1 1 ¢ xtet 
u(x,t) ==1f(x+er) + fleet] += | g (u) du (7.156) 
2 2c 4 x-ct 


7.13 SOLUTION OF LAPLACE EQUATION 


One of the most important PDEs that occurs in many applications is the Laplace equation. 
Steady-state heat conduction, the electric potential in the steady flow of currents in solid 
conductors, the velocity potential of inviscid, irrotational fluids, the gravitational potential at 
an exterior point due to ellipsoidal Earth and so on, are all governed by Laplace equation. We 
shall now consider a few related examples. 
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EXAMPLE 7.18 Solve the following boundary value problem in the half-plane y > 0, 
described by 


PDE:u,, +uy, =0, —wo<x<c, y>0 
BCs:u(x,0)= f(x), -°<x<0, 


u is bounded as yoo; u and du/dx both vanish as |x| ~, 


Solution Since x has an infinite range of values, we take the Fourier exponential 
transform of PDE in the variable x to get 


Fluyi xX > a)+F[u,,; x > a] =0 


Since uw and du/dx both vanish as |x|—>-0, we have 


2 i ba iax 
-a‘U (a, y+ eye dx =0 
-o’U (a oe f- u(x, y) ax|=0 
= dy? V2 J -< oe 
i.e, 
d’U a, 
eG) 92g (a, y) =0 (7.157) 
dy 
Its general solution is known to be 
U (a, y)=A (a) & + Bla) e® (7.158) 


Since uw must be bounded as y—>0,U (a, y) and its Fourier transform also should be bounded 
as yoo, implying A(~)=0 for ~@>0; but if ~<0,B(a)=0; thus for any a, 


U (oz, y) = constant (e~®"”’) (7.159) 

Now the Fourier transform of the BC yields 
U(a@, 0) =F[ f(x); x > a] = F(a) (7.160) 

From Eqs. (7.159) and (7.160), we find that 
F(a) = const. (7.161) 


Hence, 


U (ar, y) = F(a) eth - [7 ply Pel ay 
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Taking its Fourier inverse transform, we obtain, after replacing the dummy variable x by ¢, 
the equation 
iL ee 2 ge . 
u (x, y) === —— (E) ele g i re 
: Fel. aeJ re S 


=f sé) dé] expl{alilg-x)l-le|y}ae (7.162) 
Tl + —c 60 


But 
Lge ; 
5] exp tol (—a)]-|alyhaa 


=f" exp faly +i -Mhda+ =f exp {-aly-i(é-l}aa 

27 J -~ 27 40 

_ 1 fexpfafy+i(€-x)}P _ 1 [exp{-aly-i(€-») 7 

2x yt+i(é—x) . a y—i(é —x) ; 

7 -| ge | 

~ 2n\| yti(E—x) y—i(E-x) 

a: ae 

m(E-x)+y’ (7.163) 


Substituting Eq. (7.163) into Eq. (7.162), the required solution is found to be 


_yee _flg)dé 
u(x y)=2f e-aPap (7.164) 


This solution is a well-known Poisson integral formula and is valid for y>0, when f(x) is 
bounded and piecewise continuous for all real x. 
EXAMPLE 7.19 Solve the following Neumann problem described by 
PDE Sia y) + Uyy (x, y)=0, -w<x<w, y>0 
BC: u,(x,0) = f(x), —00 < X <0o 
u is bounded as y — oo 


u and du/Ax both vanish as | x |— o 
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Solution Let us define a function @ (x, y)=u,(x, y). Then 


bee + Oy =u, +uy,) =0 (7.165) 


oy 


BC: (x, 0) =u, (x, 0) = f(x) (7.166) 


Thus, the function @(x, y) is a solution of the problem described in Example 7.18 and, 
therefore, the solution of Eq. (7.165) subject to Eq. (7.166) is of the form 


ol ya2[ Te y>0 (7.167) 
However, 
ub =f olssda=2f" ref 29 
acai (g-e) +9 
Therefore, 
u (x, ye=s-f” f(E) log [(x-€)? + y2] dé + const. (7.168) 
= are 


is the required solution. 
7.14 MISCELLANEOUS EXAMPLES 


EXAMPLE 7.20 Find the Fourier transform of the normal density function 
f(x) =exp[-(x-m)*/207] |x) 2x07 


Solution From the definition of Fourier transform we have 


F(aj= 


e™ dx 


1 f ~ exp[—(x—m)?/207] 


Ne V2207 


Let +7" _-. then 
oO 


co e z . 
F(a) — J ase +02) yy 


432 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


Expanding e’°% in the form 


tax Tee ia@oz)" 
eit 2 i ae dz (7.169) 


and denoting 


1,=[ “a, n=0,12,... (7.170) 


we obtain 
J2n F(a) = aS Mea) 5. (7.171) 
For n=0, we have 


a -24/2 | Se sees _i2 2 i: 2 


Ore peer 2 
=], J, —.— r dr d@ [in polar coordinates] 
=1 


20 


To compute 7,,n>0, we can integrate by parts to get 


n! 


2a, = -| ~ zlg(e 22) =(n-1) J i. zr2e eR dz=(n ~l)/2z1,.9 


Thus, we get a recurrence formula 


I, =(n-1) Tn-2 


2 
Finally, we note that 7, =0, when n is odd, since z”-e*/* is an odd function. In that case 
we have 


ly, = (2n—1) Ton? 


=(2n-1) (2n-3)Ig,-4 


=(2n-1) (2n—3)...3x1 
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However, 


(2n) (2n-1) (2n-2)...3x241 


(2n—1) (2n—3)...3x1= (2n) (2n—2) ... 4x2 


_ (2n)! 


2" n! 


Finally, Eq. (7.171) becomes 


yen °° 22 \" 
e m 2n) iam Lf iam 
a: p3 — ae »y 1 a )-e 2” exp (—o1*o*/ 2) 


Thus, 


exp (iam — 0707/2 ) 


\2n 


F(a) =2[f(x); a= 


EXAMPLE 7.21 Using the Fourier cosine transform, find the temperature u (x, t) in a semi- 
infinite rod O<x<oo, determined by the PDE 


u, =ku O<x<o, ¢>0 


xx! 


subject to 
IC:u(x,0)=0, O<x<0~, 
BC:u,,(0,t) =—wg (a constant) when x =0 andr >0 


u, Ouldx both tend to zero as x > 09, 


Solution Since du/Ax is given at the lower limit, we take the Fourier cosine transform 
of the given PDE, to obtain 


oo 2 
ef, 3 S608 atx de = K[=f55 Co 008 crx dx 
2| du ‘ 2r7 ou. 
= f2| Heosax| +hken)?f Peas ax dx 


From physical considerations, we expect du/Ax — 0 as x > ~, Therefore, 


d 7 2 (du a 7125? 
A (= fa (S) ther Hu sin ax) —ka if, u COS ax dx 


434 INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 


lf wu >0asx> =, we have 


d 2 
Guel= fe kug —kae’U,, 


4 wy) +keeU, = fe kup 
dt 1 


which is a linear ODE, whose general solution is found to be of the form 


2 2 
a (eh 'U.) = fe kage” t 
dt 1 


On integration, we obtain 


2 2 
ey = fe kg | edt + const. 
T 


Taking the cosine transform of the IC, we get 
U.=0 whent=0 
Using this condition in Eq. (7.172), we have 


o= 2 40 + const 
Ta 


which yields 


Hence, 


2 
U, =P Sa-< r) 
Ta 


Finally, taking the Fourier inverse cosine transform of Eq. (7.173), we have 


Un f° COS ax koe 
u(x, t) = of (1 #") dae 
TW 0 a 


(7.172) 


(7.173) 


EXAMPLE 7.22 Using the method of integral transform, solve the following potential 


problem in the semi-infinite strip described by 


PDE:u,,+u,,=0, O<x<0, O<y<a 
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subject to 
BCs:u (x, 0) = f(x) 
u(x,a)=0 
u(x,y)=0, O<y<a, 0<x<c 
and 


Ouldx tends to zero as x 5 ~, 


Solution Taking the Fourier sine transform of the above PDE, we obtain 


Psy wo 22 
ff oh sin axde+ [=| PY sin axde=0 
m“0 Ox m0 dy 


Integrating by parts, we get 


2 
JP(Gsinax}, ~a,|2 2 o" cos ax wea Ht =0 
a dy 


Using the fact that Ju/dx — 0 as x— ce and integrating again by parts, we obtain 


: 2 
na) (u cosanly - a? [2] usin ose Us =0 
Using the BC 
u(x,y)=0, O<y<a, 0<x<0 
we have 
2 
é Ss =a U. =0 
dy 


Its general solution is found to be 
U, =A (a) coshay +B (a) sinhay 


Now, the Fourier sine transform of the first two BCs gives 


U,(a, 0) = if ” (é)sinaé dé, U, (a,a)=0 
m0 


Using these two relations in Eq. (7.174), we obtain 


-(-/° flé)sin a€ dé 


0=A(a) cosh aa+ B (a) sinh aa 
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(7.174) 


(7.175) 
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Therefore, 


pis y= Shae [2 He f(é)sinaé dé (7.176) 
(a 


sinh ax 


Thus, from Eqs. (7.174) to (7.176), we obtain 


= [| cos ary] Fe) sin ag dg — OM ASIN AY F ™ Fe) sin og i 
4 0 


U. 
sinh aa 


- Ele F(E) sin a 0g eas | (7.177) 


Finally, taking the inverse Fourier sine transform of Eq. (7.177), we have 


==)" bats g)agf SMe sn aé sinaxda 
SiN aa 


EXAMPLE 7.23 Using finite sine transform to solve the following BVP described by 
PDE: gy == O<x<L, ¢>0 
BC: u(0,t)=u(L,t)=0 forall 


Pig O<x<L/2 
L 
2ue(1-} eS 
L 2 


Solution Taking the finite Fourier sine transform of the given PDE, we have 


Lou NIX Lou. nx 
i 7.178 
if ew: sin 73 al pel : dx ( ) 


Integrating the left-hand side by parts, we get 


sin 
0 ox L 


(# ie <8 Lou NIX 
Ox L Jo 


Again integrating by parts, we obtain 


E 2_2 
L 
Nu cos et) Ew sin a |=" 4, (n) + tu (0, 1) -u (L, 1) cos nt} 
L 0 L240 L L L 


=-—>—U, (n) _ [after using the BCs] 
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Dropping the subscript s, Eq. (7.178) becomes 


dU kn?n? 
—+ U=0 
at 22 (7.179) 
Its general solution is known to be 
noe 
U =U, (n, t) =A exp [- sl : / (7.180) 
L 


where A is a constant to be determined from the ICs. Taking the finite Fourier sine transform 
of the given IC, we have 


L[2 xX. nx L x)... nx 


Lp 
ye ei 
= | -2uq X05 = i 2 psa J cos ax 
LL L/ Lip L na/LJo L 


x nex [nw . 2uy 1 L NIX 
+|-2u9}1-— |cos a J cos——dx 
i L/ Lp L n@i/Liu LC 


or 


4u,L. nt 
U.(n, 0) = —~2= sin — 


From Eq. (7.180) when +=0, we get 


A=U, (n, 0) and, therefore, 


0 if nis even 
A=) Mioh gin 2 +t if nis odd 
(2r+1)*x 2 
i.e. 
Pee 
(2r+1)*x 


Thus, from Eq. (7.180), we have 


r 2-2 
Unt) =D Moh [tar 1 


(2r+1)?n? aot 
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Applying the inversion theorem to Eq. (7.181), we obtain 


— 03 
Ulx, y= =" U,(n, t) sin 2 aro) > ra | a 1 (sn (2r = 
n=1 rt+ 


EXAMPLE 7.24 Find the steady-state temperature distribution u(x, y) in along square bar 


of side a with one face maintained at constant temperature ug and the other faces at zero 
temperature. 


Solution Mathematically, the above problem can be posed as the following BVP: 
PDEu,,+uy, =0, O<x<2,0<y<a 
BCs:u (0, y)=u(z, y)=0 


u(x, 0), u(x, 7) =ug 


Taking the finite Fourier sine transform with respect to the variable x, we have 


2 2 
[7Z4sin nx dx+ ["S4sin nx dx =0 
0 Ax 0 dy 


2 
& sin nm) nf cos nx dx + the sin nx dx =0 


2 
x, d°U 
—n (u cos nx) —n? fe usin nx dx + S=0 


dy 
Therefore, 
a -n’U, =0 
Its general solution is known to be 
U, =Acosh ny + B sinh ny (7.182) 


Taking the finite Fourier sine transform of the second set of BCs, we have 


U, (n, 0) =0 


cz f l- 
U, (n, 7) =|, ug SIN nx dx = ug (- = *] =u (= | 
n 


n 
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Using these results in Eq. (7.182), we obtain A=0 and 
B sinh nm =u | 
n 


Hence, 


ie 


sinh nz 


ug 1—cos nz 
n 


Jann ny 


Finally, taking the finite Fourier sine inverse transform, we have the result 


~ 1-cosnz)\. . 
=) sinh ny sinnx 
4 sinh nt 


n 


Thus, the required temperature distribution is 


ep) sinh (2r +1) y sin (2r+1) x 
(2r +1) sinh (2r +1) z 


u(x, y when n= odd 


=0 when n= even 


EXAMPLE 7.25 A one-dimensional infinite solid, -o<x<ce, is initially at temperature 
F(x). For times +>0, heat is generated within the solid at a rate of g (x, r) units. Determine 
the temperature in the solid for ¢>0. 


Solution The problem can be described as follows: 


FT (glx t)]_ Lar 
“Ax? k k ot’ 
IC: T(x, 0) = F(x), —0o< xX <0o 


PDE —o<x<oo, t>0 


The exponential Fourier transform of PDE with respect to x is given by 


2 
[. lax 7) T xt i el 9( (x )ar= =f pix OT 
—oo Ox? k —oo ‘ —oo 
which on rewriting becomes 
i T(a, 
i) goed a | igs 
20 x? k dt 
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or 
~o°T (a, t)+ 


The Fourier transform of the IC is given by 


T (a, 0) = [- el F(x) dx = F(a, 0) 
Therefore, 


Fla, t)|,_9 =F (a,0) =." e@' F(x’) de’ = Fla, 0) 


—oo 


Using this result, Eq. (7.183) can be modified to 


dT (a, t) 


+koPT (a, t) = 2Z(a, t) 
dt 


The solution of this equation is found to be 

= 2 

T exp[ fata }- | Z (a, t) & ‘dt+c 
Using the IC, we get 


c=F (a, 0) 
Hence, using the IC, the solution of Eq. (7.183) is obtained as 


= 2) |) ae 20 
T (a, th=e |F (a, 0+f 98 (% t’) ek@ ‘at 
t= 


Now, taking its inverse exponential Fourier transform, we get 


co 


t 


1 
T (x, t)= aa 


x)? (-ko?t— is) F (a) +| 


where 


g(a,1’) =| el g(x" 1") dx’ 
x =-0o 


After changing the order of integration and rewriting, Eq. (7.184) becomes 


1 


T (x,t)=— 
(x1) 20 


[Fede] expl-ko*r ia (x= x) dex 
X"=—00 =-00 


(7,183) 


2 
ek” F(a, 1’) ar |aa (7.184) 
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1 t tA ad , , , - 2 f . , 
+x] Jose a] el ko? (t—t’)—ia(x—x’)]da (7.185) 


Now, 


2 
co 2 : , _ ee, a i 
[exo kor (t) — ia (x-x’)|da= ~ eal(-3 ait ev} -(Se) |e |ac 
Let 


TE ere 


Then the above equation can be written as 


a: [-kor*t - ia (x-x’)] da = ae [-(x- xP /(4ke) If exp (-n?)dn (7.186) 


But, 
[. ET dre Vz (Standard integral) (7.187) 


Using Eqs. (7.186) and (7.187), the required temperature is obtained from Eq. (7.185) in the 
form 


T(x, t) = x’)?/ (4kt)] dx’ 


ee IPO x’) exp [-(x- 


t’) exp [-(x - x’)? alt -1’)] dx’ 


f, oT 


EXAMPLE 7.26 A uniform string of length LZ is stretched tightly between two fixed points 
at x=0 and x=y, If it is displaced a small distance ¢ at a point x=b,0<b<L, and 
released from rest at time ¢=0, find an expression for the displacement at subsequent times. 


Solution Let u(x,t) denote the displacement of the string. Then at s=0, the equation 
for OA is: y=(e/b) x, (see Fig. 7.1) while the equation for AB is given by 


(x-L) 


a € 
2 a 
Now, the IBVP is described by the PDE: 
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BCs:u(0,t) =u (L, t) =0, t>0, 


x O<x<b 
ICs: u(x, 0) = af : 
= ) b<x<L 
b-L 
u,(x, 0) =0 
Taking the finite Fourier sine transform of the me we have 
L2 
J e sin d= Cc a a psin ds 
0 or 
or 
a 2 (+ : ne) nz pLou nnex 
—=€ sin cos dx 
at? Ox L /o 0 Ax L 
NIX L nv nx 
Sa ee [u cos) +—]}] usin —dx 
0 0 
ey ee ae 2 
== s - Us + “7° {u (0,t)—u(L, 1) cosnz} 
LC : L 
ee 
=—5—U, (after using BCs) 
LC 
Therefore, 


Its general solution is found to be 


U, (n, t) = A 08 4 Bin (7.188) 
; L L 
Now, taking finite oa sine transform of ICs, we obtain 
L 
U, (n,0) = EX sin nex a+ fe ue L) sin = a 
L 
L nix E nx 
=——| —x cos — | +—x— 105 ads 
om b nn 
eL nox |” eL Lo onmx 
| ek) 005 + J cos—— dx 
nt (b—L) L lo na (b-L)4b 
2 2 
éeL nib eL nb 
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or 


From Eq. (7.188), when +=0, we have 


3 
U, (n,0)=A=— Se sin me 
n°m°b(L—b) L 


Further, taking finite Fourier sine transform of the second IC, we get 


dU; _9 
dt 


From Eq. (7.188) it can be easily seen that B=0. Thus, we obtain from Eq. (7.188) the 
relation 


eD . nab nict 
U, (n, th=>5 sin cos 
nnb(L—b) L L 


Finally, inverting, we have the required, displacement as 


EXERCISES 


1. Find the Fourier transform of 


1g" |x|<1 
(x) = 
ne ‘ he 


and hence evaluate 


ef xcosx—sinx x 
J cos —dx 

0 x3 2 
2. Find Fourier sine and cosine transforms of e~. 


3. Find the Fourier cosine transform of 
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4. Using Parseval’s relation for the Fourier cosine transform of 


—ax 


g (x)=e 


show that 


i sin Aa da -*[ke"| 
0 alat+a*) 2 2 


5. Verify the following relations: 


(i) J, Fela) Gla) d= fla) glx) dx 
(i) fj telaPda=f flail ax 


vi 7 en eee 2 
(ii) [te laPda=f Lf lax 
6. If a>0, bis any real or complex, show that 


ee Jn ,2la 
| et 2bx dy = b 


a 
7. Solve the problem described by 
PDE:u, =u,, +06 (x) d(t), -o<x<0 
BC: Lt uw(x,t)=0 
[x}2e0 
IC: u(x, 0)=6 (x) 
8. If v(x,t) denotes the solution of 
V, Vx =9, —o<x<o, t>0 
v(x,0)= f(x), -e<x<00 


show that 
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is a solution of 
Uu,—Uu,,=f(x), -e<x<0, t>0 
u (x, 0) =0, 00 < ¥ <00 


and hence, write down the Green’s function for the above non-homogeneous PDE with 
the homogeneous initial condition. 
[Duhamel’s principle] 


9. The temperature @ (x,t) in the semi-infinite rod +>0 is determined from the differential 


10. 


11. 


equation 
00 50°60 
—_—=a — 
Ot Ox 
subject to 
IC: 6 (x,0)=0 


BC:6 (0,t) =9 (t) for r>0 


Using the Fourier sine transform, derive the solution in the form 


2 ce, x? 2 
@ (x,t) == em Fae 
i Fan?! ae . 


\f V-u=0, for x>Oandif w= f (y) onx=0, show that by using Fourier transform 
technique, 


al f(g) dé 
HI x? +(y—€)? 


Using the Fourier transform method, show that the solution of the two-dimensional 
Laplace equation 


u(x, y)= 


Fu Pu 
ax’ dy? 
is valid in the half-plane y>0, subject to the condition 
0, x<0 
1, x>0 
and 
Lt u(x, y)=0 in the above half-plane. 


Xx” +y"—e0 
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12. Using the finite Fourier transform, solve the BVP described by 


PDE WV OV 0<x<6,r>0 
Ot ax? 
subject to 
BC:V,(0, t) =0=V, (6, ¢) 
IC: V(x, 0) =2x 
13. Using the finite Fourier transform, solve the two-dimensional Laplace equation 
ae 0<x<7,0<y<yo 


subject to 
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Answers and Keys to Exercises 


Chapter 0 
1. px-qy=x-y 
2. pq=A4xyz 


(ii) F(x? —y? +2x-2y, z(x—y)) =0 
5 eayetug <0 
ee ey vee a, 
7 (x-yte telat yt 2)? —222(x— yt z)—224 (xt yz) =0 
$. x=s(2e"-T, yosle oD) 


p=2s(e' —1),q=s(e +1) 


Zz = 3 52(e -1) — 3s? (e’ -1) 


and the equation of the integral surface is 
z= y(4x-3y)/2. 
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450 


10. 


11. 
12. 


13. 


14. 


15. 


16. 


17. 
18. 


ANSWERS AND KEYS TO EXERCISES 


xaole +e"), y=(e-e*)/2 


p=le't+e")/2, q=s(e -e*)/2 


a S o2r, 5 -2r , 8 
4 4 2 
The equation of the integral surface is 


z =x? (1+ y’) 


x=2s(2-—e7°), y=2V2 s(e™ -1) 


and the equation of the integral surface is 
42+(x+V2y)? =0 
z= 2xy+cy 


ax’ +(y+c) 


2 =a*x? +(ay+b)* 
2 
(i) a= (yta2 +24 4b 3/x 
3x 
2 
li. gS 2 = 
yo y Ay 


z=axt+(al(a—-l)) y+c 


(i) 22 =2(a+l) (x+ yla)+b 
(i) c= 3x? +42)? 4(y? —a2!!? 4p 


z=ax+by—sin (ab) 
(i) The given PDE is of Clairaut’s form 


Z=xXpt yqr Pat 
q P 


Its complete integral is 


> 


_ b a b 
Z=axt y+ ae 


19. 


20. 
21. 


ANSWERS AND KEYS TO EXERCISES 


Hd 
(ii) ceacsty* 0 | 
ab 


The required surface is 

5 Oe 2g SS 
Similar to Example 0.16. 
The auxiliary equations for the given PDE are 


dx dy dz 


x—-y —(x—-y+2z) z 
from which we observe that dx+dy+dz=0. 
On integration, we obtain 
xX+ytZ=q 
We also observe that 


dx — dy + dz dz 


jo yea paces Z which on integration yields 


5 In (x= ye) =In (2) +In e 
or 
(x— yt zz? =c 
Given z=1, and x* + y* =1. Therefore, Eqs. (2) and (3) become 
xtytl=q, x-ytl=c) 
whose solution is found to be 


Cy +c cy —Cc 
po 1) 


-l and y= 5 


But, we are given x7 + y*=1 
Therefore, 


2 2 
[352 -1] [252 =1 which simplifies to 


#6 -Q-e =0 
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or 
X-ytZ : X-yrtZ 
(sty) 4] 3 *2| -(sty+2)-| sf J-° 
Zz Zz 


is the required integral surface. 


22. Given u=wly, which implies uw, =wy/y,uy =-—+— 
y 


Substituting in the given PDE, we get 


Xx Ww Wy 
—W,=utTy py lasers 
y y y 


That is, 
X Ww Ww 
—w, =—+w, —— OF xw, — yw, =0 
y y y 
This is a Lagrange’s equation, whose auxiliary equations are 
a MY aw 
x -y 0 


The first two members give us xdy + ydx=0, which on integration yields xy =c. The 
last equation is dw=0, which on integration gives w=c. Hence, the solution 
is w= f(xy). Therefore, the correct choice is (D). 

23. The given differential equation can be recast as 


z=xptyqt Pee 
q Pp 
which is of Clairauts form. Hence, its complete integral is 
z=ax+by+(ab~ +ba™*) 


Therefore, the correct choice is (A) 


24. Fz p=l+ yA’ (xy), Cee pea 
Ox doy 


Eliminating A’ in the above pair of equations, we get 
px—qy=xX—-y 
Hence, the correct choice is (B). 
25. The given PDE is in Clairaut’s form. Hence, the correct choice is (B). 
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Chapter 1 
1. The given PDE is hyperbolic if the determinant 


B? -4AC =4(x- y)*[2-(x- y)?]>0 
That is, when J(h=9)7 50 as x—y#0. This means that (x-y)* <2, implying 


|y—x|<V2; in other words, —/2 < y—x<-J2, Hence, the given PDE is hyperbolic 
between the straight lines y=x+J2 and y=x-—~2, but not on the line y =x. 


2. The discriminant B2 —4AC is 4(1—x?). Thus the given PDE is 


Hyperbolic Elliptic 

If 1-x2>0 or |x|<1 If 1-x2 <0 or |x|>1 
The characteristic equations are The characteristic equations are 
dy _BtVB*-4ac_, 1 a 
dx 2A af? dx x?-1 
On integration, we obtain On integration, we get 
ystsin xtc y=ticosh xtc 
Hence, the characteristic equations Hence, the characteristic equations 
are are 
é€=y-sin tx €=y+icosh tx 

syae = y-icosh7! 
n=yt+sin “x n= y-icosh “x 


3. Thediscriminant B? —4AC =—4xy <0 istruewhen x>0, y>0 andwhenx <0,y <0. 
In either of these cases, the given PDE is of elliptic type and 


dy 


oY = sii 


dx 
On integration, we get 2./y — (2/3) ix?” =e, and 2,/y + (2/3) ix?!? =c. If we put 


n=(2/3) x72, €=2y!/2, we get the required canonical form 


11 
ge + Uy = es 39" 
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4. (a) Hyperbolic in the first quadrant. The characteristic equations are: 


2 2 2 2 
Ga=x ty’, n=x-y 


The canonical form is 
2(E? — 1°) ue, —Mue + Eu, =0 
(b) Parabolic type. 
Characteristic equation: 6=y-x, n=y 
Canonical form: up, =0. 
(c) Elliptic for finite values of x and y. The canonical form is 


Uu UB 
+ Leg pa Oe Pe 
Ung UBB u re B 
(d) Parabolic everywhere. The characteristic equations are: 
S=ylx, N=y 
Canonical form: u,,, =0 
(e) The equation is hyperbolic. The characteristic equations are: 
S=y-x, n= y—(x/4) 
, 1 8 
Canonical form: uz, = 3 = 
5. The equation is hyperbolic. The characteristic equations are: 
1 
f=y-3x, a acs 


Canonical equation: ug, =0. 
The general solution is 


usa sly—B)+6( 3] 


" a a a y) r) 
7. Li(v)= ee (Av) + Dady (By) eras — 5, (2) 7a + (Fv) 


9. Comparing with the general second order PDE, that is, 


AZ», + BZ + CZy, + DZ, + EZ, + FZ=G 


yy 


10. 


11. 


12. 


13. 
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From the given PDE, we find that A=1, B=2, C =cos*x.Then, the discriminant is 
given by B* —4AC = 4—4cos*x =4sin2x. Therefore, the given PDE is of hyperbolic 
type if sinx>0. On integration, the required characteristics are found to be 


y—x+cosx=c, and y—-x-CoSx=cp 


Let us introduce the transformation 7=x+y and €=x—y. Then, uw, =UyM, +ugey, 
My = Uy My + Mey AN bay = Uyy + 2Uye + URE s My = My — Alene FEE, May = My — MEE 


Substituting these results in the given PDE, we get ugz =0, which is the required 
canonical form. 


Comparing the given PDE with the standard PDE, obtain A= y*, B=0,C=—(x* -1). 


Therefore, the discriminant of the given PDE is given as B* -4AC =4y?(x? -1). 


Evidently, the given PDE is hyperbolic in {(x, y), y > 0}. Thus, the correct choice is 
(B). 
Comparing the given PDE with the standard PDE, we find the discriminant as 


B? -4AC = x*(y*-1)?— 4x"(y—1) y(y2—1) 
=x"(y"-I[y*-1-4y (yD) 
= x?(y*-1)[-3y?+4y-1]>0. 


Hence, the given PDE is hyperbolic everywhere except along x=0, that is, except 
along y-axis. Therefore, the correct choice is (B). 


Comparing the given PDE with the standard PDE of second order, we find that the 
characteristic equations are given by 


dy _-B+ VB’ -4AC 


dx 2A 
where A=x',B=0,C=-y’. 
Thus, 
2.2 
dy _, Ax*y a 
dx 2x2 X 
Taking -ve sign we have, 
dy __& 
y Xx 


On integration, we get 
Iny=-Inx+InC. 
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14. 


15. 


16. 


17. 


18. 


19. 
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That is, 
xXy=C, 


which is a rectangular hyperbola. Hence, the correct choice is (A). If we take +ve 
sign, the correct choice Is (D). 


Comparing the given PDE with the standard PDE of second order, we observe that 
A=y,B=2xy,C=x. Hence its discriminant B*-4AC =4x’y*—4xy should be 
positive. For hyperbolic case, we should have xy>1. Hence, the correct choice is 
(C). 

(i) ucp = ely +x) + e'b(y + x) 

(ii) uce = e*@(x - y) + e?* by(2x - y), 


iS » cet thy 


where Fla;, b;) = a + a,b; + a; + b; + 1 = 0. 


ll 
rary 


(i) u=ealy) +e*dly +x) + 5sin (x + 2y) 


(ii) w= G(x) + Oly + 2x) - ze 


(iii) uw = eLy@(x - 2y) + lx - 2y) + PLy?ya(2x + y) + yy(2x + y) + W(2x +y)]. 


(i) w = WAlxy) + 2 ylxy) + - 

(ii) wu = @&ly) + e* do(y + 2x) - ze 
2 3 

(i) w= Aly - x) + Gly - 2x) + = - 
2 3 

(ii) uw = gly + ix) + Oly - ix) - a COS px COS gy 
(p° +q°) 

(iii) uw = dy - x) + &ly + 2x) + ye* 

(iv) uw = &(2y + x) + x@)(2y +x) + 2x? log(x + 2y) 

(v) uw = @&ly +x) + &ly + 2x) + et - = ants - 2y). 


Chapter 2 


1. 


It has been shown in Example 2.4 that the possible solution of the given BVP 
satisfying all the BCs except the first one is 


u(r,@) =o B,r” sinn@ 


n=1 


2. 
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Using the BC: 
u(10,6) = 2° (x6 -62) 
TU 
we have 
>) 10"B, sinnd = >" b, sinn@ 
where 
by ae (7 (29-62) sin no do 
m0 7 
_ 800 (7 29-62)sinngde for n odd 
n 40 


Integrating by parts, we obtain 


goo, 2 2 
10°B, =—— 5-50"| 
ia E ne 


ee for n odd 
an 
Therefore, 
B, =(1600x 2) /z*(2n—1)7107"+ 
Hence the required solution is 
oo 2n-1 
ssa : 3} | sin(2n-1)e 
n> “4 (2n-1)7\10 


The problem reduces to the solution of 


poe: 2-22" jo 
or or 


u(r,@)= 


subject to 
BCs:T(a) =7, T tht) =0 at r=b 
r 


Integration of PDE with respect to r gives 
o_o 
or re 

Using the second BC, we obtain 


Cy 
h(T) —T,) = 
b be 
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Integrating again, we get from equation (i) the relation 


Cc 
T=-+ +c (iii) 
: 


Using the first BC, we have 
Tate) (iv) 
a 
From equations (ii)-(iv), 
C1 C1 Ch 
— =hT, -hT(b) =hT> -—h| -—+T,+— 
Oe (b) = hT ea 2 


which gives 
_ AIT) ~T) ab? 
~ athb(b—a) 


ial the required steady temperature T can be obtained from equations (iii) and 
iv) as 


Cy 


_ h(T,-T)) ab* sae h(T) -T,) ab” 
~ rathb(b—a)] + ala+hb(b—a)] 


5 Ae (22) 
lat+hb(b—a)|\a r 


It has been shown in Example 2.15 that 


T(r,6) = >} (A,r" +B, /r"*!) P (cos 6) 


using the BCs: 


co 


T=) (A,a” + B, /a"™*) P,(cos@) 
n=0 


For n=0, 
T, = Ap + Bola (i) 


For n=l, 


0=Ajat Bila’ (ii) 
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Also using the second BC, we have 
T,(1- cos @) = }' (A,b” + B,/b""*) P, (cos 8) 
For n=0, 
T) = Ap + Bolb 
For n=1, 
-T, = Ab + B,|b* 
Solving (i) and (ili), we get 
T -T) tT -T) 


=7J>5 -— i = 
MF OO ai 
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Similarly, solving (ii) and (iv), we obtain B, and A, . For n=2,3,..., we get the following 


homogeneous system 
A,a" +B, la"*! =0, 
A,b” + B, lb"! =0 


which gives A, =B =0 for #=2,3,.:; 


. Solve the PDE: 


2T 10T 108°T 
+ + 
ore ror rae 


subject to the BCs: 
T(a,6@)=0°, T(b,@)=100°, 0<@<27 
The possible solution is 
T(r) =aqInr+cp 


Using the BCs, we obtain 0=c,Ina+c). Therefore, cy =—-c Ina. Also, 


100 =c¢, Inb-¢, Ina =q In (b/a) 


which gives 
ae 100 r _ -100Ina 
+ In(bla)'"* In (bla) 
Hence the temperature distribution in the annulus is obtained from equation (i) as 
Ps 


~~" In (bla) 
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5. Following the interior Dirichlet’s problem, the solution of Laplace equation in polar 


coordinates is 
u(r,6)= 24 r"(A, CoS nO + B, sinn@) (i) 
2 v1 n 
Using the prescribed BC, we have 
u(a,6) = 22+ ¥ a"(A, cos nO + B, sin n8) (i 
2 nN n 


which is a full-range Fourier series, where 


lea ca 
=— dé = — 
Ay aloo 1 
: f 
aA, ==] ecosno dg = Sanne 
m0 ni 


Similarly, 


TU n n 


a"B,, =i f%c sin n@ gn 2(one 
m0 


Thus the temperature distribution at the interior points of the disc can be obtained 
from equation (i) as 


n 


ca r'|c.., csinn@ c cosnasinnd 
u(r,0)=—+ > sin na cos nO + & 
20 q' | nn nt nt 1 


Isinn(a@—0) +sinn@) 


nm 


or 


n 


wine) <] 4 . (=) Seale 
a n=1 


Solve the PDE: 


subject to the BCs: 
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Using spherical polar coordinates and in view of symmetry of the cone, the solution 
of equation (i) is 


valor” +cr"* JIL c3 P, (cos0) + cq O,,(coSO)] (iv) 
When r=0,y must be finite, implying c) =0. Hence the solution may be of the 
form 
yw =r"[AP, (cos) + BQ, (cos@)] 
Using the BC (ii), we get 
_ AP, (cosa) 
Q,, (cosa) 
Therefore, 


n 


— r A, 
wine 5, (cosa) /n (€0S0) 2, (cose) — F, (cose) Q, (c0s0)] 
Now, applying the BC (ili), we obtain 
Qn 
[P, (cos B) Q,, (cosa) — P, (cosa) Q,,(cos B)] 


n~ 


Hence, the required solution is 


_ ¥ «,|4 > (cos@) oan osa) — P, (cosa) Q,,(cos@) 


. Let 


= P, (cos B) Q,, (cosa) — P, (cosa) Q,, (cos B) 
q q 
W= 
|jr—-r’ | (x x’)? (y-y’) (252) 
then 
oy g(x-x) 
dx |r-r’P 
Oy _ q 3q(x— x’)? 
Ox? fr-r’ Po [r—r’P 
Similarly, 
Oy q_, 3qly-y’) 
dy? [rar P |r-r’P 


462 ANSWERS AND KEYS TO EXERCISES 


a 4 3q(z— 2’)? 
dz jr-r’P [r—r’P 
Therefore, 
V-yw=0 
Hence, 
y=—t_ 
|r—r’| 


is one of the elementary solutions of the Laplace equation. 
8. Assume @=R(r)F(@), by variables separable method, we have 
r?R" + rR’ __F' 
R F 


=)? 


Since the velocity components must be periodic with respect to @, we have 
F=ccosaé+Dsin A@ (i) 

The ODE for R becomes 

rR’ +rR’—n’R=0, Az=n (ii) 
This is Euler’s homogeneous equation whose solution is 

R= Ar" + Br™ 

For special case when A =n=0, the solution of (i) and (ii) are 

R=k|Inrt+k, F=M0+N 
Therefore, the general solution of the given PDE is 


6=(kInr+k)(MO+N)+ >. r"(A, cosnd+ B, sinnd)+ }) r-"(c, Ccosn8+D, sinnd) (iii) 
= 


n=l 
Now the BCs 
v, 220 8 Gre an) +> nr" (A, CoSnO + B, sinnd) — y nr" *(c, cosn + D, sinn@) 
Or +r = 
To satisfy the BC at infinity, i.e. 


a 


=U., cos@ 
or 


r=0o 


10. 


ANSWERS AND KEYS TO EXERCISES 


we must choose 


A=U,,, A,=0(n>2), B,=0 


cor n 


Similarly, the BC: a =0 gives, for all values of 9, the relations 
r 


g28 “(M8 +N) +U., cosé — na ‘(c,cosn@+D, sin n@) 
n=1 
implying thereby 
k=0, c=a’U., c,=0(n>2), D,=0 


Hence, the required solution is 


ae 
o=U w(t ewok 
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v(x, y)=x—x? satisfies Vv =—2, and the boundary condition y=0 along x=0 and 


x=l1.Let y=v+o. Now construct a function @ such that V2@=0, Satisfying 


o(0, y) =a@(1, y) =0, O0<y<l 
@(x,0)=a(x,l)=x2-x, O<x<l 


Following Example 2.21, it can be shown that 


w(x, y)=x- xe H 
=>? (2n—1)3 


| sinh (2n—1)z 


sin[2n — ag shin 1) ry]+sinh[(2n—1) x oo 


Since u is a function of rand@ alone, in cylindrical polar coordinates, the solution 


of Laplace equation satisfying Lt u(r,@)=0 is given by 


roo 


u (r,0) -» r"(A, cos n@ +B, sin n@) 


n 


The given boundary condition 


=-)) na” (A, C05 nO + B, Sin'n8) = “0 sin 30 
a 


will be satisfied only if A, =0 for all m. Thus, we have 


ug .. a ae 
— sin30=-)) na"1B, sin nO 
a 
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This implies that all the constants B, will be zero, except, B3 which is given by 


-3a“*B sin 36 =“ sin 30 
a 


Therefore, the required solution is 
u a : 
uirey=—"9() sin 30 (a<r<oo) 
3\r 


u=ellt4y (Aew** + BeV**) 


Chapter 3 


1. 


M athematically, the problem is described as 
PDE:7, =a’T,, 
BCs:7, =Qat x=0, x=1 Tor 220 


IC:T(x,0) =kx—x?, 0<x<l 


Using the variables separable method, the physically meaningful non-trivial general 
solution is 


T (x,t) =(ACoS Ax+ Bsin Ax) e@4t (i) 
ee =(-AA siNAx+BA COS Ax) eet (ii) 
X 


The first BC gives from (ii), B=0. The second BC gives from (ii) 
(AAsin Al) o-@" =0, implying sin Al=0 or A=nall,n=1,2,... 


Hence the required solution is 


I= A, cos x oxy (oan?) (iii) 
Finally, use the IC: 


2 ni 
Ix-—x = A, cos( “x 
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where 


l 
A, == f (lx — x2) cos| “x |dx 
1/0 l 


PDE:7,=a°T,,, O<x<a 
BCs:7(0,r)=0, T(a,t)=0 
IC:T(x, 0) = f(x) 


. Solve 


The general solution is 
T(x,t)=(A cos Ax+ Bsin Ax) eo@"t 
The first BC gives A=0; the second BC gives 
sin Aa =0, implying 4am, n=1,2,... 


Therefore, 


. IT _ yd 92 
T(x,1)=) B, sin( “J as 


Now the IC: 


coz 


Hence the required solution is 


noefam(e dof] 


where 


. The general solution is 


2 
T (x,t)=(ACosAx+Bsin Ax) e?* 


Using the BCs and the superposition principle, the solution is 


2.2. 
T (x,t)=) B, &” * ‘sin (nx) 
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Now use the IC: 


B22] 7 T (x, 0) sin (nax) dx 
a9 [o°2 sin ( )av+ f° 2(1—x) sin (nx) d 
= 0 X nNITX 1/2 X NITX X 


-“je xal- cos (naa)]+ fl x) d[—cos(nzx)] 


Integration by parts gives 


. 1/2 : 1 
B, _ 4 |-Snea +f | _ : sin 
ni nr 0 ni 1/2 n 7 2 


Hence the required solution is 


nw age 
T (x,t) “305 sin — sin (nax)e" 7‘ 


5. Let @(r,t)=R(r) T(t). Substituting into the given PDE, we get 


T’ 2 F 
oe | 
ae (i) 
r’+ir’+p2R=0, —p?=const. (ii) 
r 
Integration of (i) gives 
T =c, exp (-vp’t) (iii) 


Equation (ii) is a Bessel’s equation of order zero whose solution is 
R =C Jo (pr) +c3¥o (pr) 
Thus the general solution is 
6(r,t) =[AJo(pr) + BYo(pr)] exp (-v pt) (iv) 
In view of the first BC, the solution is 
6 (r,t) = AJ (pr) exp (-v pt) 


The second BC gives Jo(pa)=0 which has an infinite number of zeros, 
Say, A, Ap,..1 Ay. Therefore, 
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Using the principle of superposition, we get the solution 


A vA? 
O(r,t)= > A,Jo| +r Jexp| —.% 
" " py | 7 " | a J 
Now using the IC, we get 


P i 
au (= At “er 
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(v) 


which is a Fourier-B essel series. M ultiplying both sides by rJo (A,,r/a) and integration 


from 0 to a and using the orthogonality property. 


0 ifn#zm 
I (Amr) Jo(Anr) dr =4 92 
i (Amr) Jo SH Ana) if n=m 
we obtain 


=| 
2a? J} (Ap)? 9 


m 


which on evalution reduces to 


7 2Pa? 
an U Jy (An ) 


m 


Hence the required solution is 


co 


2 
a(r,)=> ene Ti An lexp (-va2 tla’) 
m=1 Ag, Jy(An) 7 


. In view of spherical symmetry, the governing PDE: 


nae(n,+77,] 
r 


Setting y=r7, we have 


v V,.r—V 
,er, La = 
y i 


Equation (i) reduces to 


(ii) 
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The corresponding boundary and initial conditions are 
v(0,t) =v(R,t) =0 


v(r,0) = rf (r) 
respectively. The possible solution of (ii) using BCs is 


(r,t)= > B, in F rex (-c?n?n7t/R?) 


Now using the IC, we get 


which is a half-range Fourier series of rf (r). Hence 
2R . nar 


The required solution is 


The governing differential equation is 


nak (t, +71, } 0<r<a,tz0 
r 


oT 
BCs 
0 


r 


=Q (thermally insulated) 


r=a 


IC:7' (7,0) = f(r) 
The required solution is 


T (r,t) = Ae ) exp (-kA2) 
=] 


where 


fg flr olayr) dr 


A= 


n 


le rJé (A,r) dr 


(vi) 


(vil) 


10. 
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The formal solution is found to be 
u(r,t) = {ff k(r—r’,at) f(r’) dr’ 
R3 


where 


2 
k(r,t) = (4zat)73! a Li in| 
4at 


Here, the function &(r,t)is called a fundamental solution of the diffusion equation. 


Using variables separable method, the only solution for the given PDE, which is 
physically acceptable is of the form 


6 (x,t) =(c, COSAX + cp SINAX) ewe (1) 
Applying the BC: x=0,@ =0, Eq. (1) becomes 
2 
6 (x, th=c, cosAxe** (2) 


Applying the second BC: x=a,@=0, we find c, =0. 
Therefore, the possible solution is 


2 
6(a,t)=c)sindae*' =0 for all t 


Since cy #0,sindAa=0, implies Aa=nz, therefore, A=nz/a, where n is any integer. 
Hence, the possible solution is 


ae: 
t 


gleie psn Je (3) 
a 


where b, =cz. Adding all possible solutions the most general solution satisfying the 
given BCs: is 


22 
NTX —nN 1 
(x,t) b, sin ex t 4 
=n sin( | | : 4) 
Finally, we have to satisfy the IC: @(x,0)=@) (constant). Therefore, 


0= > b, sin( “*} which is a half range 
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Fourier sine series and hence, the required solution is given by Eq. (4) where b, is 
given by 


by Go] sin Ja (v) 
a 0 a 


Chapter 4 


1. From D'Alembert’s method, the required solution is of the form 
u(x,t) = Sete + fleet) 
Given 
u= f(x) =usin™ 


it follows that 


u(x) =" sin m(x+ct) rsin ZO) 


Using 


sina cos B = 5lsin (a+ B)+sin (a- B)] 


we have 
» TX ct 
u(x,t) =ug sin Paar 


2. The general solution is given by Eq. (4.37). Using the IC: u,(x,0)=0, we have 
B,, =0. The use of another IC:u(x,0)=10sin (zx/1) yields 


nNITX 


» WX : 
10 sin—~= 9! A, sin — 


implying thereby A, =10, Ay = A3 =---=0. Hence the required solution is 
u(x,t) =10 cos = sin 
3. The general solution is given by Eq. (4.35): 


u=0, x=05c,=0, u,=0 gives cy =0 
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The solution reduces to: w(x,t)=c3 sin Ax cos cAt. u=0 at x=a =>A=n.Thus the 
general solution is 


u(x,t) = by b,, sin nx COS (ncr) 


n=l 
where 
b, ==) ae sin nx dx=2(-1)"42 
m0 n 
4. u(x,t)= a Qsin lie sin a —sin 3nx sin Sent 
12cx i I I i 


5. From Eq. (4.37), the possible solution is 
u(x,t)=° sin 4 cos Fer} B, sn "Fer 


Applying the IC: u,(x,0)=0, the possible solution is of the form 


i — , Tt . . 
on ee 
n=l 


To find the coefficients BY we use the IC:w(x,0) = f(x) to get 


where 


This form of the solution does not convey the fact that the initial disturbance will be 
propagated as some sort of wave motion. But if we rewrite equation (i) in the 
alternative form 


u(x,t) p B sin] lsrenhe sin] "Etc 


it gives a feeling that u(x,t) is a sum of two travelling waves, one moving to the 
right and the other moving to the left with speed c. 
6. Since uw is a function of r and ¢ only, the given equation reduces to 
Ju 2du_1 Hu 
+ = 
dr ror ar 
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Let w=@/r, the governing equation further simplifies to the form 
a9 _ 1 oto 
ore ct ar 
the solution of which is 
@=f(r—ct)+ g(r+ct) 
Hence the general solution of the given equation is 
u=[f(r—ct)+e(r+ct)]/r 


7. ulx,t)=5+4x°t+ 128 + 2. (ee F722"). 
3 2r? 


8. u(x,t) =sin x cos ct +(e! —1) (xt + x) — xe’. 

9. We notice that one boundary condition is a function of time. Using D’Alemberts 
method, the solution of the wave equation is u(x,t) =w(x+ct) + o(x—ct). The boundary 
conditions give w(x)+@(x)=0 and w(x)-@(x)=A (the constant of integration). 
Their solution gives w(x)=A/2, o(x)=—-A/2 when their arguments are positive. 
Now applying the IC, we get @(-ct)=sint-wi(ct). But for ¢+>0,y(ct)=A/2. 
Therefore, #(-ct)=sint—A/2 for t>0. Now, when x—ct<0 or t>x/c, we have 


9(x-er)=9|-e( 1-2 }]=sir—2 ]-ar 
Cc Cc 


Combining these results, we get 


0 when x <ct 


u(x,t)=4 , x 
sin} t-— | when x>ct 
Cc 


10. Similar to Example 4.9 with ¢ =1,9= yetc. 
11. The vibration of the string is described by 


PDE: yn =O Vy) O<x<L, t>0 
where ¢? =z/p, subject to 
BCs: y(0, t) = y(Z, t) =0 for all ¢ and 
ICSi xix 0 =0) 
The initial displacement of the string is given by 
2sxIL, O0<x<L/2 
y (x, 0) = 
2s(L—x)/L, LI2<x<L 
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Using variables separable method, the displacement of the string at any time is given 


by 
— 8s . (nn nict \. (nx 
(ae sin cos sin 
a) 
where c? = t/p. 
8s| 1. (ax act 1... (34x 3act 1... (52x 52ct 
y(x,t)= >| sin cos Pa allt COS +>sin cos see 
r\1 L bE) 3 L L.'s L i 


12. The first term in the solution of problem 11 is the normal mode corresponding to the 
lowest normal frequency often called Fundamental frequency. That is, 


8s. (max ct 
+sin Cos 
a 2 i 


Let f, be the corresponding frequency, then 


or 


2a f,=aclL or fi = lL =5-Jalp 


Since —1<cos<1, the mode is such that, the string oscillates as shown in Fig. 4.9(a) 
from the heavy to the dotted curve and back to the heavy curve and so on. 


Fig. 4.9(a) First normal mode. 


The next higher frequency is given by the mode which corresponds to the term 
8s. | Ge 
> sin cos 
On L L 


Let f; be the corresponding frequency, then 


3c 3 


2a f3 =3aclL or f3= rae? 


tIp 
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13. 


14. 
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The mode in this case is depicted in Fig. 4.9(b). 


Fig. 4.9(b) The third normal mode. 


Similarly, we find the higher normal frequencies 
7 
fs =>) tlp, fy =5,V 7P and so on. 


However, we observe that the even frequencies f5, fy etc. are absent. But, it should 
be noted that both even and odd frequencies will be present in a general displacement. 


The governing PDE: y, =c*y,,, OSx<L subject to the BCs: 
oy 
—| =0, L,t)=0 
ax 9 ee 
and the ICs: 
ay 


=0 


y(x,0) = yo Cos (zx/2L) e 


Ot 
The time-dependent displacement of the string is found to be 


y(x,t) = yg COS EX \sin we | 
2L 2L 


Let w= f(x-vt+iay)+¢(x-vt-iay). 

Then, 
uy=f' +e’, Uy =f’ +8" (1) 
uy =iaf’-iog’, uy =-a°f”— a9” (2) 
f=—vf'-ve", fn =vef" +v°8" (3) 


Now, substituting expressions (1), (2) and (3) in the given PDE, we find that 


NR 


” ” 2” 2 47_v ” ” 
fe of “Oe a Af ee) 
Cc 


15. 


16. 


17. 
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or 


2 
(1-a?) f”+(1-a”) ¢”=S(f"+ 9”) 
c 


is satisfied, provided 
1-a@ = y*Jc? or a =1-yfe2. 
The D’Alembert’s solution for the IVP defined as 
PDE uy = CU,» t>0, -o0<x<oo 


ICs:u(x,0) = n(x), u, (x,0) =v(x) is 


u(x, t)==[(x+ ct) +n(x-ct)]=— 


1 1 ¢ xtct 
a 7 Ie J v(é) dé 


x-ct 


In the given problem, v(x) =0, c=2 and n (x) =x. Therefore, the solution to the given 
problem is 


whey) = Fl x4 20) +n (x- 2) = Strbor tx er]=2 


Hence, the correct choice is (A). 
D’Alembert’s solution is given as 


ou) =5In gee (x) +5 J “cose dé 


= Hsin (x42) 4sin (xn) +3fsin (x42)—sin (x—t)]=sin (x42) 
Therefore, 


Hg nag Jein( 5 Jesinza = 52 


Hence, the correct choice is (A). 
-- =n? (1-1) gin | 
u(x, t) [Dale sin nx |dt 


Chapter 5 


1. 


Let 6(x, y,z3¢,7,¢) be a Dirac d-function defined by the equation 


i f- fo fGng) 5 (x,y, 2&7, 6) dé dn dC = f (x,y,z) 
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which is valid for all continuous functions f(x, y,z) having compact support in the 


(x, y,z)-space. If 6 (x-&), 6 (y—n), 6 (z-¢) are three one-dimensional 6-functions, 
then we have 


f= Je Fre 6) 2-8) (y-m) (2-0) dé an dg = fly.) 
Hence comparing the above two equations, we get 
O(x,y, 216,76) = 6(x—€) 0(y—7) 6 (z-¢) 


2. Suppose we transform from cartesian coordinates x, y to curvilinear coordinates ¢, 7 
satisfying the realtions x= f(&,7); y=g(é,7), where f and g are single-valued 
continuously differentiable functions. Also suppose that € = B,,n = Bz, corresponding 
to x=, y=Q. Then the equation 


[J oly) d(e- a) 6(y — ay) de dy = 9 (a2) 
becomes 
[J o(r. 8) SUP (Em) —o41 51g (6,0) ap IJ lag dn =9 (a4, 0) 


where 


The above equation indicates 
OL f(.n) - 161 g(6,7) - a2 ]| JF 6 (x- a) 6 (y-an)|J EF 6 (5 - &) 6 (n- By) 
In polar coordinates, let x=rcosé, y=rsin@. Then x= f(r,6), y=g(r,@). Thus, 


f.. fo 
gr &§@ 


cosé —rsing 
sin@ rcos@ 


|J = 


Hence 
d(r—1) 6 (0-6) 


r 


6 (x-Xx9) 6 (y—-yo) = 
3. Let x=rsin@ cosd, y=rsin@ sing, z=rcosd. Thatis,x =f{r, 6 @), y =alr, 8 9), 
z=h(r,@). Then 
ie fo to 
[JE], 8 &|=r?sine 
h, Ig Ig 
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It therefore, follows that 
5(r—H) 6 (0 -@) 6 (6-G) 


6 (x-%) 6 (y-y) 6 (z-q) = 


r-sin@ 
7 f(x’) dx’ 
5. u(x,y)= y ; 
yak fy ee 
6. In the two-dimensional case, we can place singularity at (x, y) and consider its image 
over one side, again reflect the image over the image of that side, and so on until 
we return, after an even number of reflections to the original domain. Let (—x’, y’) be 
the image point of (x’, y’) in the y-axis and let (—x’,-y’), (x’,-y’) be the image of 
the above two points in the x-axis. Then G may be constructed by means of three 
Suitably placed unit charges, a positive charge at (—x’, y’) and negative charges at 
(—x’,-y’) and (x’,-y’). Thus 
ay on? _ 2 2 
CEs 1 || tle alia, us fl Weve 
Am | {(x+x') +(y-y)H(xt+x)+(yty)} 
This function satisfies V2G=0 except at the source point (x’,y’) and G = 0 on 
x =0; also, PG/An=0 ony =0. 
Chapter 6 
1. (i) (s? -a?) f(s? +a); (ii) 2(s +1) (s? +2941); (iii) 4(s—1) /(s? — 29 +5)?; 
1 . 2 7 3 
(iv) (s +a) (s +a)? (s+a)? 
2.1) ee" lisa 
s-l fae 2 & a4 = 
3 lip 1 ; (ii) 5iln (s° +4)]° —[tan“(s/3)]>. 
S 
1 e° _ 
4. ae Pat 
1-e2s . 2 (e ] 
5. (=e re”) 
6. (l-e”*)/s(l+e) 
7. es |s 
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8. (i) (1- sls? +1 HannnLr rere 
(s rai 
9. (i) wie iii eee iy Deoeese 
—3t 
(iv) pel tie 30 (v) £ - (vi) 1 gg t p22 


10. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
19. 
20. 


(eM =e, iy SE, 


t ' t 

‘ at 
+) at—sinat. wih Ee ; 
(i) a (ii) ao (Vat); 


(iii) asin 2t — 21 cos 22). 


0, t<a 
—sint, t27 


(i) rs ~J/3sin Fret} 


(ii) 2e'+sint—2cost 


Eells 41= 


44 (-1)" (n-1/2)2221 
1+— » On cos[(n—1/2)ax] e~ 


y=—Te’ + he*! + Ate! 
1 

y= 3 (cos kt + cosh kt) 

etl 

x=e'-l, y= 2-e' 

x=3e'sint—e' cost; 


y=e [2 cost—1-sin¢] 


21. 


22. 


23. 
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e e cost e e cost 
SS VEL SS SS 

4 4 2 4 4 2 
The Laplace transform of the given PDE yields 


d?H Sy 
dxe k 
The Laplace transform of the BCs gives 
H= : when x=0 
s(s +1) 


H=0 when x=z 
Hence the solution of the above ODE is 


4 ina Pe-a)] 
ey sinh 
k 
Taking the inverse Laplace transform using inversion formula, we get 


es e'sinh| n=) 
A(x 1) =f 


Somer es, sino (2x) 
k 


The integrand has simple poles at s=0,-1 and —n*k,n=1,2.... 
After taking the Laplace transform of the given PDE and using the IC, we obtain 


ds 


2 
sai ae 5 (x,s) =—-10 cos 5x 
dx 3 


Its general solution is 


U(x, 5) = Aev)3® +. B exp -/5} 30cos5x 


75+s 


Taking the Laplace transform of the BCs and utilizing them into the above solution, 
we have only the trivial solution 4-—B=0. Thus we get 


oe 30cos5x 
T5+5 
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its inverse Laplace transform yields 


u(x,t) -0| 30 
754+5 


24. Taking the Laplace transform of the given PDE and using the ICs, we obtain 


cos 5x; | = 30e7/* cos 5x 


Its general solution is 
U(x,s) =A cosh [+ }easio [=] 


Cc Cc 
Taking the Laplace transform of the BCs, we get 
P 
U(0,s)=0, U,(l,s)=— 
(0,5) (I, s) = 


Using these expressions, the general solution reduces to 
PC 


sinh] 
Es? cosh (=) , 


U(x,s)= 


Cc 


Taking inverse Laplace transform and using complex inversion formula, we get 


1 f Ytice PCe™ 


- sinh [xa 
yr Es* cosh [27] . 
Cc 


E|l a i 
where 
2n+1 
Sy = 1 
21 
25. Taking the Laplace transform of the given PDE, we obtain 
2 
s°U (x, 5) —su(x,0) —u, (x, 0) =¢? : 
dx 
Using the initial conditions, we get 
2 2 
d‘U _s Ya- 1 


dx? c Cc 


i 
26. (x,t) = q 
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whose general solution is 
U (x, s)=Aexp (-£x}+ B exp (=x): z. 
Cc c S 


AS x—., the transform should be bounded, which is possible only if B=0. Also, 
using the Laplace transform of the BC, i.e, U (0,s)=0, we get A=-l/s2. Hence, 
U (x, s)= eee (-=*] 
S KY c 


Taking the inverse Laplace transform of the above equation, we obtain 


u (2, d=-|(-2}4(-2] 


where H is the Heaviside unit function. 


XxX . x 
4] ift> 


a 


0, irre 
a 


where a=1/VLC. 


Chapter 7 


1. 


1 J- x? 


a are a 
=I 0 to a ior 


2 2 eit 4 evi ia eit _ pit 
Jin 2 a 2i 
re “| 
(a wo 


Then, 
ot OTe 2 Osa SIN) ay 
f (x)= self 3 Je dx 


7 leg, |x|<1 
0, |x|>1 


el dx = d (e'@*) 


F(a 
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Therefore, 


i a 
= a@cosa—sina 2x); [elei 
| 5 cosaxda=52 
ee a ; 


Set ee we then have 


(= a zl 7] 3 
cos—da=—|1 =n 
2 2 4 


ag wo 8 
Therefore, 
[cS cos 2 ate = 3a 
0 33 2 6 
2° a 2 
F =,[— sin ax dx = — 
(a) Jali e ax a = 
2° 1 /2 
F(a) = J—= “* COS ax dx = — 
(a) Vaso’ Ax ax Lo es 
2 
F.{o)=,j/—e* 
el ) Ven 


. From Examples 7.3 and 7.4, we have 


G.la)= [2 [ee cosaxac= |* * 5 
x40 Ta +a 


Le? 24 
rlal= |? J pls)eosaxdr= Jf COs arx dx 
- | sin ax 
oi a 


using Parseval’s relation 


Also, 


[Fle Gla) dac=f “eds 
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or 


2°27 asinaa 
ie 


A 
5 5 da=| e “dx 
a (a‘ +a) 0 


Therefore, 


o sinad a 1l-e" 
J 7, d4= i 
09 ala’ +a‘) 2 a 
. Taking the Fourier transform of PDE, we get 
dU 2 1 
—+a°U == d(t 
dt he 


After applying the transform of IC 


1 
U (a, 0) = —— 
(az, 0) ae 
its solution 
1 _2 
U (a, t) = =e" 
as a 


Taking the inverse transform, of this result, we obtain 


Sep ag 11 _,2 
at 5 10x Jo = ——_e x /At 


J= fe 
~ an —00 2 at 


u(x,t 


. Duhamel’s principle is: The solution of the homogeneous PDE with a non-homogeneous 
initial condition is equivalent to solving non-homogeneous PDE with a homogeneous 
initial condition. 


In fact, from Example 7.13, the solution of the initial value problem 
Vv, —V,, =, —o<x<oo, t>0 


v(x,0)= f(x), -°e<x<o0o 


bon (x—a2)? 
vintl=se— | fla) o|- hy |e 
Now, applying Duhamel’s principle, the solution of the non-homogeneous problem 
Vi-Viy = f(x), —o< x <0, t>0 


v(x, 0) =0, —o< X <0 
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is 


(x-a1)? 


t t eo 1 
vax, N=], v(x,t—7) ar=I Jo fa) goto | es Jaca 


Therefore, the Green’s function for the non-homogeneous problem is 


2 
(xa) } t>t>0 
4(t—-T) 


1 
G , ; ’ = e rt 
(x, t} Ot, T) ae | 


11. From Example 7.18, the solution of Laplace equation when u(x, 0) =f (x) is given 
in Eq. (7.164). Therefore, in the present problem 


ie 0, x<0 
fe 1, x>0 


the required solution is given by 


ff? elds 
wba was] odes] ees 


u(x, y)= |. tS) = = [tanto —tan#{—}]- 21 F tan =) 
my y Jil y aw) y 


12. Finally, taking finite cosine Fourier transform, we have, after inversion, the relation 


or 


— (-1)" h 
13. V(x, y)= é + g a oe SiN nx. 
mq m*4 n_ cosh nyo 
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exponential form of, 395 
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Lagrange’s identity, 70, 73 
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in a rectangular plate, 156 
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Laplace transform, 316 
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for Laplace equation, 115 
M axwell’s equation, 235 
Mean value theorem, 114 
for harmonic function, 114 
of integral calculus, 190, 191 
second, 391 
M ellin-Fourier integral, 352 
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Method of residues, 364 
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third normal mode, 248 
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Neumann, 110 

condition, 110, 184, 257 
Newton’s law of cooling, 185 
Non-linear equations, 217, 218 
Normal density function, 431 
Normal modes of vibration, 247, 280 


Order of PDE, 52 

Orthogonality property, 144, 163 
of Bessel’s function, 141, 144 
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of Legendre polynomial, 151, 163, 169, 215, 


255 
of sine function, 255 
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Partial Differential Equations (PDE) Superposition principle, 127, 130, 141, 197, 200, 
biharmonic, 169 247, 251, 265 
canonical form of, 53, 55, 57, 59 Surfaces, 2 
classification of, 53 
elliptic, 106 
of first order, 1, 11 Tangent plane, 5 
hyperbolic, 232 Test function, 283 
of second order, 52, 182, 232 Thermal conductivity, 182 
parabolic, 182 Thermal diffusivity, 184 

Poisson equation, 108 Torsion of a beam, 180 

Poisson integral formula, 132, 300 Tricomi equation, 63 


Potential, gravitational, 143, 151 

Potential energy, 234, 250, 251 

Pulse function, 269 Uniqueness solution of 
Dirichlet problem, 112 
heat equation, 216 
wave equation, 266 


Recurrence relation, 145, 146, 432 Unit impulse function, 190 

Reimann 
function, 74 
Green's function, 74 Variables separable method, 122, 126, 132, 136, 
Lebesgue lemma, 390 138, 146, 151, 170, 177, 195, 245 
localisation lemma, 391 Vibration, 245 
method, 71 forced, 254 
Volterra solution, 244 of a circular membrane, 264 

Robin’s condition, 185, 257 of parameter method, 255 


of a rectangular membrane, 274 
transverse, 245, 425 


Singularity, 148 


Singularity solution, 282 Wave equation, 232 
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of Helmholtz equation, 305 D'Alembert’s solution, 240, 241 
of Laplace equation, 287 Green's function for, 305 
Specific heat, 182 Riemann-Volterra solution, 244 
Spherical in spherical polar, 262 
coordinates, 120 three-dimensional, 52 
mean, 113 unique solution, 266 
symmetry, 153 Wave length, 239 
Stability theorem, 116 Wave number, 239 


Stokes flow, 169 Well-posed problem, 181 


